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A NOTE ON BIRGET-RHODES EXPANSIONS OF
TOPOLOGICAL GROUPS

KEUNBAE CHOI’

ApsTrAacT. Let (0 be a compact group with identity 1 and let ('1{(y) be the
setilattice of all compact subsets of G containing 1. In this paper, we investigate

some structures of the compact F-inverse monoid

G7 ={(A,9) € C1{G) G : ge A}

1. INTRODUCTION

For anv finite sequence (sy. s3.. ... s, ) of elements s1.59. .. .. Sp 1N A semigroup
S put
Plsyoso sp) o= {Ll.sy, 8150, ... $182° - Sn}.
where 1as the identitv of ST Define

S7 e {iPls). 89, .. 8,),8182 -8} 0 8182, ... s = Son > 1}

with rhe mnlnipheanon

PProsioso s s sy S Pty b, tm ).ttty
=Pl osso s dsysa o sy) - Pl oty tm)os182 - sptita -ty
whive « 77 fsu:uzUlforse Sand U © S. Then 7 is a semigroup. which

i~ called the Briget-Rhodes erpansion of the semigroup S (see '1'). It turns out 12

that when S = G oa group.
G’ = {14.g)c P(G) <G :geG}.

where Pl denores the set of all finite subsets of G containing the identity I of
G Inopartiondar. the Birget-Rhodes expansion G# of a group G is an F-inverse
onoid whose maxinmun group image is isomorphic to the group G. This also leads
tooanew approach to rthe Burnside problem 2. Recently. Lawson [11] proves that

rhe Bugsr-Rhodes expansion G7 of a group G is isomorphic to the Exel’s semigoup
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S(G} {7} constructed by generators and relations. In [6]. the author introduces an
inverse monoid G{’J containing the Birget-Rhodes expausion G* of a topological
gronp G obtained by replacing “finite” with “compact™ of P;(G) and describe some
algebraic structures of the monoid Gv'(/ and give a topology on it so that the Birget-
Rhodes Expansion G of a compact group G is dense in G7 and its wmaximnm
group image is topologically isomorphic to the group G. Furthermore. it was shown
that Green's relations on G are dense in those of Gk'f.

In this paper. we investigate some structures of the compact F-inverse nionoid
G’

Throughout this paper. we shall use basic results from (inverse) semigroup theory

and topological sewigroup theory: see [4. (50 8, and [10 .

2. BIRGET-RHODES EXPANSIONS OF TOPOLOGICAL GROUPS

Let G be a topological group and let C(G) be the set of all non-empty compact

subsets of G Then (G with the set product multiplication.
(A. Bl — AB = {ab:a€ A b= B}.

1= a topological semigronp under the Vietoris topology 3. And also C1G) with the

set union multipheation.
(A By —midA B) =4 0.

18 a4 semilatrice.
For each ¢ £ G. the map a, : C1G) — C(G) defined by

ag(d)y = gA = {g}A4
i~ an endomorphism of the sennlattice (CeGhomd sinwee
ot (ACBY = milagtA) ag (B

It is easy to check that the semidirect product (C{Gom -y G of the semilattice

C{GY) and G 1s an inverse semigroup, where
AN G — End(C(GY). ,\(g] g

Let
(,;1',‘” A g) = CiGY - Gy A
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where 1 (G) denotes the set of all compact subsets of G which contains the identity
element 1 of G. Then we can easily show that G is an inverse submonoid of the
inverse monoid (C(G).m) <, G.

Let G be a locally compact group. Define a map
a:GxC(G) = C(G). a(g.A)=gA

Then « is continuous action on C'(G) from the fact that a = po (i x 1¢(g)). where
p is the set product multiplication on C(G) and i : G — C(G). g — {g}. 1s a
homeomorphic embhedding of G into C(G).

For ecach ¢ = G. the map a, : C(G) — C(G) defined by a,(A) = gA is a
continuous endomorphism of the topological semilattice (C(G). ).

Throughout. if G is a locally compact group, we denote by G’f the topological
imverse submonoid of the topological inverse semigroup C(G) x, G. In particular,

if G 15 a compact group, then G is a compact F-inverse monoid (see, [6]).

