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1. Introduction

This paper is concerned with the asymptotic
stability of certain functional differential
equations. The equation is investigated by
means of Lyapunov’s direct method.

In this discussion, (C,l| 1) is the Banach
space of continuous functions ¢ : (-h,0J—R",

16l =sup |#(s)], and | | is any convenient
~h<s<0

norm in R" For a positive constant H, Cy
denotes the set of ¢cC with 141 ( H.

If x:(t-h,T)—R" (0<t,{T<o0) is continuous
and t€(t,,T), we define x (s} =x(t+s) for s€
(-h,0). Let x’(t) denote the right-hand
derivative at x if it exists and is finite.

Consider the system

(4) x" () =F(t,x)
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where F: R, XC,—R" is continuous, R, =(0,
o) and takes bounded sets into bounded sets,
It is then known (4) that for each t«€R, and
each #€C, there is at least one solution x(t,,
#) satisfy (A) on an interval (i,,ty+a) with
x, (t.#) =¢ and with a value at t denoted by
x(t,t,.,#) . Moreover, if there is an H,{H and
if I1x(t,t,,94) |<H, for all t>t, for which x(t,.¢)
can be defined, then a=oo,

Generalizing Lyapunov's classical stability
theory on an ordinary differential equations to
functional differential equations, Krasovskii (5)
replaced the Lyapunov function V:R XR"
—R, with a continuous functional V:R XC,
—R, whose derivative V’ with respect to (A)
was defined by

V(8 = lim sup(V (443, %, (. 9)-V (t.#))/5.
Jim,

Throughout this disscussion we work with
wedges, denoted by W,, which are continuous
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functions from R, to R,, which are strictly
increasing, and which are satisfy W, (0)=0.
These wedges are related to properties of the
Lyapunov functionals V:R +XCy—R. We
suppose that F(t,0)=0 so that x=0 is a so-

lution of (A) and is called the zro solution

1. 1 Definition.

(a) The zero solution of (A) is swble if for
each ¢)0 there exists >0 such that (¢¢C, and
tto) imply Jx(t.te,#)I<c. -

(b) The zero solution of (A) is asymprotic stable
if it is stble and if for each t,>(0 there is a 7
=7(t) >0 such that ¢«C, implies that [x(t,t.4)
|—0 as t—oo,

2. Main Results

2.1 Theorem Let V:R_XC,—R, be con-
tinuous and let r be a measurable function
from R, t, R, such that

lim infS:“r (6)ds) > 0 for each &0

t—co

Suppose that there are wedges W,, W, and
W, such that the inequalities :

D 0V A<W, (18D +W.(181)
and

i) V' @t.g<-cWs(Is )

hold for all teR + and ¢€CH.
Then for every bounded solution x : (t,~h, <)
—R" of (A),lim Vit.x)=0

t—eca

Proof. Suppose not. Then there exist T)0 and
€0 such that e<V(t,x) for all t2T.
This implies

W.(lx(m)_g or

W:(Ixtl)zg for any t>T.

case 1) W;(Ix(t)l)Z% for any T,

t t
By inequality ii), S“ V'(s,x’)d.ss—su t(s)W,

(Ix(s)l)ds holds, Therefore we have
VeVt oW,
and hence

VeV to-§ rOW W (E)as,

Now the right hand side of this inequality
approaches to -oo as t—oo, This a
contradiction to V{(t,$)>0.

£

case 2) W.(Ix )25

for all T,
Since W, is strictly increasing, Ix [28,
where 3=W,”’ (—;—), Now we note that each

interval of length h contains an s such that
Ix(s) 128,

Thus there exist a sequence {t}Te as
n—co such that for each n=1,2, -,

T+ (2n-1)h<t <T+2nh and |x(t) |23,

On the other hand, by the assumption on F,
there exists a constant L such that

fx* @) (L for all t>T.
Then

t<t -3

]
thoar St -
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So we have

Ix

v
tojay

That is,

f, Vexpas < -f c@wixenas

< -2, r@WUxEDds, where 1=,
am=]

-8 S
oL Wt )

s WD rEas—ew as oo,

which is a contradiction, Hence we completes
the proof.

2.2 Corollary Let V:R*'_XCH—'R+ be con-
tinuous and let T be a measurable function
from R+ to IR+ such that

t+e
t

tim inf { ™" r(6)ds ) 0 for each 0
t—sco
Suppose that there are wedges W,(i=1,2,3.4)
and a constant K, where 0(K(H such that the

inequalities :

D Wl NV <W, (18(0)])
+W,(1#1)

and
i) V' ¢t.#<-t W, (180D
hold for all t€ER, and #ECy.
Then the zero solution of (A) is

asymptotically stable .

Proof Clealy, there is a wedge W; with V(t.¢)

<Ws(1#1), so the zero solution is stable
((4. Theorem 5.2.1)). Let t,€R_ be given
and define r=r(t,) =7 (X, t)>0 where 7(K t,)
is chosen from the Lyapunov stability. Let g€
C,. We will show that V(t,xt('t.,ai)—»o as t
—oo, yielding |x(t,t,,#) |—0 as t—c_ By way
of contradiction, we have the similar proof of
the preceding theorem.

3. An Example

Consider the scalar quation (2),(3)
®) x' )=-a®)x® +bt)x(t-h)

where a,b:R —R are continuous such that for

teR,

a)>2(1+K)Ib(t+h) | for some KO

Assume that t(t)=|b(t+h)| has a property
such that

fim infS:" [b(s)1ds > O for each €0
t—

and

S:_h Ib{u+h) ldu < C for some C)0

Then the zero solution of (B) is asymptotically
stable,

Proof Consider the Lyapunov functional
t
Vitx) =Ix® 1+ SH Ib@+h) 1% (u) [du

Then
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VExR)<x® 1+ ] b+ xwldu

<x® 1+ Iba+m il du

<lx® [+Cl x, |

Let W,(t) =W, () =W, (t)=t.
We have

W, (1x®N SV ¢, x) <W, (Ix D) +W, Clx, D

Moreover,

vV x)=>(Ix®D” +1bt+h) 1x®1-1bW) [

t-ni

=-a®) x® |+b®OIxt-h) ]
+1b{t+h) x® -1 GO HxE-h |
<at) lx@® |+ 1bt+h) [ix® |
=-(a®-bi+n) Dix® |
<-Kibt+h) 1z () |

Let W,({t)=Kt. Then

Vi) < W (Ix® D

By the corollary 2.2, the zero solution of (B)
is asymptotically stable,
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