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First-Order Coulomb-Modified Eikonal Model Analysis for '*O Ion
Elastic Scatterings at Ej,, = 1503 MeV and Tangential Velocity
Correction

Yong Joo Kim
Department of Physics, Cheju National University. Jeju 690-756

The elastic scatterings of '°0 + *Ca and 0 + %Zr systems at El., = 1503 MeV have been
analyzed within the framework of the first-order Coulomb-modified eikonal model based on the
tangential velocity at the distance of closest approach. The differential and reaction cross sections
calculated from tangential velocity improve the agreements with the experimental data and optical
model results compared to the calculated results from asymptotic velocity. Through near- and far-
side decompositions of the elastic cross section, we have shown that the oscillations of the '°O +
405 system are due to the strong interference between the near- and far-side amplitudes, and the

near-side one dominates for the °0 + %Zr system.

I. INTROCUCTION

Heavy-ion elastic scattering studies are the
most direct and simplest approach to the
nucleus-nucleus interaction. The interpreta-
tion and description of scattering phenomena
in heavy-ion reactions have been greatly fa-
cilitated by the application of semiclassical
methods. The one method for semiclassi-
cal analysis of elastic scattering data is the
eikonal approximation [1-5]. In general, the
eikonal phase shift is derived from the integral
equation by further approximating the WKB
results [1,2]. Over the years the eikonal ap-
proximation has been a useful tool to describe
the heavy-ions elastic scattering. There has
been a great deal of efforts [5-10] in de-
scribing scattering processes between heavy-
ions within the framework of the eikonal ap-
proximation method. The Glauber model
with first- and second-order non-eikonal cor-
rections has been applied to elastic nuclear
scattering at intermediate energies by Faldt
et al. [6]. The first- and third-order non-
eikonal corrections to the Glauber model have
been developed to know the possibility of
observing a bright interior in the nucleus
"viewed” by intermediate energy alpha par-
ticles (Eo=172.5 MeV), as a probe for the
58Ni nucleus [9]. Aguiar et ol [10] have
discussed different schemes devised to extend
the eikonal approximation to the regime of
low bombarding energies in heavy-ion colli-
sions.

Cha and Kim [11] have presented the first-
and second-order corrections to the zeroth-

order eikonal phase shifts for heavy-ion elas-
tic scatterings based on Coulomb trajectories
of colliding nuclei and it has been applied sat-
isfactorily to the 180 + *°Ca and 60 + *°Zr
systems at Eja,=1503 MeV. The refractive
elastic scatterings of 12C + 12C system at
Eja=240, 360 and 1016 MeV are analyzed
within a framework of a first-order Coulomb-
modified eikonal model [12]. Roussel-Chomaz
et al. (13] have measured the elastic scatter-
ing of 160 + *°Ca and 10 + %0Zr systems at
El.p = 1503 MeV, and analyzed it using the
optical model. It is interesting to extend the
fisrt-order Coulomb-modified eikonal model
formalism to take into account the tangential
velocity at turning point of the corresponding
classical trajectory and apply it to the elas-
tic 180 + %°Ca and 80 + ®0Zr scatterings
at Ejap = 1503 MeV. In this study, we main-
tain the first-order Coulomb-modified eikonal
form of the phase shift and try to replace the
asymptotic velocity by tangential velocity at
the point of closest approach. In section II.
we present the theory related with the first-
order eikonal formalism based on Coulomb
trajectories and its tangential velocity at the
turning point. Section III contains results
and discussions. Finally, concluding remarks
are presented in section IV.

II. THEORY

The elastic scattering amplitude f(8) for
spin-zero particles via Coulomb and short-
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range central forces is given by the equation

1(6) = fu(6) + 5 S (L+ 1) exp(2ion)
L=0

x (SN — 1)Py(cos ). (1)

Here k is the wave number, o the Coulomb
phase shifts and fr(0) is the usual Rutherford
scattering amplitude given by

n . : . 20
0) = — ———=———exp[2ioo—inln(sin® =)],
fr(9) ks (0/2) p[2igo—inln( 2”
(2)
and the nuclear S-matrix elements 511:1 in
this equation can be expressed by the nuclear

phase shifts §p
SN = exp(2idyL). (3)

In this work, we use the eikonal phase shifts
based on the Coulomb trajectories of the col-
liding nuclei. If there is a single turning point
in the radial Schrédinger equation, a first-
order WKB expression for the nuclear elastic
phase shifts 4, taking into account the de-
fiection effect due to Coulomb field, can be
written as [3,4]

oL = /:O kp(r) dr — /:0 ke(r)dr, (4)

where 7, and r. are the turning points cor-
responding to the local wave numbers kg (r)
and k.(r) given by

k() = k[1 - (2n N % . Ug‘))]ln'
(5)
ke(r) = k[l ( + (_LE-:r—:)z')] 1/2, (®)

where U(r) the nuclear potential. If we con-
sider the nuclear potential as a perturbation,
the turning point r, may be taken to be coin-
cident with the distance of closest approach
rc given by

