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We analyzed the elastic scattering of "0 + '®0 system at Ej.p, = 480 MeV
by using the Coulomb-modified eikonal approximation. The calculations lead
to a reasonable agreements with the observed data of this system. The re-
fractive oscillatory structures observed in the elastic angular distributions
could be explained due to the interference between the near- and far-side
amplitudes. The presence of the nuclear rainbow is evidenced through clas-
sical deflection function. The strong real and weak imaginary potentials are
found to be essential to describe the refractive '°0 + '°0O elastic scattering

at E\ap = 480 MeV.

I. INTRODUCTION

Generally, the heavy-ion elastic scattering
is dominated by strong absorption. In this
situation, the nuclear potential can be ob-
tained ambiguously, because the scattering
data are sensitive to the surface of interac-
tion region. However, data from the lighter
heavy-ion systems at intermediate energies is
dominated by diffraction and exhibit a typi-
cal Fraunhéfer diffraction pattern in the small
angle regions. Beyond this regions the cross
section exhibits a structureless exponential
falloff. Such a behavior was identified as be-
ing a typical refraction effect generated by
the nuclear rainbow. The nuclear rainbows
seen in the elastic cross section uniquely de-
termined the major features of the optical po-
tential for these heavy-ion systems.

In recent, there are several attempts [1-4]
to explain the nuclear rainbow situation in
the elastic scattering between lighter heavy-
ions. The 0 + '80 elastic scattering have
been measured at 22 MeV/u in a large angu-
lar range with high accuracy, and these data
show a nuclear rainbow structure for the first
time in heavy-ion scattering with unambigu-
ous clarity [1]. Ingemarsson et al. [2] has dis-
cussed the effects of the real potential on the
absorption of lighter heavy-ions using the "ef-
fective potential”. The first- and third-order
non-eikonal corrections to the Glauber model

have been developed to know the possibility
of observing a bright interior in the nucleus
"viewed” by intermediate energy alpha parti-
cles (E,=172.5 MeV), as a probe for the *Ni
nucleus (3].

For many years, the eikonal approximation
has been widely used for the description of the
heavy-ions elastic scattering. A number of
studies [5-9] have been made to describe elas-
tic scattering processes between heavy ions
within the framework of the eikonal approx-
imation methods. Aguiar et al. [8] has dis-
cussed different schemes devised to extended
the eikonal approximation to the regime of
low bombarding energies in heavy-ion colli-
sions. In our previous paper [7, 9], we have
presented the first- and second-order correc-
tions to the zero-order eikonal phase shifts
for heavy-ion elastic scatterings based on
Coulomb trajectories of colliding nuclei and
it has been applied satisfactorily to the 90
+ 4°Ca and 60 + 9°Zr systems at E},,=1503
MeV.

The elastic scattering data of 10 + !°Q
system at Ej,p= 480 MeV has been measured
and analyzed within the optical model using
the density-dependent folding potential {10].
These data show the presence of strong re-
fractive effects in the angular distributions. It
is interesting to apply the Coulomb-modified
eikonal approximation formalism to the re-
fractive 160 + 60 elastic scattering. In

- 67 -



HesF

a4

this paper, we reproduce the elastic scatter-
ing of 10 + 60 systems at Fjap= 480 MeV
by using the phase shift analysis based on
Coulomb-modified eikonal phase shift. The
near-side and far-side decompositions of the
cross sections due to Fuller’s relationship{11]
are presented. The features of optical po-
tential needed for fitting the observed data
are also discussed. In section II, we provide
the Coulomb-modified eikonal approximation
formalism based on Coulomb trajectories of
colliding nuclei. Section III contains results
and discussions. Finally, concluding remarks
are presented in section IV.

II. COULOMB-MODIFIED EIKONAL
APPROXIMATION

In the case of elastic scattering between two
identical spinless nuclei, the general expres-
sion of the differential cross section is given
by the following formula

do 2
oq = O+ f(m -8, (1)

where elastic scattering amplitude f(8) is
given by the equation

£6) = fal®) + 5 (L + 5)exp(Rion)
L=0
x (SN — 1)Py(cosb). (2)

Here fr(#) is the usual Rutherford scatter-
ing amplitude, k is the wave number and
o = argl'(L + 1 + in) the Coulomb phase
shifts. The nuclear S-matrix elements Sf' can
be expressed by the nuclear phase shifts §;

SN = exp(2i6y). (3)

In this work, we use the eikonal phase shift
based on the Coulomb trajectories of the col-
liding nuclei. If there is a single turning point
in the radial Schrédinger equation, the WKB
expression for the nuclear elastic phase shifts
SYVKB  taking into account the deflection ef-
fect due to Coulomb field, can be written as
(12, 13]

SWKB — /m kp(r)dr — /-oo ko(r) dr, (4)

where r, and r, are the turning points cor-
responding to the local wave numbers k(r)
and k.(r) given by

kp(r) = k[l _ (277 + L(L +1) 4 U(r))]l/Z'

kr k2r? E
(5)
and
/
k) = k[1 - (224 EEXINPE )

where 7 is the Sommerfeld parameter, and
U(r) the nuclear potential. The distance of
closest approach r, is given by

ot s o

In the high-energy limit, we can con-
sider the nuclear potential as a perturbation.
Thus, the turning point r; may be taken to
be coincident with r. and

