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Basic harmonic forms on a complete Riemannian manifold with
non-minimal leaves !

Seoung Dal Jung and Min Joo Jung

1 Introduction

In this paper, we study the basic harmonic forms on a Riemannian foliation which
is non-harmonic. In case of F is harmonic, many results were obtained([3,5]). If
we do not consider the mean curvature of the leaves, many results are similar
with the ones in ordinary manifold and then we can consider the results as the
generalizations of an ordinary manifold. But if we study the non-harmonic folia-
tion, then the calculations are very difficult. So we need to confine the condition
of the mean curvature. An apparent weakening of the condition of the vanishing
tension field 7 would be to require V7 = 0. But this condition is useless because
Vr = 0 implies 7 = 0. So we assume that 7 is a transversal Killing field and
prove the following theorem.

Theorem 1.1 Let (M, gpr, F) be an Riemannian manifold with complete bundle-
like metric g and an isoparametric non-minimal Riemannian foliation. Assume
that the tension field T is transverse Killing field. Then every basic L?-harmonic
form ¢ satisfying

liminf < weF(¢),wed >5> 0

is parallel.

2 Preliminaries

Let (M,gum,F) be a Riemannian manifold with a Riemannian foliation F of
codimension ¢ and a bundle-like metric gy with respect to F. We recall the
exact sequence

0—-L->TM5Q—0 (2.1)
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determined by the tangent bundle L and the normal bundle Q=TM/L of F.
The transversal Levi-Civita connection V is defined by

e {n([x, Y)) VXerllL

2.2
m(VMY,) VX erlL* 22)

where Y; € T'L* corresponding to s under the canonical isomorphism Lt = Q and
VM is the Levi-Civita connection on M. Let R, p¥ and ¢V be respectively the
curvature tensor, transversal Ricci curvature and the transversal scalar curvature
of 7. The foliation F is said to be (transversally) Einsteinian if

p¥ = %av -id (2.3)

with constant transversal scalar curvature V. The mean curvature formfor L is
given by
K(X) = go(r, X) = go(}__n(VEE),X) VX €TQ, (24)

where {E;}i-1,...  is a local orthonormal basis of L and 7 is a tension field.

Let 05(F) be the space of all basic r-forms ¢ € Q"(M) which satisfy i(X)gp =
0 and 6(X)¢ = 0 for any X € 'L, where i(X) is an interior product and 6(X) is
a Lie derivative. The basic Laplacian acting on Qp(F) is defined by

Ap = dpép + dpdp, (2.5)

where 65 is a formal adjoint of dg = d

3 (), which are locally given by

dg =3 E.AVg, 0Op=-) i(E)Vg, +i(s), (2.6)

where {E,} is a local orthonormal basic frame on Q and « = 7! is a basic mean
curvature form.

3 Main results

Now we introduce the operator V. V,, : Qp — Np as

ViVe=-Y Vi 5 +V., (3.1)

where V%, = VxVy — Vouy for any X,Y € TTM. Then we have
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Proposition 3.1 The operator V; V,, satisfies
L ViV, ¢2 >p=< Vird1, Vir2 >p (3.2)

for all ¢, ¢2 € Q provided that one of ¢, and ¢ has compact support, where
& Vi1, Viro >p= [ < Vird1, Virpa >p= Ty e < VE D, VES2 >

Proof. Fix x € M. We choose an orthonormal frame {E,} satisfying (VE,); =
0. For any ¢, ¢2 € Qp,

<ViVub,$2>8 = — 3, <VEVedi,é2>p+ < V1,62 >5

= =Y {E.<VE¢1,¢2 >8 — < VEé1,VE$2 >8}
+ < Vid1,¢2 >B
= _d"'vV(v)+ < Vtrd’hvtr¢2 >B + < VT¢11¢2 >BI
where v € T'(Q) is defined by the condition that go(v,w) =< Vu¢1,¢2 >p for all
w € T'(Q). The last line is proved as follows: At z € M,

divg(v) = ZQQ(VE..”a E.) = Z Eogo(v, Ea) = z Eq <VE,b1,02>8 -
By the Green's theorem on a foliated Riemannian manifold({5]),

/ divg(v) =< K, v >=<K V1,02 >p .
M

Hence the proof is completed. O

Now, we define
Av(Y)¢p=0(Y)¢ — Vyo (3.3)

for any ¢ € Q*(M),Y € TTM. Since Vx¢ = 8(X)¢ for X € 'L, Av(Y') depends
only on s = 7(Y). Moreover, Ay(Y') preserves the basic form up to degree. Hence
(3.3) defines

Ag(Y): Q5 — Qp

for any Y. Then we have



Seoung Dal Jung and Min Joo Jung

Proposition 3.2 (cf.[3]) Let be a Riemannian foliation. Then the following con-
ditions are equivalent.