Te =

{377} o

?rl'—‘

Thus, the nuclear phase shift d;, in Eq.(4) can
be rewritten

= U(r)
R
(8)
where r = /r2 + 22, 4 is the reduced mass.
The first term in above equation is the or-
dinary Coulomb-modified eikonal phase shift
function, while the second term is the first-
order correction correspond to non-eikonal ef-
fects. The expressions of each terms in Eq.(8)
are explicitly[11]

Ur), ¢

el o T

Te

62(1‘C) = / U(r) dz, (9)

th:k3 / U2(r) de.
(10)

The first-order eikonal correction term of the
phase shift, 6} (r.) in Eqgs. (10), can further
be expressed as following

/Ow [U’( )+ rU(r )dU(")] dz.
(11)

The closed expression of the effective phase
shift function including up to the first-order
correction term may be written as

61(”‘6) =

2
U
6},(7"2) == hoK3

o0

or(re) = “ﬁ

l o0
_ﬂ[; Uea(r)dz, (12)

Ueg(r) dz

where v is the relative velocity of the two scat-
tering partners at infinity, and U.g(r) is the
effective optical potential given by

Uer(r) = U{l + rT?EE [U + r%]} . (13)

We can see that the phase shift calculation
including non-eikonal corrections up to the
first-order is equivalent to a zeroth-order cal-
culation with effective potential Ueg(r).

In the semiclassical spirit, in order to as-
sure the conservation of the angular momen-
tum, one can change the asymptotic velocity
that is used to calculate the nuclear eikonal
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TABLE I: Parameters of the fitted Woods-Saxon potential for 160 4+ %°Ca and '50 + °°Zr systems at
El, = 1503 MeV. Values are taken from Ref. (13].

System Vo Ty ay Wo Tw Ay
(MeV) (fm) (fm) (MeV) (fm) (fm)
160 + ¥Ca 60.0 1.042 0.710 54.1 1.042 0.710
160 + 99Zr 129.0 0.946 0.790 124.1 0.946 0.790

TABLE 1I: x*/N values for 163 + 40Ca and %0 + %°Zr systems at Ej., = 1503 MeV by using
the Coulomb-modified eikonal model based on asymptotic and tangential velocities at the distance of
closest approach, respectively.

Asymptotic velocity Tangential velocity
System 8o 8o+ 61 do do+ 8,
180 + 4Ca 5.22 3.08 4.31 2.63
160 + %Zr 6.43 5.12 6.25 5.05
phase shift by the tangential velocity at the = 1503 MeV are calculated by using the
point of closest approach r. {10], first-order Coulomb-modified eikonal phase
shift with the tangential velocity at the point
ve(b) = iv. (14) of closest approach Te. Par.amet..ers of the
Te Woods-Saxon potential are given in Table L.

. ) ) The calculated results of the differential cross
Then the Coulomb turning point correction sections for the elastic scattering of 60 +

in the eikonal phase shift of Eq.(12) takes the 40Cq and 150 + %7r systems at Ejp = 1503

form MeV are presented in Fig. 1 together with
1 oo the observed data [13]. In this figure, the

Op(re) = s / Ueg(r)dz. (15)  dashed and solid curves are the results using

Ve Jo the tangential velocity for the zeroth-order

eikonal phase shift and its first-order correc-
tion, respectively. As seen in this figure, there
are the substantial differences between the
Vo . Wo dashed and solid curves when compared to

1+ er—R)/an - 11 T er—Ru)/aw’ the experimental data. Furthermore, these
(16) differences give some variations in the depths

with Ry w = Tv.w(Ai/3+Al/3)7 we can use the of the minimum and a change in the location

2 L .
phase shift, Eq.(15), in the general expression of' the minimum. As a whole, we can find in
Fig. 1 that the two results calculated from

for the elastic scattering amplitude given in Lo
Eq.(1). the first-order correction improve the agree-

ments with the observed data for 180 + °Ca
and 180 + %07Zr systems at Ejap, = 1503 MeV
compared to the results of the zeroth-order

[II. RESULTS AND DISCUSSIONS eikonal phase shifts.

By taking U(r) as the optical Woods-Saxon
forms given by

U(r) =

The elastic differential cross sections for
160) 4+ 49Ca and 60 + PZr systems at Fiap

_1
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TABLE III: Reaction cross sections for 10 + %°Ca and !'*0 + %°Zr systems at Ej., = 1503 MeV
by using the Coulomb-modified eikonal model based on asymptotic and tangential velocities at the
distance of closest approach, respectively. Values with the optical model are taken from Ref. {13].

