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1. Introduction

H. E. Stone defined a type of a k—ideal K 1n a
halfring H to be the set of all k—ideals I in the
ring of differences H such that INH=K. While the
concept of ideal type is applicable to ideals in
any halfring, it is of interest to consider ideal
types in polynomial halfrings. The purpose of this
paper is to consider a special ideal type found in
polynomial halfrings. And we have some prop-
erties on relations between ideals in a halfring H
and ideals in a polynomial halfring H[x,, xz.-,
Xg].

A halfring is a triple (H, +, +), w =re (H, +)
is a commutative cancellative semigroup with
identity (called zero) and (H, -) is a semigroup

whose multiplication destributes over the addition

SRAE BhEs

from both sides. A halfring H generates a ring of
differences H unique up to isomorphism. A hal-
fring H is said to be strict if a, b€ H and a+b=0
implies a=b=0. The operations of a halfring H
are extended to subsets in the familiar way. Then
a subsemiring of H is a subset S with 0 €S, with
S4+SCS and with SSCS. If also SHCS or
HSCS or both. then S is a left ideal or right ideal or
ideal respectively. An ideal I in a halfring H will
be called a k—ideal if a ¢ I, b€H and a+b € I
imply bel. Let A be an ideal in H. Then the
ideal A,=N|B:B is a k—ideal and ACB} will
be called k—closure of A.

Definitior 1.1 (H. Stone) Let H be a halfring
and A anideal in H. The ideal type of A. denoted
by 7(A), is the set of all ideals I in the ring of
differences H such that INH=A,.
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O. Ideal Structure in a Polynomial

Halfring

Throughout this paper. unless otherwise stated.
H will be a commutative halfring with an identity.
Let x,. X..--.x, be indeterminates which com-
mute with each other and with each element of H.
It 1s clear that H{x,. xu.---x,] is a halfring. and

that a typical element in H[x;. x2.---.x,] is of the

form

1 i i
1 2 n
. .X X e e X
a; ...lnl 2

with @i, .o el

The following notation will be used throughout
hereafter. Let S(r. n) denote the set of sequence of
length n from the integers 0. 1. 2.--1, and &=
X Xs o Xy, For a={i,. 1s,+-.1,} €S(r. n). let

o i1.ig i
a,=a4a “tun and (I)i X Xq® = Xn" .

Il':"
With this notation. the polynomial

TR, .- i""lnl"'z’ ceexim
can be written Ta,® . a € S(r. n). Also. let $(
oo, n) denote the set of sequence of length n from
the set of nonnegative integers. It is clear that
S(r. n)CS(c0. n).

A collection of sets G=1|A,: a € S{oo, n) and
n is fixed] will be called a generalized ascending
chain if A, and A, are two sets in G such that
B=1n ja
.. then A,CA;. In the follow-

a =i, ia-edg). -Jud and 1§, =j, for
each k=1. 2...
ings. we denote a = g if 1,5, for all k=1, 2.---n.
An ideal M in H[x,. Xs.---x,] will be called
monic if
f(x). X0 Xq)=Sa, 0" €M
implies that each a,®, €M. An ideal A in a

halfring H([x,. x5.--+.x,] will be called a weak

k—ideal if there exists a € S(co. n) such that A is
a k—ideal with respect to all fe A with degree
f<a.

Definition 2. 1. Let A be an ideal in H{x;. x5,
X,]. The ideal type of A in H[x,. xp,-.x,]. de-
noted by r,(A). is the set of all weak k-ideals I
in H[x,, X2.--.xs] such that ACICA,. Then the
ideal type T o(A) of A in H[x,, xz.---.Xx,] is closed
under unions of chains and arbitrary intersections,

and contains A, as a maximal elements.

Let A be an ideal in H[x,, x5.--x,]. For a €
S(eo, n) is the sequence of fixed integers. and

A.=1f: {e A and degree of {<a]:
the ideal

Ar.=NIB,: B, is a weak k-ideal with k—
degree at least a and A, C B
will be called the weak k—closure of A. It is clear
that Ay, has k-degree at least e and
A.CALCA,

Theorem 2.2. Let A=1]A,:a €S(co. n)} be a
generalized ascending chain of k—ideals in a hal-
fring H. Then

MA)=|Sa, ®. e H[x;, x2.-%,]: a, € Al

1s a monic k-ideal in H[x), xp,--.X4].