An inverse sewmigroup is E*-unitary (also termed ‘0-E-unitary’) if every element
above a non-zero idempotent is also an idempotent. Let S and T be inverse semi-
groups with zero. say 0. A function 6 : S — T is said to be a 0-morphism if
Blah) == B{a)8b) for all ab # 0: It is called O-restricted if #{0) = 0. and it is said to
be idempotent pure if a is idempotent whenever 8(a) is idempotent.

An inverse semigroup S with zero is said to be strongly E*-unitary [9] if there
is an idempotent pure. O-restricted, 0-morphism # from S to a group with zero
adjoined.

The importance of (strongly) E*-unitary semigroups within inverse semigroup
theory is described in detail in [9] and [10].

Lemma 2.1. Let G be a compact group and let M = {(G.g) : g € G}. Then M 1s

a mammal ideal of GZ.

Proof. We can easily show that M is an ideal of G*f and it is also a group. Thus
we have M is the minimal ideal of G¥. U

Theorem 2.2. If G is a compact group. then the Rees quotient G~""C”/]\[ of G.;’) mod

the menunal deal M of G—'(/ is a strongly E™-unitary inverse semigroup.

Proof We note that G is an E-unitary inverse monoid whose maximal group
homomorphic image is G. By Theorem 4 in [9], the inverse semigronp G /M is

strongly E*-unitary associated with G. J
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If X and Y are disjoint spaces, the we give X UY the topology which is colherent
with that of X and Y ic.. asubset UV of X UY is open if aud only if U7X 1s open
in X and U7 7Y i~ open i Y Notice that if X and Y oare both (locallyv) compact,
then X Y is (locallvy compact.

Let S and T be disjoint topological senngroups and let o 0 S — T bhe a continions

homomorphism. then define coutinuons multiplication on S . 1" by

qA

2

(M

msle.y) if ooy
mplir. y) feyeT:

T

mrleole).y) ifreSandy<T:

mypfe.oty)y e e T and y = S,

T

where mg and my are the multiplication on S and 7. respectively.

We denote § _ T with this multiplication by S i_, 7. Ohserve that Si__, T 18 a
topological senuigroup with this inultiphication under the topology which s colierent
with that of 5 aud 7. Let T be a closed ideal of S and let R be the congruence
on Si_., T generated by {(roo(r)) -0 = TH IF S and T are locally compact o-
compact semdgroups. then (810, 717 R is a topological semigroup 4 which is called

the adjunction scungroup of S and T relative to o and I. and denoted by S T

ol
Observe that the restriction on 7 of the natural map
oS 2T 1S TVR=5SUT
i+ a topological embedding of Tinto S Y 7.
o
Lemma 2.3. Let S and T he disjoint compact incerse monards, o 8 = T b an

identity prescreing conteiioas homomorphism. Then ST s a compuct tnrerse

Tt

monoud.
Proof. Sinee S T Is 4 compact mverse <emigroup. the conthinons homonnaphic
image S J 7T of = is also o compact mverse sendgronp And <iec the wap o

ol
preserves dentity, the denrite of S s exactly the adentice of ST

Theorem 2.4. Lit (& b o compact growp. H be o cormpact gronp and det oot u
topologrcal erhedding from the mmimal sdeal Xoof G v o Pfpe o0 G2« H
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hy o 0 Aoy, Then the adjunction semigroup G¥* H is a compact F-inverse
(61 . s F
@ M

manond whose marimal group vmage s tsomorphic to H.

Proof. Observe that M = {(G.g) : g € G} which is a group with identity (G.1).
I3y the definition of o, we have that ¢ is continuous homomorphism which preserves

ientity. Henee the adjunction semigroup G7 | H is a compact inverse semigroup
o, M
with the adentity ({1}.1) by Lemma 2.3. Furthermore. it has a minimal ideal which

i~ topologically isomorphic to H. Tu particular. if ¢ is a topological einbedding. then

the ninnnal ideal of G# | H is the set of the form
o M

(e r e MY_(H olM)).

