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Summary

In this paper, we define a f-irresolute map and obtain its characterizations and some properties of the

maps on nearly open sets. Moreover, we define a f-Hausdorff space and have its some topological pro-

perties and its characterizations.

L. Introduction and Preliminaries

Let T be a topology on a set X, and let “C1”
and “Int” denote closure and interior with respect
to T. In 1965, O. Njastad introduced the concepts
of nearly open sets as follows; a subset A of a
topological space (X,T) is an a-set or f-set if ACInt
(C(Int(A))) or ACCKInt(A)) respectively. We de-
note the class of all a-sets or f-sets a(X) or f(X) res-
pectively, He studied some properties of topologi-
cal structure using these nearly open sets, and
showed that c{X) is a topology but f{(X) is not a
topology and TCa(X)CA(X). And Maheshwari and
Thakur developed these theory in 1980. They
introduced the concept of a-irresolute map as
follows; a map f:X = Y is said to be a-irresolute if
the inverse image of every a-set in Y is an a-set in
X. And they studied some properties of f-irresolute
maps.

In this paper, we introduce the concept of
B-irresolute map and investigate some properties
of B-irresolute maps.

I1. For f-irresolute maps on nearly open sets

Definition 2.1. A map £:X - Y is said to be
B-irresolute if. the inverse image of every f-set of
Y is a f-setin X,

The concepts of continuous map, a-irresolute
map and f-irresolute map are independent. For,

Example 2.2. (1) Let f:(R,T) = (R,L) by f(x) =
x for all xER, where T is the usual topology on
the real numbers R and L is the lower limit to-
pology on R. Then f is not continuous and not
a-irresolute map but f is f-irresolute map.

(2) Let X = {abc,d}, Y ={x,y,z] be equipped
with the topologies Ty = {¢, {a},{b,c},{a,bsc}, X3,
Ty ={¢,{x), Y}.

Define £:X = Y by f(a) = x, f(b) =y, f(c) = f(d) =
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z. Then f is continuous but f is not f-irresolute,

since £1( {xy}) = {ab} @B(X) for B-set {x,y} .

Similarly f is not a-irresolute map.

(3) Let us equip the sets X and Y as (2) with the

topologies T, ={¢,{a}, X} and Ty ={ ¢,{x}, Y}
respectively.

Define f: XY by f(a) = f(b) = x, f(c) =y, f(d) = z.

Then f is J-irresolute and o-irresolute but it is

not continuous, since '( {x}) = {ablg Ty for

(x} €Ty.

Proposition 2.3, If f: XY and g: Y=Z are
B-irresolute maps then gof: X->Z is a f-irresolute
map.

Proof. Let B be a fset of Z. Then g (B) is
a B-set of Y, for g is f-irresolute. Therefore f!
(g7 (B)) = (gof) 1 (B) is a B-set of X because f is
B-irresolute. Hence gof is a §-irresolute map.

Definition 2.4. ([4]) An a-set (B-set) which
is closed is termed a-closed (f-closed).

Lemma 2.5. Let BCX,CX. If X, is closed
in X and BEA(X) then B C (X,).

Proof. If B is empty then it is trival, Solet B
be a nonempty f-set of X. Then BCCI(Int(B)).
Since B is a nonempty f-set, it is clear that Int(B)
# ¢. Since BCX, and X,
Cliint(B))CX,. Therefore, Cl(Int(B))NX, = C]X0
(Int(B)), and Cl(Int(B))CClXO([ntxo(B)). Hence
BCCIXO(Intxo(B)) and BER(X,).

We know that the union of f-sets is a f-set but

is closed, we have

the finite intersection of B-sets is not f-set in ge-
neral. Say, in (R,T) of Example 2.2 (1), we have
[2,31N(3,41 = (3} €B(R) for [2,3] and [3,4] -are
B-sets.

Lemma 2.6. A subset A of X is an a-set if and
only if ANBER(X)for all BEP(X).

Proof, See [1], section 1, proposition 1.

Theorem 2.7. If f: XY is a B-irresolute map
and A is an a-<losed in X, then the restriction
flA: A-Y is a f-irresolute map.