Proof. Let f=3a,®“ and g=Xb,®° be ele-
ments of M(A) and h=3c,®” ¢ Hx). x3.-:%,].
Also let ot and B ={j1. ja-eal -
Since A, 1s a k—ideal in H, it follows that a, +b

a=H, iz

« €A, and consequently f+g e M(A). Now hf=3
dw®" where w= |, 5, -1} . and dy=Zca, for
w=a + . Clearly, rn=in+jm and in=r,, for each
m,and it follows that a, € A, since A is a general-
ized ascending chain of ideals. Thus d, € A,, and
hf € M(A). Therefore M(A) is a monic ideal. Sup-
pose that each A, is a k-ideal. f+g € M(A) and f
€ M(A). Then a.+b, €A, a.€eA, and it follows
that b, € A,. Consequently, b, ®“ € M(A) and g
=3b, ®* € M(A). Therefore M(A) is a k—ideal.

Proposition 2.3. Let A be an ideal in H[x,, xa,
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-+X,]. For each a €S(co, n), let

C(A),=1]a eH: there is an {e A such that
ad® is a term of fl
and G=|C(A).}. Then we have that G is a
generalized ascending chain of ideals in H.

Proof. For a€ C(A), and be C(A), there are
polynomials { and g in Asuch that ag¢® and b®*
are terms of f and g respectively. Now f+geA
and (a+b)®° is a term of f+g and it follows
that a+be C(A).. If ceH then cfe A and cad®
is a term of c¢f. Consequently, cae C(A),. Hence
each C(A), is an ideal in H. Next. suppose that
C(A), and C(A), are such that a = {i;. 12.-.1q)
8 = lj1, j2*= inl. xSy for each k and be C(A),.
Then there is a polynomial fe€ A such that b® ©
is a term of f. Let B—a = {j—h. Jo—lz.*.jo—lal.
Then @7~ feA with &7 “bp==bd” as one
of its terms. Thus be C(A); and it follows that
C(A).CC(A)s and G is a generalized ascending
chain of ideals in H.

We call these ideals C(A), the coefficient ideals
of A.

Proposition 2.4. Let A be an ideal in H[x,. x..
-+%a]. Then {A,.| is a generalized ascending
chain of weak k-ideals such that A,,CA, for
each a € S(o0, n).

Proof. By definition, Ay. is a weak k—ideal in
H[x). X2,+-X,] for each a € S(co. n). Suppose that
A. and Ay are such that a =i, ip-inl. B=
[jts jov-ujal - ix <ji for each k. and fe A, .. Then f
€B, for all B,. which is a weak k—ideal with
k~degree at least a and A, CB,. If C| is a weak
k—ideal with k—degree at least 8 and AgpEC,
then C, is one of the |Bj}. Hence feC, for all j,
and

As=NIC,: C, is a weak k—ideal with degree
at least f and A,CC)
contains f. Therefore A, C Ayz. and Aol 1s a
generalized ascending chain of weak k—ideals.

Proposition 2.5. Let H be a strict halfring and

let A be an ideal in H[x;. xz,.---x,]. If W_=A+
Kk,,. then {W,| is a generalized ascending chain
of ideals in r(A) such that the k—degree of W,
1s at least a. And if I € r(A). there exists 7 €
S(oo. n) such that W,CL

Proof. Since A, CA,., is a weak k-ideal with
k—degree at least a, if fe A,, then fe W, and
degree {<e imply feA,,. If fe W, and degree {
< a ., then fe Ay, since H is strict. Hence W, is a

k—ideal with respect to all polynomials of degree

less than or equal to a and it follows that W, is
a weak k—ideal with k—degree at least a. By
proposition 2.4, {W,| is a generalized ascending
chain of ideals in 7 y(A). Now suppose € r(A)
If the k—degree of I is co. then I=A, and W,C1
for all @ € S(co. n). If I has finite k—degree. say
y . then it is clear that A,,CI and consequently.
W, =A+A,,CL

This proposition 25 implies that with each
nonzero ideal A in H[x,. xa..--.x,) there can be
associated a unique number w= | {W_| |.

Definition 2.6. An ideal A in H[x;. xz--.X,]
will be called a quasi—k—ideal if @ is finite.

Since W, =A+A,,, it is clear that the number
@ associated with A is the number of distinct
weak k-—closures of A.

Definition 2.7. Let A be an ideal in a halfring
H. The set

A’=|x€H : there is an a€ A such that a+xe
Al
is called the k—boundary of A.

temma 2.8. If A is an ideal in a halfring H.
then A’ is a k—ideal in H and ACA’.

Proof, Given x, and x, € A’, there are elements
a;. a-€A such that a,+x; €A and a+xz€A.
Since a;+a; €A and

(@ + %)+ (a4 x,)=(a1ta) +(x +x) € A,
it follows that (x;+x;)€A’. If beH, then

b(a; +x;)=ba;+ bx; € A.

