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ABSTRACT

This paper gives a sufficient condition in order that the range of a vector valued measure be
precompact. It is just that the average range of a Banach space valued measure on a measurable
set Xi with a finite measure is precompact. And also it gives the some properties of measurable
functions using the definition of the esszntial range of a measurable function.

1. Introduction

The first striking theorem on the range of
a vector valued measure was Liapounoff’'s
theorem appeared in 1940 which says that
the range of a measure with values in a fin-
ite dimesional vector space is compact. In
1968 Rieffel generalized the Radon-Nikodym
theorem to vector valued measures employing
the Bochner integral. In 1969 Uhl showed that
a vector valued meacure with bounded varia-
tion whose values are either in a reflexive
space or a separable dual space has a preco-
mpact range. In 1973 Cho T. and Tong A.
extended Rieffel’s Radon-Nikodym theorem
and Uhl's result on the range of a Banach
space valued measure.

The purpose of this note is to find an ano-
ther sufficient condition in order that the
range of a vector valued measure be precom-
pact. In addition to this, we can show the
some propertis of the measurable functions
using the definition of the essential range of
a measurable function.

2. Measurable function

Let (X, ZX,u) be a o-finite measure space
and let B be a Banach space. We use the
following definition. A B-valued function, f,
on X is measurable if it is the pointwise
limit a.e. of a sequence of B-valued simple
measurable functions.

Definition 2. 1.
ction, and let E€2. Then the essential range
of f restricted to E, erE(f ), is defined to be

Let f be a measurable fun-

the set of those =B such that for every &>
0 the measure of {x& E:||f(x)—bl<e} is stri-
ctly positive.

Proposition2.2. If f is a measurable func-
tion, and if E= ¥, then
@) If p(E)=0, then erE(f)=®;

(b) If w(E)Y>0, then erE(f)¢ o.

Proof. (a) If erE(f)af= ®, then there exists

beB such that u(x€E:|[|f(x)-bli<e}>0 by
the Definition of erEU). Hence u(E)>0.
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(b> Assume, without loss of generality,

that f(E) is separable.:Suppose that er E(f)=(1>.

Then erE(f) Nf(EY=¢, and thus for eah xE

there exists an ¢,>0 such that

2{{yEE : If(3)—f)lI<e))=0.
Therefore

B Czl(JEBe, (f(x3),

the open balls center f(x) and radius e,.
Since f(E) is separable, there exists a count-
able subcollection of those open balls
Be, (f(xy)) with f(E)EeH Be, (f(xa)).

Then Ec o y€E : 1) —flxdli<esa), sO

that »(E)=0.

1 -oposition2.3. If f is a measurable func-
tion, then f is locally almost essentially com-
pact valued (i.e., given E€ Y, with u(E)<co,
and given £>0, there is an F€}, FcE such
that p(E—-F)<¢ and erg(f) is compact)t'.

Proof. Since f is a measurable function,
so let {f.) be a sequence of simple measurable
functions converging to f a.e.. By Egoroff's
theorem Dunford N. and Schwartz J. T.
1958, fx converges to f almost uniformly
on E (i. e, thereis an F€}, FcE such
that u(E-F}<e¢ and f, converges to f unifo-
rmly on F). Since erg(f)=(bEB: u{xF:|f
() -bll<e) >0), so let (b, bi)=Range{f).

Then ers(f) cg B.(b), and so ers(f) is

totally bounded.
3. The range of a vector valued measure

Let X be a point set and X be a o-field of
subsers of X. If B is a Banach space, then
B-valued measure is a countably additive set
function F defined on I with values in B.
Let (X,3,u) be a o-finite measure space,

then there exists a sequence {X,} of sets in
3 such thatX=U,= X; with p(X;)<oo.Define
the average range of F on X; is
_(FND . N .
Ax,(F)={ A 1N, X, NeX,olu(N)).
And F is of bounded variation if

var(F)(X)=sur]I) SIFEDI<eo
where the supremum is taken over all par-
titions II=(E,} ,® cX consisting of a finite

collection of disjoint sets in I whose union
is X. Here, we can restate the main theorem
of Rieffel M. A. 1968 as followings:

Lemma 3.1. Let (X,3, %) be a o-finite
measure space and let F be a B-valued meas-
ure on 3, where B is a Banach space. Then
F is the indefinite integral with respect to »
of a Bochner integrable function f:X-B if
and only if

Q) F { #(. e.,, F is absolutely continuous
with respect # on 1),

(2 F is of bounded variation,

(3) locally F somewhere has compact aver-
age range (i. e.,, Ax,(F)is (norm) compact).

It is shown in Uhl J. J., Jr.1968 that a
sufficient condition in order that the range
of F be precompact is that the Banach space
B is either a reflexive space or a separable
dual space. Here we give a sufficient condit-
ion in order that the range of F be precomp-
act if the condition that the Banach spacs B
is reflexive or a separable dual is omitted.

Theorem 3.2. Let (X,3,u) be a o-finite

measure space. If Ay, (F) is precompact, then
the range of F is precompact.

Proof. Let the operator T : L'(X, X, p)—
B be a linear extension of F shch that T
(aXu+BXn>=aFM)+B8F(N) {or characteris-
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tic functions Xy, Xy. and MeX, N3
Since Ay, (F) is precompact, so T is locally
compact Ci.e., the restriction of the operator
T to L'(X,, X, ») is compact for each 7). Since
any sequence of measurable subsets of X can
be rewritten by a disjoint sequence of meas-
urable sats, so, without loss of generality,‘
we may assume that {X,} is a disjoint one.
Therefore, by an inductive application of the
Dunford-Pettis-Phillips theorem (Dunford N.
and Pettis B.J. 1940, Phillips R. S. 1943),
there exits a Bochner integrable function f:

X—B such that T(g):fgf du for each g

L'(X,%,u). Now select a sequence (X.} of
simple functions with their values in B conv-
erging to f. Define T,,n=1,2, -, byTu(g)=
f.gxdnX, for geLl'(X, X, wu). Then the

range of each T, is finite dimensional since

eachX, is a simple function. Thus each T,
is a compact operator. Here T, and T are
bounded since

1T 15 [ xlgliXaldusigh  I%0), by
Holder’'s inequality. And

fax e

Limy 7, — 7y <M (i, ~fldu=0

since Xy,——f. Therefore T is compact ope-
rator since T, is compact. Hence the range
of F is precompact since T{(aXu+BXn)=aoF
(M) +BF(N).

Remark. The hypothesis of the Theorem
3.2. is weaker than that of Uhl's results Uhl
J.J.. Jr 1969. That is, this theorem extends
Uh!l's results. Here the hypothesis of Theor-
em3.2 is just the (3) of Lemma 3.1.
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