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Summary

In this paper we study the inverse of the results obfained in our previous paper; Hyun, J.O & Kim,

H. G 1980(on the christo ffel symbols of the non-holonomic frames in Va) in order to reconstruct and

to investigate the useful  relationships between holononomic and nonholonomic components of the

christoffel symbols.

1. INTRODUCTION.

Let 4;s be the fundamental metric tensor,

whose determinant

. h 38 detqnny#0

and let ¢" (i=1,2,...,m) be a set of n linearly
1]

independent vectors in #-dimensional Riemannian
space V, refered to a real coordinate system x°.

Then there is a unique tensor A%*=4"? defined

by

.2) By m S2L 5
and a unique reciprocal set of # linearly indepen-
dent covariant vectors ;, (r=1,2,..., n,), satis-
fying

(1.3 & =iy, o =8,

« l -«
Within the vectors ¢" and e; a nonholonomic fra-
1]

me of V, defined in the following way;
If T3.'7 are holonomic components. of a tensor,

then its nonholonomic components are defined by

pt e 1

(1.4 a pites def T " e, etees

J 4
see see j

From (1.3) and (1.4) a
ese i
voos def Ti e egee.

deos Jaes

a.49b

In this paper, for our further discussion, re-
sults obtained in our previous paper Chung, K.T
& Hyun, J.0 1976 and Hyun, j.0 & Kim, H.G
1980 will be introduced without proof. .

2. PRELIMINARY RESULTS.

Theorem (2.1). We have

(*) Throughout the present paper, all indices take the values 1,2,...,n and follow: the :summation
convention. Greek indices are used for the holonomic components of a tensor, while Roman.indices
are used for the nonholonomic components of a tensor.
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2.Da e"=e;, h,j h*, e;=e hih,
[} 1]

i

2.Dhb h,j=8,j, hi=§, e'='¢", a=e,
i ?

Consider a symmetric covariant tensor a whose

«determinant a d_ii det €a1,)#0. It is well-known
ithat the quantities defined by

giv Sef _cofector of a3, in a
a
iis a symmetric contravariant tensor satisfying

Q.2 a1, a¥* =83

Theorem (2. 3). The holonomic and nonholono~
.mic components of the christoffel symbols satisfy

(2- 3) L 3 []ky m]o=[7\u, w}n q‘ :’ &
j "
+a2,(0r e¥) & ¢,
i k m
1] _ v i
@23)b {jk}‘__ ) ee o

3

+e, " (0, €").
L i

Here, {jk, m), and { jtk}, are the christoffel

symbols of the first and second kind, respectively
defined by a,.

Theorem (2.3). The nonholonomic components
of the christoffel symbols of the second kind may
be expressed as

@4 {ji}‘a-?' :" P

Where v, is the symbol of the covariant deri-

vative with.respect to {7:9} .
A |

In this section, we consider the inverse of the
obtained previous results, reconstruet and in ve
stigate the relationships between the holonomic
and nonhelongmic companeata of the christoffe)
symbols.

3. HOLONOMIC AND NONHOLON-
OMIC COMPONENTS OF CHRI-
STOFFEL SYMBOLS IN V..

Let i, and a;; are holonemic and nonholonomic
components of the tensor and take a coordinate
system yi for which we have at a point p of Vi

ayi =‘e __ax—'_ v
5% L By" —f .

@ a
We have

Theorem (3.1). The holonomic components of
the christoffel symbols, as follows ;

3.2)a A, wla=1[7k, ml, ’e:e"‘e’
+ais(3r € €
ov {g)-lik b

~(r &) &
s

N o ik
_{ik}.f e
i (3
+(@r ep) €.
s

Proof. From (1.4) b,

ik
3.3 Qs =Gjs €2 Cs.
Differentiating with respec to the coordinate

system x* of V,. We have
i 2 =
3.4) 3.(a1)=0m(ajs) €1 € €
T
+ej(D. €) ea
i &
+ajnelde €
The following equation (8.5)a is obtain from
(3.4) by interchanging « and x, m and & throu-
ghout, (3.5)b by interchaging w and A, m and
73

f m &

(3.5 a 3s(a:.)=0(aim) €1 €. €u
i

+ain(0e &) o

F A
Faines (B €2)
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kR wm

G5 b an)=0; (armdes o €
k L]

+aim(02 €x) €
1] m

+apmes (01 €)

The sum of (3.5)a and (3.5)b substract (3.4)
and divide by 2, and by means of (3.3), we
have the first relation (3.2) a as in following
ways,

. i Em

3.6 (An, @la=[7k. mls €1 € €a

i &
+a;,(3x € e

. F k& m
=[jk.mlc €1 €x €.

i P &k
+a;,(3s €2) ex ..

ik m
. Multiplying both sides of (2.3) a by e. e, e,
according to (1.4)a and

G.7D e?=et §°.
E ok

We have the same results as (3.6).
The second relation (3.2) b may be obtain by

F A
multiplying e es ey to both sides of (2.3) b and

using (1.3) and (2.2), (3.7)

; _ RN
{]k} eepe, {A}e,if?e;ﬂer
+le. e” e é,e :, (0s )

B 3 b

o i

= a + a «

{ﬂ.y} (r?)eﬂ
_[a . T e
—{B'T}a—aﬂ @ e')ﬁ

={g}.-@ o) I3

Theorem (3.2). The holonomic components of
the christoffel symbols of the second kind may be
expressed as

o _ ik «
(3.8) {B’Y}-“e‘ er (V,;’.)
* j
=e ¢ (V1 er)
bl
Where \/, is the symbol of the covariant deri-

vative with respect to { ! }
Ik} a

Proof. Using (2.1)a and (3.7), We havv (3.8)
from (3.2) b as in the following way;

(5} (i) e b
{]k} e* e,aer (ame)epe,
= —ep &P &= {;k}. e
=—‘éﬂ ker(Vk f’)

k i
=e* e(Vi es).
’
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