(1) n(Y) is a transverse Killing field, i.e., 8(Y )go = 0.

(2) Ay(Y) is a skew symmetric, i.e.,

<Av(Y)$, ¥ >p+ < ¢, Av(Y)¥ >p=10
for any ¢,y € Q.

Proof. Since V is a metric connection in Qp, Vy <, >p=0. Thus8(Y) <, >p=
0 < Ay(Y) <, >p=0. This implies that Ay(Y) is a skew symmetric. D

Theorem 3.3 Let F be the isoparametric foliation. Then
Ap =V Vi + Av(x) + F(¢),
where F(¢) =3, , 00 Ni(Ey)RY (Ey, Eo)é

Proof. Let ¢ be a basic r-form. Let {E,} be an orthonormal basis for Q with
VE; =0 and {6,} its dual basic forms. Then we have

dpdsd = Y (0 AVE)(=Y i(E)VEo+i(x)d)

b

= = G AVE{i(E)VES+ Y 0. AVii(x)
a,b a

= = 0. Ni(E)VE, Vi ¢+ dpi(x)¢

ab

Spdpd = = i(Ey)Vg{0° A Ved}+i(x)dse

a,b

= —D ((B)0*)VEVEé+i(x)dsd+ > 6° Ai(Ey) Vi, Vié

a,b a,b

= =) Ve Veé+ 0. Ai(E)VE Ve, é+i(x)dpd
a ab

Summing up the above two equations, we have

App = dpi(r)¢ +i(k)dsdp— D Ve, VEd+ > 0. Ai(Ey)RY(Ep, Eg)d

a,b

= 6(K)p— > Ve VEd+ D> 6 Ai(E)RY(Es, E)g.

ab
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Hence we have

App=— VEVEd+Veb+ ) ba Ni(E)RY(Es, Ea)d + Av(x)¢. O

a,b

Let zo be a fixed point of M. For each point = of M, we denote by p(z) the
geodesic distance between the leaves passing through o and z, respectively. It is
well known that a geodesic orthogonal to leaf is orthogonal to all leaves if gas is
bundle-like metric. Let B(£) = {y € M | p(y) < €} for £ > 0. Then there exists
a Lipschitz continuous function w, on M satisfying the following properties:

0<wy)<1 foranyye M,

supp wy C B(2¢),

we(y) =1 for any y € B(¢),

lim we = 1,

£—00

(3.4)

C
|dwe| < 7 almost everywhere on M,

where C(> 0) is a constant independent of £. Then we have

Lemma 3.4 ([4]) For any ¢ € Q(F), there exists a positive constant A inde-
pendent of £ such that

A

lldwe A ¢l 2e) < ﬁ"(ﬁ”za(ze),
A

(| dwe A *0l|Baey < ﬁ”d’“%(ze),

where ||¢||"]3(2,) = fB(u) < ¢, 0>

Theorem 3.5 Let (M, g, F) be an Riemannian manifold with complete bundle-
like metric gy and an isoparametric Riemannian foliation. Assume that the
tension field T is transverse Killing field. Then every basic L2-harmonic forms
satisfying

liminf € weF(¢),we¢p >p>0

is parallel.
Proof. From Theorem 3.3, we have

& Apd,wld >p=<L Vi, Vid + Av(k)$ + F(¢),wid >p (3.5)
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Since « is a transverse Killing field, from Proposition 3.2,

< AV(T)¢)¢ >p= 0.

Also, by using Lemma 3.4 and the inequality | < a,b > | < 1la| + t[b|? for any
positive real number ¢, we have

<V, Vud,wid >p

KL Vi, 2wedgwe A ¢ >p +”w¢Vtr¢”2B
1 4A
2 slweVudly - ol

From (3.5), for any basic L2-harmonic r form ¢, letting £ — oo, we get

1
5HV"¢||23 +liminf < weF($),wip >p< 0.

Under our assumption, the proof is completed. O

Now we calculate < F(¢), ¢ >p precisely. Let ¢ be a basic 1-form and @¢* its
gg-dual. Then

<F(9),6>p = Y <0 Ni(E)R"(Ey,E)d, ¢ >5

a,b

Zi(Eb)RV(Eb; E)¢ < 6% ¢>p

a,b
= Y RY(E, E)¢" < 0°,¢ >p

a,b
= pY(¢", 9%,

where pV is transversal Ricci curvature. From Theorem 3.5, we have

Corollary 3.6 Let (M, gp, F) be a Riemannian manifold with complete bundle-
like metric gy and an isoparametric Riemannian foliation F. Assume that the
mean curvature form k is a transverse Killing field. If the transversal Ricci cur-
vature is non-negative, then every basic L%-harmonic 1-form is parallel. If the
transversal Ricci curvature is quasi positive, then every basic L2-harmonic 1 -form
is zero.
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