Proof. Since f is f-irresolute, for any f-set V
of Y, f1(V) €(X). By hypothesis A is closed,

hence by lemma 2.5,

(1) (V) = 1 (VINAER(A)
by lemma 2.6, since A is a-set.
This shows that flA is B-irresolute.

Remark. In theorem 2.7, if A is simply closed
in X, then fIA is not always f-irresolute. For if
we take A = {b,c,d} and consider example 2.2
(3), then we see that f is S-irresolute but fIA is
And if A is not a-closed but f3-
closed, then for any 8-set V of Y,

(flA)'](V) =

Definition 2.8.
a-set (B-set) is termed a coa-set (cof-set).

not B-irresolute.

H{VINAGA(A) by lemma 2.6.

([4]) The complement of an
We
denote the family of all coa-sets (coff-sets) of X
by coa(X) (cof(X)).

The intersection of all the coa-sets (cof-sets)
containing a set A is termed the a-closure (8-closure)
of A. Denote it by acl(A) (8cl(A)). Then a set A
is coa-set (cofi-set) if and only if acl(A) = A (Bcl(A)
= A). ‘

Lemma 2.9. Let A be a subset of X. Then
x €cl(A) if and only if for any f-set U containing
x, ANU # ¢-

Suppose x€B cl(A). Let U be a f-set
containing x such that UNA = ¢. And so, ACX-U.
But X-U is a cof-set and hence Scl(AYCX=U. Since
x¢X-U, we obtain x¢Bcl(A) which is contrary to
the hypothesis.

Proof.

Conversely, suppose that every
If x¢Bcl(A),
then there exists a cofi-set F of X such that ACF
and x¢F. Therefore, x€X-FER(X). Hence X-F
is a B-set of X containing x but (X-F)NA = ¢ . This

B-set of X containing x meets A.

is contrary to the hypothesis,

Theorem 2.10. Let f: XY be a map. Then
the followings are equivalent; (1) f is f-irresolute.
(2) For x€X and any f-set V of Y containing f(x),
there exists UEB(X) such that x&J and f(U)CV,
(3) f(Bcl(A)CBCI(f(A)) for every ACX.

(4) Bl (B)CE! (Bcl(B)) for any BCY.,
(5) Inverse image of every cofi-set of Y is a cofi-set
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of X,

Proof. (1) implies (2): Let VEB(Y) and f(x)€EV.
Since f is B-irresolute, f'(V)ER(X) and x€f (V).
Put U =f'(V), Then x€U and f(UYCV. (2) implies
(3): Let ACX and bEScl(A). We show f(b)SBcl(f
(A)) by proving each f-set V of Y which contains
f(b) intersects f(A). For, finding USB(X) containing
b with f(U)CV, b&fcl(A) implies that ¢ # UNA,
which shows ¢ # fUNAYCHUNKAICY Nf(A).
(3) implies (4): Let A = f'(B). Then f(Bcl(A))C
Bel(f(A)) = Bel(f(f*(B))) = Bel(BN(X))CBcl(B), so
that BclA)Cf'(Bcl(B)), as required. (4) implies
(5): Let BCY be a cofi-set. Then Bel(f " (B)CF!
(Bck(B)) = f'(B), and since always f!(B)CBei(f™
(B)), this shows that f ' (B) is a cof-set. (5) implies
(1): This follows from f!(Y-B) = X-F'(B) for any
B-set B.

HI. -Hausdorff space and f-irresolute maps

Definition 3.1. A space X is said to be f-Haus-
dorff if for any two distinct points x, y of X, there
:x;disjoint B-sets U, V of X such that x€U and
yeV.

It is clear that every Hausdorff space is f-Haus-
dorff.

Proposition 3.2. The following properties are
equivalent;

(1) Y is f-Hausdorff.

(2) Let pEY. For each p # q, there exists UEB(Y)
such that p€U and q& Scl(U).

(3) For each pEY, N {acl(U):U is f-set containing
p}=p.

(4) The diagonal A = { (y,y) : yGY} is cof-set in
YxY.

We have the following lemma to prove the
proposition 3.2.

Lemma 3.3. If A€8(X), and BEP(Y), then
AXBEHXXY).

