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On Extensions of Commutative Banach Algebras
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Introduction

In this note. all algebra will mean a
commutative complex algebra with identity.

Lemmal.lf T: A®” —A" is an A-module

homomorphism then T is bounded as a lin-
ear mapping of Banach spaces.

proof) Let{(ty) be the matrix of T in the
standand bases on A" and A"

and let M=max (l#;l!).

since ||TJi= lelt,1x,+---+t,-,.x,..l| for each
f=

x= (xl’...'x")eA”

We get that IIT=S el g‘.llix,H

and hence | TJl<mMix|

Therefore T is bounded and T is continu-
ous

Theorem2. Let A be a Banach algebra
and B a faithful A-algebra finitely generat-
ed and projective as an A-module.

Then B is a Banach algebra.

proof) Since B is a faithful Aalgebra and
finitely generated. B is integral over A.

There exist elements b, b, in B that
generate B as an A-algebra. and each b
satisfies a monic polynom ial f{x) in

A (X) of degree d;.

Put
By=A and B,=B,_(D/(£i(x) for i=1,-,n

If B;_, is normed so that it is a Banch

algebra, then we can extend this norm to

B; so that it is a Banach algebra isometric
to Bi—l~

We see that every Banach norm on A

extends to a Banach norm on B, where

B, is isometric (as a Banach A-module) to
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ANd=d, * dy-d,)

Thus we have an A-algebra homomorphis
m f:B,— B.

Since B is projective, the kernel of f is a
direct summand of B,

Thus if we define norm B by using the
quotient seminorm,this seminorm is actualy

a norm making B a Banach algebra.
Main Theorems

If B is an integral extension of A. then it
is well known that an ideal M in A is a
maximal ideal in A if and only if there is a
maximal ideal N in B such that M=N n A,

From this it easily follow that R(A)=R
(B)nA, where R(A) denotes the radical of
A

For an extension B of a Banach algebra
A, define the mapping by

I3 | M(B) = M(A) M5(¢)= #/A foreach ¢
€ M(B).

clearly. Hﬁ is continuous mapping with res

pect to the Gelfand toplogy.

Lemma3. If B is an integral extension of
A,

then [T is onto and @— T8¢ 2 )is an

isomorphism of A into B. Thus B is an in

tegral extension of A.

proof)

For ¢ € M(A), Put M=4"Y0).

Since M is a maximal ideal in A, there
exists a maximal ideal N in B such that N
nA=M.

Let ¥ denote the canonical projection of
B onto B/A.

If and thus

there

a—¢(a)ie)

me M

a € A.then

is an element such that

a=¢(a) + m. hence we have

Ha)=¢(a)¥(e) and HA)=c¢(e).

Since B is integral over A. B/A in integr
al over W(A) so that B/A=¥(A)=c¥(e).

If put o(b)=Xji(e). we have ¢ €M(B). o}
A=113(0)=6¢ and ¢ (0)=N.

Hence 175 is onto.

Since A seperates points of MI(A), it

follow immediately from 172 is onto.

For a polynomial

Bx)=ZBx'€ A(x), put By(x) = (B)x'.

Theorom4.If B is an integral extension of
A, then M(A) is compact
M(B) is compact.

if and only if

proof) Suppose M(A) is compact.

Let |l ll. denotes the sup norm over
M(A). Then lldl.<{+= for each acA

we show that every element of B has a
bounded transform.

n-1 R
Let b=B,and B(x)=x"+ zoﬁ,x'
be any monic polynomial over A such
that

B(b)=0. if t)0 is any positive number

n—-] .
satisfying "> zullﬂ,{l.t', then for
$=M(B), §(BI<t forall F=M(B),

and B is a normed algebra with respect
to sup norm so that M(B) is compact in
the Gelfand topology.

From now on B will denote a finitely
generated projective extension of a fixed B-
anach algebra A.
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we set Z{a)=1{ AeC | a,()=0}.

If a{x) is monic we write

A,=A)/(a(x))and I, for the projectio-
n of M(AJ) onto M(A).

we recall the a finitely generated projecti
where e is the idempotent element of B/m ve module M is said to be have a

If geM(B), M5(¥)=¢ and m, = Kers.

then we define the multiplicity m{y¥) ofv
as the complex dimension of e(B/m,B),

oB such that the support of e is (). well-defined rank n if for anyv prime ideal
p of A the localized module M,. Conversely.

. B . .
since Il is continuous and onto.hold.

If a()=Tax'sA() and $=MA) .
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