) = kelr) = ketn)[1- 250] "~ k)
~ _ HVa(r)

Rko(r) ®

If we substitute Eq.(8) into Eq.(4) and re-
arrange the terms, we can find that the phase
shift in terms of r. instead of L, is given by

dr(re)

1

[ e - ke

Te

k[0

Furthermore, we have adopted a cylindrical
coordinate system and decomposed the vec-
tor r as r = r. + zf where the z component
of r lies along i and r. is perpendicular to h.
We may, therefore, write Eq.(9) as

8(re) =—r:;_k/ow UGrE+20dz.  (10)

This is a phase shift for Coulomb-modified
eikonal approximation. By taking U(r) as the
optical Woods-Saxon forms given by

VO o Wo
T14etr-Rjar 14 e(F-Rui/au’
(11)

Ur) =
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TABLE I: Parameters of the fitted Woods-Saxon potential by using the analysis of Coulomb-modified
eikonal approximation for the '®*0 + '8O elastic scattering at Ej.p= 480 MeV. R, is the strong,
absorption radius and og, is reaction cross section calculated from wR2. 10 % error bars are adopted

to obtain x*/N value.

Vo T ay Wo Tw Gy R,  onr, or  X'/N
(MeV) (fm) (fm) (MeV) (fm) (fm) (fm) (mb) (mb)
177 0.805 0.816 37.8 1.060 0.741 7.04 1558 1641 6.77

with Ry o = r,,'w(A}/3 +A§/3), we can use the
phase shift Eq.(10) in the general expression
for the elastic scattering amplitude, Eqs.(1)
and (2).

III. RESULTS AND DISCUSSIONS

As in the preceding section, we have cal-
culated the elastic differential cross sections
for 10 + 80 gsystem at Ej,, = 480 MeV
by using the Coulomb-modified eikonal phase
shift. Table I shows the parameters of the fit-
ted Woods-Saxon potential, which were de-
termined by least square fits. The calculated
results of the differential cross sections for
the elastic scattering of 190 + 160 system at
Ejap= 480 MeV are depicted in figure 1 to-
gether with those measured experimentally.
The experimental data are taken from the
work of Khoa et al. [10]. Our calculations
lead to reasonable predictions for the charac-
teristic refractive pattern observed over the
whole angular range in the 150 + 160 sys-
tem at Ej,,= 480 MeV.

The transmission function Tj, = 1 — |S|?
and partial reaction cross sections for 180 +
16() system at Ej,p= 480 MeV are shown in
figure 2. As shown in figure 2(a), the lower
partial waves are totally absorbed and the
T1’s decrease very rapidly in a narrow lo-
calized angular momenta zone. We can see
in figure 2(b) that the values of the partial
reaction cross section increase linearly up to
L = 54. Beyond these L-value, the partial re-
action cross section decrease quadratically. A
further investigation of the situation can be
gained by looking at the strong absorption ra-
dius (R,) and the reaction cross section (og, )
given in table I. The strong absorption radius
is defined as the distance for which T, = 1/2,

da/dQ [mby'sr)

FIG. 1: Elastic scattering angular distributions
for 10 + !'80 system at Ejp= 480 MeV. The
solid circles denote the observed data taken from
Ref.[10]. The solid curves are the calculated re-
sults for Coulomb-modified eikonal approxima-
tion.

i.e., the distance where the incident particle
has the same probability to be absorbed as
to be reflected. The strong absorption radius
provides a good estimate of the reaction cross
section, og, = TRZ.

In order to understand the nature of an-
gular distributions for 0 + 90 gystem
at FEjap,= 480 MeV, the near- and far-side
decompositions of the scattering amplitudes
with the Coulomb-modified eikonal approxi-
mation were also performed by following the
Fuller’s formalism [11]. The contribution of
the near- and far-side components to the elas-
tic scattering cross sections is shown in fig-
ure 3 along with the differential cross sec-
tions. The differential cross section is not
just a sum of the near- and far-side cross sec-
tions but contains the interference between
the near- and far-side amplitudes as shown
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FIG. 2: (a) Transmission function T, and (b)
partial wave reaction cross section o, for 180 +
180 system at Ej,p= 480 MeV plotted versus the
orbital angular momentum L.

in this figure. The refractive oscillations ob-
served on the elastic scattering angular dis-
tribution of 190 + 0 system at Ej,p,= 480
MeV are due to the interferences between the
near- and far-side components. The magni-
tudes of the near- and far-side contributions
are equal, crossing point, at # = 7.3° for this
reaction. However, the far-side contributions
to the cross sections dominate at the regions
greater than this angle.