Proof. AxBCclx(lntxA) X clY(IntYB) = CIXXY

(Inty(A) x Inty(B)) = clxxY(IntxxY(AxB)). Con-

seugqnetly AXxBEB(XxY).

Proof of the proposition 3.2: (1) implies (2):
Given q+#p, there exist disjoint f-sets U and V
containing p and q respectively, which says that
q€Bcl(U). (2) implies (3): If p#q then there exists
B-set U such that p€U and q@Bcl(U). Hence q&N
{ﬁcl(U):U is a f-set containing p} . (3) implies (4):
Let (p,Q)¢ A, then p#q and since p =N{Bcl(U):U is
a f-set containing p} , there exists some UEB(Y)
with p€U and q@Bcl(U). Since UN{ Y(Bcl(U))} =
¢, U x{Y—(Bcl(U))} is a B-set containing (p,q) by
lemma 3.3. in YxY-A. Hence YxY-A =U[Ux {Y-
Bcl(U)} ] is a B-set. Therefore A is a cof-set. (4)
implies (1): If ps#q, then (p,Q)§A. Therefore
(p,q) has a §-set UxV of YxY such that (UxV)NA =
¢. Hence p€EUER(Y) and q€EVES(Y) and UNV = ¢,

Theorem 3.4. If f: XY is a f-irresolute map
and Y is $-Hausdorff then G(f) is a cof-set of
XxY.

Proof. Let (x,y)€XxY-G(f). Then y#f(x).
Since y is f-Hausdorff, there exist disjoint f-sets
W and V of Y such that f(x)€EW and yEV. More-
over, by theorem 2.10 (2), there exist UEB(X) such
that x€U and f(U)YCW, because f is S-irresolute.
Therefore we obtain (x,y)EUxVCXxY-G(f). B,
lemma 3.3, UxVEB(XxY). Hence XxY-G(f) is a
union of f-sets of XxY. Therefore XxY-G(f)€
B{XxY) since the union of f-sets is a B-set. Conse-
quently, G(f) is a cof-set of X x Y.

Proposition 3.5. Let X be arbitrary and Y be
p-Hausdorff and f: X—Y be a B-irresolute map
and injective. Then X is f-Hausdorff,

Proof. For any x#y€X, f(x)#f(y) since f is

injective. Then there exist digoint f-sets U, V con-
taining f(x), f(y) respectively. Hence ! (U), {1 (V)
are disjoint B-sets containing x,y respectively, And

X is §-Hausdorff.
We recall that a topology is called extremally

disconnected if the closure of every open set is
open. ([2])
Lemma 3.6. A topology T on X is extremally
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disconnected if and only if f(X) is a topology.

Proof, See [1], section 2,

Proposition 3,7. If f, g: XY are f-irresolute
maps for extremally disconnected space X and
B-Hausdorff space Y, A ={x:f(x) = g(x)} is a cof-set
of X,

Proof. Let y€X-A. Then f(y)¥#g(y). Since Y
is f-Hausdorff, there exist disjoint S-sets U, V of
Y such that f(y)€U and g(y)€V. Hence ' (U)
and g'(V) are B-sets of X because f and g are
f-irresolute. Let us put B = f1(U)Ng™' (V). Then
yEBEB(X) by lemma 3.6, since X is extremally
disconnected. Moreover, ANB = ¢ for otherwise
UNV # ¢. Consequently, yEBCX-A, and hence

X-A is a union of S-sets of X, i.e. X-A€A(X). There-
fore A is a cofl-set of X.

Corollary 3.8. If f is a f-irresolute map of a
B-Hausdorff space X which is extremally dis-
connected into itself then the set A ={x:f(x) = x}
is a cof-set.

Proof. Let a€ficl(A). If af¢A, then f(a) # a.
Since X is f-Hausdorff, there exist U, VE}(X)
such that f(a)€U, a€V and UNV = ¢. Since f
is f-irresolute, f (U)EB(X). Therefore £ (U)NV
is a B-set by lemma 3.6, and it contains a. Since
a€Bcl(A), by lemma 2.9, F1(U)NVNA # ¢. This
leads to a contradiction that U and V have a com-
Hence a€A, and Bcl(A)YCA. Conse-
quently, A is a cof-set.

mon point.
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