1

where i the R-congruence class of ¢ € M. in fact, &) = {r.ole) 0= M}

Lot @ be a minimum group congruence of G¥ |J H. Then the o-class o, con-
o.M

taiming 1< of the form

{tA,g) 9g=G} ifr=(G.greM
{r} ifrsH ofM]

_) l (22 =

Thus the 7-class 7, containing ¢l has its maximal element of the form: ({1.9}.¢)
tthe bt case of 1210 aned o in the seconed case of (2.1,

It tollows that G2 | H 15 F-inverse monoid whose maximal group image is
sonnen phie to, ff

N pertially videred space {pospace) 18 a pair (X, <) such that X 15 a Hausdorff
e and s A closed partial order on X, e < is a closed subset of X - X
€ ~crve thor af X 1 4 compact pospace. then |, o= {be X 1 b < »} is closed for
vk X

Lemma 2.5, Let S be o compact F-inverse semagroup with a minimum grouap
congracoce a0 Then we have

1o Let o b the patural partial ovder on' S0 Then f s << t. then sat.

oS isa partially ovdered space {pospace).

Niv By o-chiss of S has o ourgue mimamal element.

v Two elements are a-related of and only of they are bounded above by the same

rearirnal elirient,
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Proof. 1) Straightforward.

(1) Since S 1s Hausdortl it suffices to show that the natural partial order << 1s
closed. Let {{a,. 4q)} e a net in < which couverges to (r.yl. Then {&,} — + and
{ya} — y. Since (rn. ya) = < for each a. there exists e, € E(S) such that ro = €,4a
for each a. Notice that {¢,} cluster to a point e € E(S) from the compactness of
E{S}). By considering subnet. we can assume that {¢,} — e. By the continuity of
multiplication vields that &+ = ey. We conclude that (r.y) £ << and < is closed.

(111} Let H be a g-class of S and let .y € H. Theu there exists e £ E(S) such
that ¢ = ¢y Let s o e o ey, Then s € H and s < ». s < y. Hence H is down-
directed and hence a net. Since S is compact pospace, by B.4 Theorem in 5 . inf H
exists and H — inf H. To show that inf H € H, let m be the greatest element of
H. By (il. H ={ m and hence H is closed since S is a compact pospace. Thus we
have int H = H and hence inf H is a unigque minimal element of H.

(v Suppose that s ot for st = S Then s and f are contained in some g-class H
of 5 Since S 1s F-inverse, s and + are bounded above by rhe greatest clement ot H.
Conversely, it <. are hounded above a maximal element . then « = et - fmo
for some e. f = EiS). Let w = ¢f. Then w € F(S} and ws = wt. It follows that s ¢

are a-related. _J

Lemma 2.6. Let & be a yroup. S be a inverse semigroup with a minumum group
congruence oo and let o0 S — G be a surmorphism with ker o = o, Then every

a-cluss of S is of the form 2 Yg) for some g £ G.

Proof. Let H be a a-class of S contaming s, Then ¢t = H if and onlv if (4,50 = ker -
ifand only if fit] = pixv it and onlv if ¢ = 1(;(,s~)), It follows that anv a-class of

S is of the form o tigi for g = G

Detine a map n by
GGl (Aogy =g
Then » s semigroup homomorphism and the kernel of i s equal to the mmninonn

group congruence of G/

Theorem 2.7. For ary compact group G. the pair 1G oy has the property that.
whenever S 1s a compact F-inverse semigroup with o minnmwm qroup congruence o.

S 1sa surmorphism of S onto G aeith ker o = oo and the <et of oll mimomnal elements
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of S forms an ideal of S. then there exists a homomorphism € of G-'{ nto S

G —~¢

mapping the greatest element of each o-class to the greatest element of a o-class

such that 2 & =y

Proof. By Lemina 2.6, every o-class of S is of the form " !(g) for some ¢ £ G. Let
m, and 1, be the unique maximal and minimal elements of o-class ¢~ !(g) for each
g & G. respectively. Define a map £ : éz’ — 5 by

mgymy g comea, i A=A{lLgi.g... g9} € PG

A g = 9 9

ly otherwise
Then £ as well-detined by Lemma 2.5 and Lemma 2.6. Now we shall show that
€ s a homomorphism. If (4.g).(B.h) € G* with 4 = {1.g,.92..... 9.9} and
B ={1hy. hy .. .. hm.h}. then

A g)8(B. I = Mgy Mgotg, = Mot Mp My -ty My iy

= 77’1917729i 192 s mgk—lgmg—l(gh])m(‘ghl)—l(ghz‘) s m‘(ghm)—rl(gh)

= £(1A.g)(B.h))

Iti the other cases. we can easily show that £ is a homomorphism using the fact that
the set of all minimal elements of S forms an ideal of S. Clearly. £ maps the greatest

clement of each o-class to the greatest element of a o-class such that w0 =17 C
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