Hence bx, € A" and A’ is an ideal. Now suppose
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that xe€ A", yeH and x+ye A" Then there exist
u and veA such that x+ueA and (x+y) + ve
A. Now (x+u)+veA and [(x+y)+v]+ueA But
[(x+y)+v]+u=[(x+u)+v]+y. Consequently. y
€A’ and A" is a k—ideal. If e€ A, then O+ee€ A
and 1t follows that ee A" and ACA"

Corollary 29. An ideal A in H is a k—ideal if
and only if A=A"

Corollary 210. If A is an ideal in H. then A'=
A,

Lemma 2.11. If A and B are monic ideals in H
[x;. X2.---x,]. then A=B if and only if C(A), =
C(B), for each @ € S(oco. n).

Proof. I[f A=B and a polynomial fe A then any
coefficient a, of { is in both C(A), and C(B),.
Hence C(A), =C(B), for a € S(oc. n). Crnverse-
ly. suppose that C(A),=C(B), {r a € S(c0, n)
and f=3Sa,d*€A. Then a,eC(B), for each «a.
and there are polynomials {, € B such that a, ¢
is a term of f,. Since B is a monic ideal, it
follows that each a,®° ¢ B Hence {=3a.d " ¢
B and ACB. Similarly BCA. and it follows that
A=B.

Theorem 2.12. If a halfring H is Noetherian,
then every ascending chain of monic ideals in H
[xy. Xz.o-x,] 1s finite.

Proof. Let H be Noetherian. and [A,] be a
generalized ascending chain of monic ideals in H
[x). X2.+.%,]. Consider the corresponding coeffi-
cient ideals |C(A,)z| in H. Then these ideals
form a double array of generalized ascending
ideals. that is. if @ = |iy, ige-ind. 8= lir. joeijul
Y = k. kooe kot and ¢ =1l,. L.---1] such that
1nSknand jo=l, for m=1, 2.--n, then C(A.),
C C(Ay)s. Since H is Noetherian. there exists
# € S(oo, n) such that for each v)> #. and all B €
S(o, n). C(AL)3=C(A,);. Hence Lemma 2.11
assures that A, =A, for each vZu.

Lemma 2.13. Let H be a halfring and let A be

a monic ideal in H[x;. Xs.--.x,]. Then A, is a

monic ideal.

Proof. Consider the k—boundary A’ of A;

A’'=|g € H[x,. xu,---x,] : there is fe A such that
f+geA}.

By corollary 2.10. A=A’ Let g=3b,® * €A,
Then there exists a polynomial {=Sa,®" €A
such that

f+g=3(a,+b,)® " €A
It could happen that {=0. Since A is monic. (a,
+b,)D" €A fo‘r each «. Now a,®, €A and it
follows that b, ®“ ¢ ACA,. and A, is a monic
ideal.

Theorem 214, If H is a Noetherian halfring.
then every monic ideal in H[x;. xp.-.%,] is a
quasi—k—ideal.

Proot. Let A be a monic ideal and W, € 7 ,(A).
Then A, is a monic ideal by lemma 2.13. Now let

M,=leA,, : a € S(oo, n)}.

Then A,. is a monic ideal with respect to

degree fSa.

polynomials in M, by a proof similar to that of
lemma 2.13. If G(M,) is the k—1ideal generated by
M.. then G(M) i1s a monic ideal,

A CMCGMXZA,.. and the k—degree of
G(M) is at least a. Consequently. G(M)=A,,.
and Ay, is a monic ideal. Hence W, =A+A,, is
a monic ideal. Therefore |W,} is a generalized
ascending chain of monic ideals in H[x;, X2.:+,X,)
and must necessarily be finite by theorem 2.12.
Consequently, w= | {W,_}| Iis finite and A is a
quasi—k—ideal.

Corollary 2.15. If Hx,, x3.--.x,] is a Noethe-
rian halfring, then every ideal in H[x;, x2,++.x,]
1s a quasi—k-—ideal.

Example 2.16. Consider the ideal A=(5. x*y*+
5) in Z* {x ,y]. Now A is neither a monic ideal
nor a k-ideal since x?y*&A. Any polynomial of
degree B =(i, }) such that i<2, j¢3 in A is of the
form.

5¢00+5¢10X+5¢01y+ 5¢4 XY +5Co2y° +5¢,5xy?

for c;;€Z* and if follows that A is a k—ideal
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with respect to these polynomials since each
5¢;,x'y' € A. Consequently. A is a weak k—ideal of
degree a =(1, 2). From this it follows that
Axo 0>=Ak«x1)=Ak(o.2)=Ak(1.m=Aku |1=Am.:)§
A
and hence W =W y3=A for all #=(i. ))<(2. 3).
Now any k—ideal containing 5 and x°y*+5 must
contain x°y’. Since (5. x°y%) is a k—ideal. it is
clear that A,,=(5. x*y*), where a =(2, 3). This
gives W, =A,, and consequently, W,=W, for
all 7 =(i. j) such that i22. j23. Therefore
|iWa]{ =w=2 and A is a quasi—k—ideal.