Asymptotic velocity Tangential velocity Optical model
System ) bo + 0y do oo + &1
(mb) (mb) (mb) {(mb) {mb)
150 + 4°Ca 1966 1980 1972 1986 1996
160 + %97y 2707 2722 2717 2731 2749

In order to investigate the tangential veloc-
ity effect to the differential cross sections at

the distance of closest approach r., we present
in Fig. 2(a)and 2(b) the cross sections using

10°
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L -2
2 0E
[0} -
o o
10’ *0+%Ca
F E,, = 1503 MeV
10
A 1 1 1 A

b)

*0 + %zr
E,, = 1503 MeV

FIG. 1: Elastic scattering angular distributions for 0 + *°Ca and %0 + %°Zr systems at Ej,, =
1503 MeV, respectively. The solid circles denote the observed data taken from Roussel-Chomaz et al.
[13]. The dashed and solid curves are the calculated results by using the tangential velocity for zeroth-
and first-order eikonal corrections, respectively.
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the first-order Coulomb-modified eikonal
mode! with the asymptotic and tangential ve-
locities. In Fig.2(a) and 2(b), the dashed and
solid curves are the calculated results from
the asymptotic and tangential velocities, re-
spectively. As seen in Fig. 2(a) and 2(b),
the differences between the calculated results

are small so that the dashed curves overlap
with the solid curves. However, we can see in
Table II that the values of x2/N for %0 +
40C3 and 60 + %%7Zr systems at Ela, = 1503
MeV decrease in the calculated results with
the tangential velocity compared to the ones
with asymptotic one. As shown in table III,

1
L 1 ] I 1 LI 9 M T N 1 M
[ @1 ®) ]
10°
10" 3
s f
z S
[o] -
° -2
s OF
° 3
10°F 6 4 6 50
O+ Ca 0+%zr
F E,, = 1503 MeV E,_ = 1503 MeV
10'4 1 1 1 1 A 1 " 1 e
o 1 2 3 4 5 8 2 4 6
8 (deg) 0__ (deg)

FIG. 2: Elastic scattering angular distributions for 160 4+ 4°Ca and %0 + %Zr systems at Ejp, =
1503 MeV, respectively. The solid circles denote the observed data taken from Roussel-Chomaz et al.
[13]. The dashed and solid curves are the first-order Coulomb-modified eikonal model calculations by
using the asymptotic and tangential velocities, respectively.

the calculated results from the first-order
corrected phase increase the reaction cross
sections compared to ones of zeroth-order
eikonal phase. Particularly, we can notice

—

in this table that the agreements of the re-
sults from tangential velocity are satisfacto-
rily good with the optical model results com-
pared to the results of asymptotic velocity.
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More insight into the diffractive and refrac-
tive phenomena can be provided by the repre-
sentation of the elastic scattering amplitude
in terms of the near-side and far-side compo-
nents. The near- and far-side decompositions
of the scattering amplitudes with the first-
order Coulomb-modified eikonal model using
the tangential velocity at r., for 160 + 40Ca
and 180 + PZr systems at Fjap, = 1503 MeV,
were performed by following the Fuller’s for-
malism {14]. The contributions of the near-
and far-side components to the elastic scat-

tering cross sections are shown in Fig. 3 along
with the differential cross sections. The dif-
ferential cross section is not just a sum of the
near- and far-side cross sections but contains
the interference between the near- and far-
side amplitudes as shown in figure 3. The
refractive oscillations observed in the angular
distribution of the %0 + %9Ca system are
due to the strong interference between the
near-side and far-side components as shown
in Fig. 3(a). Roussel-Chomaz et al. [13] have
pointed out that such a behavior could be
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FIG. 3: Differential cross sections (solid curves), near-side contributions (dotted curves), and far-
side contributions (dashed curves) following the Fuller’s formalism [14] from the first-order Coulomb-
modified eikonal model by using the tangential velocity.

qualitatively understood as a refractive phe-
nomenon due to the attractive nature of the

[

potential. The near-side contributions dom-
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inate for small angles and the far-side ones
for large angles. The two contributions have
equal magnitudes at § = 4.7°. On the other
hand, in case of 180 + 907r elastic scattering,
the far-side component becomes very small
compared with the near-side one over the
whole angle. Because of the smallness of the
far-side amplitude, we can see that the cross
sections of the 180 + %°Zr system show weak
oscillations.