It is known that when the absorptive po-
tential is weak and the real potential is
strong, the contributions to the scattering
from the interior region are large enough to
be observed. This features of potential are
enough to support nuclear rainbow. The nu-
clear rainbow angle is obtained from the clas-
sical deflection given by

d
6, :2E(aL+Re 6[,) (12)

This deflection angle is a semiclassical treat-
ment of a trajectory with angular momentum
L. In a rainbow situation, the strong nuclear
force attracts the projectiles towards the scat-
tering center and deflects them to negative
scattering angles, which correspond to the re-
gion of the rainbow maximum.

As shown in table I, the absorption in 10
+ %0 system at Ej,,= 480 MeV is weak

w T Y T T T
0*
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w‘r 3
w‘r

FIG. 3: Differential cross sections (solid curves),
near-side contributions (dotted curves), and
far-side contributions (dashed curves) obtained
by following Fuller’s formalism [11] using the
Coulomb-modified eikonal approximation for '®0Q
+ %0 system at Ejap= 480 MeV.

enough to allow refracted projectiles to pop-
ulate the elastic channel and typical nuclear
rainbow effects could be observed in the an-
gular distribution. In figure 4, we can find the
nuclear rainbow angle value 8,,, = —39.1° for
the 180 + 180 gystem at Ej,= 480 MeV,
which evidently prove a presence of the nu-
clear rainbow with unambiguous clarity in
this system.

In order to know the features of optical
potential, we plot in figure 5, the real and
imaginary parts of optical potentials, and the
“reduced imaginary potential”, w(r), i.e., the
ratio of the imaginary to real parts of the op-
tical potential. In this figure 5(a), the solid
and dashed curves are the real and imaginary
parts of optical potentials U(r), respectively.
As shown in this figure, the real potential
is very strong compared to imaginary one.
The imaginary potential itself provides the
radial weighting of flux removal or absorp-
tion from the entrance channel. The w(r)
curves show remarkable for three characteris-
tics. For small r values, imaginary potential is
very weak compared to real potential, partic-
ularly, w(0) = 0.21. This implies deep, elastic
interpenetration of the target and projectile,
and a feature unambiguously required by the
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FIG. 4: Deflection functions for %0 + %0 sys-
tem at Ei,p= 480 MeV plotted versus the orbital
angular momentum L. The dashed curve repre-
sents the deflection for the Coulomb phase shift.

appearance of nuclear rainbows in the angu-
lar distributions. The refractive pattern at
large angles is sensitive to the real heavy-ion
potential at small radii. As a result the pro-
jectile ion can penetrate the nuclear surface
barrier of the target, and the cross section be-
comes sensitive to the value of the real poten-
tial in the central region. In the large r range,
both real and imaginary parts of potential
have exponential tails, with quite different
decay lengths with a, > a,. On the other
hand, in the near surface, the pronounced
maximum in w(r), with a peak value 0.78,
occurs for 80 + 180 system at Ej,,= 480
MeV. The location of maximum exist close
to the ”strong absorption radius”, R,, some-
what larger than R,,. The essential condi-
tions which produce the w(r) maximum for
this potentials are R,, > R, and a, < a,.
The appearance of a maximum is not affected
by the value of Wy /V4, though the height of
the maximum is, of course, proportional to it.
Under these conditions, the maximum occurs
at an r value somewhat larger than R,,.

IV. CONCLUDING REMARKS

In this paper, we have analyzed the elas-
tic scattering of 160 + 10 system at Ejp=

_ Potentials (MeV)

Ratio of imaginary to real potentisl

E,p - 480 MeV

r{m)

FIG. 5: (a) Real (solid curve) and imaginary
(dashed curve) parts of optical potential for the
180 + !'80 system at Eip= 480 MeV; (b) Ratio
of imaginary to real parts of optical potential.

480 MeV by using the eikonal approximation
based on the Coulomb trajectories of colliding
nuclei. The present calculations reproduce
satisfactorily the characteristic refractive pat-
terns observed in this system. The partial
reaction cross section increase linearly up to
L = 54. Beyond this L value, the partial re-
action cross sections have decrease quadrati-
cally. We have obtained the nuclear rainbow
angle values 6,,, = -39.1° for the '°0 + '60
system at Ej,p,= 480 MeV, which evidently
prove a presence of the nuclear rainbow in this
system. Through near- and far-side decom-
positions of the cross section, we have shown
that the refractive oscillations of 80 + 60
system are due to the interference between
the near- and far-side amplitudes. We have
obtained the optical potential with strongly
real and weakly imaginary parts. This major
features support the presence of nuclear rain-
bows in angular distribution of this system.
The ratio of imaginary to real parts of the
potential are found to be small in the cen-
tral regions, indicating weak imaginary po-
tential compared to real potential. This im-
plies deep, elastic interpenetration of the tar-
get and projectile. We can see that the refrac-
tive part, dominated by the far-side compo-
nent of the scattering amplitude is sensitive to
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the real heavy-ion optical potential at small
radii. In the large r range, both real and
imaginary parts of potential have exponen-
tial tails, with quite different decay lengths
with a, > a,. In the surface region, the pro-
nounced maximum in w(r) occur, the loca-
tion of maximum exist close to the strong ab-
sorption radius of the scattering system. The
essential conditions producing the maximum
are not Wy/V, but R, > R, and a,, < a,.
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