II. On Relation between Ideals in H
and ldeals in H[x;, Xz, Xn]

Let I be an ideal in H, E be an ideal in H.
Then INH=E if and only if I[x,. xp.--:-- x,]H
.x,]. Hence Te r(E) if

and only if I{x;, xp.++.x,) € T (E{x;. %2.+*.X,]). and

[le sz"'-xn] =E [Xl- X2,

it follows that the map I — [I[x;, xz---x,] is
lattice isomorphism between 7(E) and a subset
T (E[x1, Xx2.--.%,]).

Theorem 3.1. Let H be a halfring with an
identity, I(H) the collection of all ideals in H and
I(H[x;, x2.--.x,]) the collection of all ideals in
H [x;, x2,--.%X,). The map

f: I(H[x;. x3.--.x,])— I(H) given by {(A)=C(A)
induces an equivalence relation on I{H{x;, xz.-
Xa]), where C(A)={JC(A),. Moreover, there is a
one to one correspondence between I(H) and the
set of equivalence classes of I(H[x,, xs.--+.x,]).

Proof. Since each ideal A in H[x,. x5,-.x,] can
be associated with a unique ideal in H(by proposi-
tion 2.3), namely C(A). f is well-defined and f is
surjective. Define a relation R in I(H[x,. x2..-".X,]
) as follows;

(A, B)e R if and only if C(A)=C(B) if and
only if A, Bef Y{(C(D)) for some C(D)e I(H).

Then R is an equivalence relation and conse-

quently partitions I(H[x;, x3.+-.x,]) into equiva-
lence classes. If P is an equivalence class of I(H
[x1. X2.---.%,]) and A € P then P=f""(C(A)). Thus
the equivalence classes are induced by f. Let I(H
[x;. X2..:.%,])/R be the set of equivalence classes
of I(H[x). Xz.-:-.%,]), and let
f*: I(H)— I[(H[x;, x5.--x.])/R
be given by [*(C(A)=P,
where P is the equivalence class containing A.

Then {* is bijective. For, if PeI(H[x;, Xa..%,]

)R and A€P. then P=f"YC(A)) and it follows
that {*(C(AN=P. If {*(C(A)=[(*(C(B)). then

P={""(C(A)=""(C(BY=0Q.
where Q is the equivalence class containing B.
Therefore (A. B) €R. and hence C(A)=C(B).

Corollary 3.2. Let H be a halfring with an
identity and H its ring of differences. If I(H) is
the collection of all ideals in H and I(H[x,. x5+
Xn]) the collection of all ideals in H[x;. x5, .%a] .
then the map f:I(H[x,. xp.--.x,])— I(H) given by
f(A)=C(A) induces an equivalence relation on I(H
[x), x2.--.x,]). Moreover. there is a one to one
correspondence between I(H) and the set of
equivalence classes of T(H[x;. X .x4]).

Proposition 3.3. If A is an ideal in H[x;. xp.
X,]. then f(A)=HA).

Proof. Since (A)=C(A) and [(A)=C(A). it suf-
fices to show that C(A)=C(A). Suppose d € C(A).
Then de C(A) for some B €S(c. n) and it fol-
lows that d®” is a term of {-g, where {=3a & °
. g=Sb.®° €A Thus d®”=(az—bs)®” and d
=ag-byg € C(A) ,C(A). Conversely, if d € C(A).
then d=a—b. where a. be C(A)=UC(A),. Thus a
€ C(A)s. beC(A), 7 €S (o,
n). Since {C(A).! is a generalized ascending
chain, either C(A)sCC(A), or C(A),CC(A)s.
say A,CA;. There exist polynomials f, geA

for some §.

such that a®# and b®” are terms of { and g,
respectively. Consequently, dp?=ad?-bd ¥ is
a term of f—-ge A and it follows that de €(A),
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C C(A). Therefore C(A)=C(A).

Theorem 3.4. Let H be a Noetherian halfring
and 7' (C(A)=Pel(H[x,. x.-x,])'R for an
ideal A in H[x,. x..-+-.x,]. Then B € P if and only
il there exists 3 € S(co. n) such that C(B), =C(A)
4 for all r €S(oo. n), where 3=y

Proof. Since !(C(A),! i1s a generalized ascending

chain in H. it follows that there exists 3= i}, i..
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