The transmission function Ty = 1 — |Sp|?
is plotted versus the orbital angular momen-

|
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L

tum in Fig. 4, along with the partial wave
reaction cross section o, for 180 + *°Ca and
160 4 99Zr systems at Ejap, = 1503 MeV, re-
spectively. The transmission function can be
explained using the imaginary part of the ef-
fective optical potential. As shown Fig. 4(a),
the lower partial waves are totally absorbed
and the T, is decreased very rapidly in a nar-
row localized angular momenta zone. In

o, (mb)

160 240
L

320 400

FIG. 4: (a) Transmission functions Tp and (b) Partial wave reaction cross sections oL for %0 +
400, and 80 + P7Zr systems at Ela, = 1503 MeV, respectively, plotted versus the orbital angular

momentum L.

Fig.4(a), we can see that Tp, of 180 + ®Zr is
shifted toward the right compared with one

—

of 160 + 40Ca, as expected. Such shift is re-
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flected in the reaction cross section, og, as
displayed in Table III, and indicate that the
o g increases as the mass is heavier. We found
in Fig. 4(b) that the values of the partial re-
action cross section increase linearly up to L

Imaginary Potential (MeV)

e *0 +“Cca

O

0 3 6 9 12
r (fm)

imaginary Potential (MeV)

= 157 for %0 + 40Ca and L = 223 for 160
+ %0Zr, respectively. Beyond these L values,
the partial reaction cross sections decrease
quadratically.

-100

-120 | Pt _ -
[..---- E,_ =1503 MeV

1 PR § i 1 A 1

0 3 6 9 12
r (fm)

FIG. 5: Imaginary parts of effective potential for 1®0 + °Ca and '°0 + °°Zr systems at Ej,p = 1503
MeV, respectively. The dashed and solid curves are the effective potentials for zeroth- and first-order

eikonal corrections, respectively.

In figure 5, we plot the imaginary parts
of effective potential in Eq.(13) and nomi-
nal potential in Eq.(16), and examine the ef-
fect of first-order non-eikonal correction. The
solid curves are the first-order effective po-
tentials Ueg(r) given by Eq.(13), while the
dashed curves are the nominal potential U(r)

given by Eq.(16). As shown in this figure,
there is a difference between the two poten-
tials. We can see in Eq.(13) that the effec-
tive imaginary potential with the first-order
eikonal correction depends on the product of
the real and imaginary potentials and their
derivatives. Thus the depth of effective imag-
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inary potentials are decreased in the central
region. Also, the effective imaginary poten-
tials are shifted to the right near the surface
region. These differences at the central and
surface region are mainly due to the correc-
tion term in Eq.(13). In the traditional opti-
cal model, it is assumed that the imaginary
part of the potential is responsible for the ab-
sorption process in the nuclear reaction, and
its shape should not be affected by the real
part. The heavy-ion elastic scattering gen-
erally dominated by the strong absorption,
which the implication that the data are only
sensitive to the surface of the interaction re-
gion. Because of the shift to the right near
the surface region, the reaction cross section
in the first-order Coulomb-modified eikonal
model have larger values compared to ones
of the zeroth-order Coulomb-modified eikonal
model.

IV. CONCLUDING REMARKS

In this study, we have analyzed the elas-
tic scatterings of 50 + #°Ca and !0 +
907r systems at Ej,, = 1503 MeV within
the framework of the first-order Coulomb-
modified eikonal model based on the tangen-
tial velocity at the point of closest approach
r.. We have found that the differential and
reaction cross sections calculated from the
first-order eikonal phase shifts improve the
agreements with the experimental data and

optical model results for 0 + %°Ca and '°0
+ 97 systems at Ej,, = 1503 MeV, respec-
tively, compared to the results of the zeroth-
order phases. In addition, the agreements be-
tween the calculated results with the tangen-
tial velocity, the experimental data and reac-
tion cross sections, are improved comparing
with the results with the asymptotic one.

Through near- and far-side decompositions
of the elastic cross sections for 150 + °Ca
and 60 + 997r systems at Ej,p = 1503 MeV,
we have shown that the refractive oscillations
of the 60 + *9Ca system are due to the
strong interference between the near- and far-
side amplitudes. However, in case of 180 +
907y system, the far-side component is very
small compared with the near-side one, so
that the cross sections show weak oscillations.
The transmission function is shifted to the
right, and the reaction cross section is in-
creased as the target mass is heavier. The
partial reaction cross sections increase lin-
early up to L = 157 for %0 + *°Ca and
L = 223 for 80 + %0Zr, respectively. Be-
yond these L values, the partial reaction cross
sections decrease quadratically. The effective
imaginary potentials is shifted to the right
near the surface regions compared to nom-
inal potentials. These shift lead to some
larger values on the reaction cross sections
of the first-order Coulomb-modified eikonal
model compared to ones in the zeroth-order
Coulomb-modified eikonal model.
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