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The free energy functional of a nematic
liquid crystal n in (QCR?! is given by

W)= Sn k, Div n)*+k,{n, Curl n)*
+ksInXCurl n|?,

where ki's are positive constants,

We will define a functional on a closed
oriented Riemannian manifold M of dimension
3, which is an analogue of the above.

Let T*=T*M be the cotangent bundle. The
Riemannian structure and the orientation may
be used to define a linear transformation,
called the Hodge star poerator,

*  APT* — AMPT*

which in terms of an orthonormal basis {w',
we,wh)

* (wh/\-- Awip)

=sgn iy, i Jp g i) WA Awh,

ﬁ'

where i.(---(ip and jp+1<"'<jn are
complementary sets of the integers {1,---,n),
and sgn(i,.---.ip.jpﬂ.'".in) is the signature of
the permutation (i, i .jp4y.dy) Of (L,
n). This Hodge star is a pointwise isometry
with respect to the inner products on APT*
induced by the Riemannian structure on M, i,
e,

@.B)py 1e=(¥T.B)prs 10

for any p-forms a and 8 at x€EM.
The Hodge inner product on APT* is the
positive definite bilinear form defined by

(@.8) = Su a\*8

for any p—forms a and 8. With respect to this
inner product the exterior derivative dp : A\PT*
— AP*IT* has a unique adjoint LR APHIT*
— APT*, given by
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8 4y= CDPOHD+1xd x A TF — APT*,

We will suppress the subscripts from now

on,
Let {dx', dx*, dx'} be an orthonormal local
basis and w=f'dx'+f*dx*+f°dx® a 1-form.
Then we have
-2 _of i
dw—A(axl g Ydx' Adx®
af’ __ﬁ 2
+(ax‘ e Ydx*Adx®
of _af '
+(ax’ e )dx*Adx
and
gw=(-1) (—— +f:—, +2f )dx'/\dx‘/\dx‘

Thus if V is a vector field on QCR® and w
is the 1-form associated to V by means of the
Riemannian structure on 1, we have

*3dw=-Div V,
and
*dw=Curl V,
If ky=k,, then we have

W(n)= Sn k, (Div n)*+k,{n, Curl n)*

+k,;|nXCurl n|?

Sn k, (Div n)*+k,|Curl n|*,

We now define the energy functional E on a
3-manifold M, identifying the tangent bundle

with the cotangent one by means of the
Riemannian struture on M, as

E(w)= SM I |-%éwl|+k| xdw|?

= SM k18w k[ dw?,

We say that w is a liquid crystal if w is a
minimizer of E with constraint |w|=1,

In the following we study the existence of a
liquid crystal, Let H!.2(T*M) be the Sobolev
space of forms on the manifold M, with norm
defined by

twit={ iwi+(swi+iawr,

Theorem 1.
(T*M) .

Proof, Let 33 be the subset {weH1-2(T*M) :
lwl=1 a.e.} of H.2(T*M), which is weakly
closed, Since E is coercive and weakly lower

There is a liquid crystal in H1.2

semi-continuous on X with respect to H!.2 (T
*M), using the elementary fact in the calculus
of variations (Struwe, 1990) we infer that E
attains its minimum in 33,

Remark. We may ask what regularity
properties a minimizer w possesses, It would
be also interesting to know if there is a gap
phenomena, i.e., whether the minimum value
of E among the Sobolev space is strictly less
than that of E among the class of smooth

vector fields.
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