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1. Introduction and Preliminaries

Professor V. Popa [6] has used the concept of
a rare set (a set R is rare if Int (R)=8) to define

a rarely continuous function as follows:

Definition 1.1 ([Long and Herrington],
"popa) ) A function { . X—Y is rarely continuous at
x1 X if for each open V containing f(x) there
exists a rare set R, with Cl (R,)\V=4¢ and an
open U containing x such that f(U)YCVUR, -
And { is called rarely continuous if it is so at

each x in X.

The purpose of this paper is to further investi-
gate fundamental properties of such functions.
Rarely continuous functions are a natural exten-

sion of weakly continuous functions.
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Definition 1.2 ({Taqdir Husain]) (1) A func-
tion { : X—Y is weakly continuous at x in X if for
each open V containing {(x) there exists an open
U containing x such that f(U)YCCI(V). (2) A
function {; X—Y 1is said to be nearly continuous
at x in X if for each neighborhood V of f(x)
there is a neighborhood U of x such that f(U)C
Int(Cl (V).

Evidently, every weakly continuous function is
rarely continuous but the converse is not true

([Long and Herrington]).

Definition 1.3 ([Takashi Noiri, 1978]) A sub-
set S of a space X is said to be N—closed to X
if for every cover {U, . a €} of S by open
sets of X, there exists a finite subfamily <, of

< such that
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SCHIn((Cl (U,)): a € wyf.
If X is N—closed relative to X, then it is called

nearly—compact.

We refer the other definitions to [Taqdir

Husain].

Lemma 1.4 ({Long and Herrington,
theoremi] ) Let f : X—Y be a function. Then the
followings are equivalent:

(a) f i1s rarely continuous at x in X.

(b) For each open V containing f(x) there
exists a rare set R, with R,VCI(V)=# and an
open U containing x such that {(UYCCI(V)UR,.

(c) For each regular—open V containing f(x)
there exists a rare set R, with CIR,) NV=g
and an open U containing x ::ch that {U)CVU
R..

2. Properties on Rarely Continuous
Functions

Theorem 2.1, A function {:X—Y is rarely
continuous if and only if for each open set V in
Y, there exists a rare set R, such that

=1 (V)Clnt(f~(VUR,)).

Proof. If { is rarely continuous, then for each
open V of Y with f(x)&V. there exists a rare
set R, such that CI{V)A\R,=# and there exists
an open set U containing x such that f(U)CV U
R,, which implies U Cf}V{R,) and hence

4 EUCI({"(VUR,)).

Since x€ ~}(V),

-Y(V)ClInt (FFYVURL)).

Conversely, if for each open set VCY, there
exists a rare set R, with CI(V)NR,=# such that

=1(V)Clnt -}(VUR,).
Then by putting

U=Int (f-(VUR,)),

we see that

f(x) e f(U)={(Int {~' (VUR,))
Cif~Y(VUR,)
CVUR,.

Hence f is rarely continuous by Lemma 1.4 (b).

Theorem 2.2 Let [P, be an open covering
of a topological space X, Y a topological space.
and { a function of X into Y. If for each «, the
restriction f | P, : P, =Y is rarely continuous

then {f 1s rarely continuous.

Proof, Let x €X. Then there exists a such
that xe€ P, . Let V be a regular—open subset of
Y containing f(x). Since the restriction { | P, =
fo is rarely continuous, there exists a rare set R,
with CR, )\ V=g and an open U in P, contain-
ing x such that f(UYCVUR, - But then there is
an open subset W of X such that

x&U=WNP,.

But since U is an open set in X (because W and
P, are open in X), it follows that f:X—Y is

rarely continuous by lemma 1 4(c),

Theorem 23. If {:X—Y is an almost con-
tinuous function and

Clf="(VHCf~ (VUR,)
for each open V with rare set R, such that Cl
(R,)NV=4 then { is rarely continuous.

Proof. For any point x in X and any open set
VCY containing f(x), by the hypothesis we have
Cl(f (v ) (VUR,) -
Since f is almost continuous, there exists an
open U in X such that
x€UCCI='(V)).
Therefore f(U)CVUR,. That is, f is rarely con-

tinuous.

Proposition 2.4, An open rarely continuous

function of a topological space X into a regular
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space Y 1s continuous.

Proof. Let {:X—Y be an open rarely cont-
inuous function. Let V be an open neighbor-
hood of f(x) for x in X. Since Y is regular, there
is an open neighborhood W of f(x) such that W
CWCV. Since f is rarely continuous, there is a
rare set R, with Cl (ROIW=g and an open
neighborhood U of x such that

f(x)ef(U)yCWUR.,..

Since f is open function, f(U) is open set and so

{U)Cln(WUR,,)=WCV.

Hence f{ is continuous.

Corollary 2.5. Let {:X—Y be an open func-
tion. Then the followings are equivalent;

(a) { is rarely continuous

(b) f is weakly continuous

(c) { ts nearly continuous.

Proof, Proposition 2.4 shows that (a) implies
(b). Since we have known that (b) implies (c) by
{Taqdir Husain, §49 proposition 27}, it suffices
to show that (¢) implies (a). Assume that f is
nearly continuous. Then for any x in X and any
open V in Y containing f(x) there exists an open
neighborhood U of x in X such that f(U)Clnt
(CKV)). Let

R, =Int(CI(V))-V.

Then R, is a reare set with CUR,)NV=g
Hen-e
f(U)TInt (CHV)=VUR,.

Therefore { is rarely continuous.

Proposition 2.6. Let p:X—Y be a quotient
function. Let Z be topological space and let g :
X—Z be a rarely continuous function that is
constant on each set p~' (|y}), for y in Y. Then
g induces a rarely continuous function f:Y—Z

such that fop=g.

Proof. For each y in Y. the set g(p~'(iy}) is
an one-point set in Z (since g is constant on p~'

(ly}). If we let {(y) denote this point, then we

have defined a function f:Y—Z such that for
each x € X, f(p(x))=g(x). To show that f is rarely
continuous, let V be an open set in Z. Since g
is rarely continuous, there exists a rare set R, in
Z and open U in X such that g(U)YCVUR,.
Since p is a quotient function, p(U) is open in
Y. Hence
f(p(U)=g(U)CVUR,.

Therefore { is rarely continuous.

Lemma 2.7. Let {:X—Y be a function. The
following statements are equivalent.

(a) { is open rarely continuous

(b} { is nearly continuous

(c) the inverse image of a regular—open subset
of Y is an open set in X.

(d) for each open subset V.

-YWClnt[f~'(Int (CYVIN].

Proof. Corollary 2.6 implies the equivalent of
(a) and (b). And (b). (c) and (d) are equivalent
by [Taqdir Husain, Theorem 11 in §49].

Theorem 2.8. Let X, Y and Z be spaces, A be
a compact subset of X and B be a compact
subset of Y, f:XxXY—=Z be ‘an open rarely
continuous function and W be an regular—open
subset of Z containing f(AXB). Then there
exists an open set U in X and an open set V in
Y such that.

ACU, BCV and {(UxV)CW.

Proof. Since f is open rarely continuous, f!
(W) is open set in XxY containing AxB. For
each (x,y) in AxB, there exist open sets M in X
and N in Y such that xe M, yeNand MxNC

f}(W). since B is compact, for a fixed x €A,
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there are open sets M,, ---. M, in X containing
x and corresponding open sets Ny, --, N, in Y
such that

BCQ=N1U """ UN,
Let

P=M, MM,
Then P is open in X. Q is open in Y. x&P. B
CQ. and PxQC{'(W). Since A is compact. there

exist open sets P, ...... . Pun 1n X and corres-

ponding Q. --e-er . Qm open in Y such that
BCV=0,-Qnm
and

It follows that U and V are the required open

sets.

In theorem 2.8. if X (or ¥) is locally compact.
then U (or V respectively) can be chosen so that
CI(U)y (or CHV)

respectivery} is compact.

Theorem 29. Let f: X—Y be an open rarely

continuous surjective function and X be a com-

pact space. Then
(a) Y is an N—closed space

(b) Y is nearly—-compact.

Proof. (a) Let |V, :
er of Y.
Then
=3V o )Cnt [} (Int (CLVL))]
for each @ € v by lemma 2.7 (d) and
X=W(Ve) Tt [f(Int (CLV.))].
Since X is compact, we have that
X=Uf(Int (Cl(Va,))
for some finite a;. Then
Y=f(X)=f(ik:Jl -Y(Int (CYVa,)))
<f, Int (Cl(Va))
Hence Y is N-closed.
(b) Let |V, :
er of Y. Then {"(V,) is open in X for any a €
v by lemma 2.7 (c), and X=Y{1(V,). Since X

@ € <7} be any open cov-

a €7} be any regular—open cov-

1s compact, we have that iL:Jl f~1(Va,) covers X

for some finite a; Then
Y=f(x)=,£1l Va, .

Hence Y is nearly-compact.
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