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Summary

“This paper considers the quotient structure of matrix semirings.

We prove if R is a semiring and 1

is a Q-ideal of R, then the set of nxn matrices over R, Ma.[R], is a semiring, M.[I]is a M.[Q]-
ideal of M.[R] and M.[R]/M.{1] is isomorphic to M.[R/I].

Preliminaries

When R is a semiring and I is an ideal of R,
the collection {x+I}x<=R of sets x+I={x+i|iz]}
need not be a partition of R. P. J. Allen [1]
defined @-ideal and
established the Fundamental Theorem of Homomoph-

maximal homomorphism and
isms in a large class of semirings.

The purpose of this paper is to build the quotient
structure in matrix semirings.

The definitions of semiring, @-ideal and maximal
homomorphism used in [1] will be used throughout

this paper. These definitions are given as follows.

Definition 1. set R together
with two associative binary operations called addition
and multiplication(denoted by + and - respectively)

A non-empty

will be called a semiring provided ;
(1) addition is a commutative operation,
(2).there exist 0=R such that ¥+0=x and x20=

0x=0 for each x=R and
(3) multiplication distributes over addition both
from the left and from the right.

Definition 2. A non-empty subset I of a semi-
ring R will be called an ideal if a, b=I and rER
implies a+b<!, ra<I and ar<1.

Definition 3.
R into the semiring R’ will be called a homomor p-
hism if pla+bd)=p(a)+¢(b) and p(ab)=p(a)p(bh)
for each a, b=R. An
homomorphism. The
called somorphic(denoted by R=R’) if there exists

an isomorphism from R onto R’.

A mapping ¢ from the semiring

fsomor phism is one-to-one
semirings R and R’ will be

Definition 4. An ideal I in the semiring R
will be called a @-ideal if there exists a subset @
of R satisfying the following conditions ;

1) {q+I}qEQ is a partition of R and

(2) if q1, ¢2EQ such that
(.+D)=g.

@i1%q;, then(g,+IDN

Definition 5.

semiring R onto the semiring R’ is

A homomorphism ¢ from the
said to be
maximal if for each acR’ there exists caSp-1({a})
such that x+kerpcCca+kerp for each x=p-'({a}),
where kerp={x=R|p(x)=0}.
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Lemma 6. Let I be a Q-ideal in the semiring
R.
If x=R, then there exists a unique ¢<=Q such
that x+I—g+1.

Theorem 7. If I is a Q-ideal in the semiring

R, then R/I=((q+IlqEQ. @®a, ®q) is a semiring.

Theorem 8. If ¢ is a meximal homomorphism

from the semiring - R onto the semiring R’, then
R/kerp=R".

The quotient of matrix smirings

Throughout this section, unless otherwise states,
R will be a commutative semiring and M.[R] will

be the semiring of nxn matrices over R.

Theorem 9. If R is a semiring, then M.[R] is
also.

Proof. We define the binary operations'in M.[R]
as follows,

[a::)+0bis3=Cai,+bi,] and [a:,10be 1= 5aisbs,]
&1

for all [a:;1, (b:;]=M.[R].
Then it is easy to show that M.[R] is a semiring.

Courollary 10. If R is a semiring and I is a
@Q-ideal of R, then M.[R/I] is a semiring.

Proof. By Theorem 7 and
obvicus.

Theorem 9, it is

In this ccrollary, the birary operations are defined
as follows ;

() [¢+I1+0g",+11=0gi;+1]
where ¢’ ;+q%:;+Icq:;+1 for all(d, j)<-nxn

(2) [q’;j+1][q',;+1]:[q.,-+1]

whereth’.‘q”A,-+I<:q.,»+I for all (i, j)cnxn.
=1

Theorem 11. If R is a semiring and [ is a

Q-ideal in R, then M.[I] is a M.[Q]-ideal in
M.(R].

Proof. It is "clear that Ma.[I] is an ideal in
M.[R].

(1) In this theorem, M.[Q] denotes the set of ali
matrices over the set Q.
Suppose {a:;]&M.[R]. Since a:;R for all (¢, j)

eiixn, where i={1, 2,---,#} and I is a @-ideal in

R, a;;quQ(tH—I} for all (¢, j)=nxf.

i.€. ai;=qi;+m;; for some ¢:,<Q and some m,;; =
I and for all (¢, j)chnxi.

Thus (a:;]= [q:;+mi;1="[q:;]+[mi;J€P+M.[I]
for some P=_q:;1=M.[Q].

Hence [a: ,}:PQUM"[Q] (P+M.(1).

(2) Let [pii]l
[p:iIs:4].
Then pi;, s:,<=Q for all (¢, j)Shxh and pi;>si;
for some (#, j)<nxi.

Since I is a Q-ideal in R, (pi;,+D)N(si;+1)=3.
ice. pis+m=s, ;+m’ for all m, m' 1.

and [s:;] be in M.7Q] and let

Consequently, the 7j-entry of every matrix in [pi;]
+M.[I] is different from the
matrix in [s:;]+Ma[1].

ice. ([P 1+ MJIIDNCsal+MID =1,
Hence M. 1] is a M.[@Q]-ideal in M.[R].

{j-entry of every

Corallary 12. If R is a semiring and I is a
Q-ideal in R, then M. RI/Ma.[I1=({P+Ma{I1}p_.

o - o ing.
M.[Q1, \)M,.,Q], CM.Q) IS a semiring

Proof. This coroilary
of Theorem 11 and Theorem 7.

The operations €, Q) and @,, Q] in M.[R1/M.

is the immediate result

"I are as follows ;

¢} (P’+M,.[I]@M"[Q](P'+M,.[I]):P+M,.[I]
where P’ +P* +M.[IJCP+M.[I] and

@) P+ M1 Dy oP"+M[11)=P+M.[I]

where P’P*+M.[11cP+M.[I].
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Proposition 13.
R, then I is a zero-element in R/I.

Proof. Let ¢*<Q such that J—g¢*+]1.
in R/I by

If T isa Q-ideal in a semiring

Then g*+1 is a zero-element Theorem
8 in [1].

Since 0=Icg*+1, 0=g¢*+¢ for some ic].

Thus g*+I=¢*+0+I=g*+g*+i+Icq*+q*+1.
Since ¢*+g*+1 is contained in a unique coset ¢’ +1
where ¢’SQ, ¢ +1=q*+1. i.e. g*+gq*+1=q*+1.
Thus g*+¢g*=g*+, for some {,c 1. Hence g*+-I=g*
+0+I=g*+g*+i+1= g*+i+it+ 1= 0+4,+1=L
Therefore g*+1=1.

Proposition 14.
a k-ideal of R.

Proof. Recall that an ideal 1 is k-ideal
i€1, where xR and i<, implies x<1.

A @-ideal I of semiring R is

if x+

Suppose x+i=1, where xR and i=1. Then there

exists a unique coset g+1I such that x+Icg+1.

Thus x+#=qg+1. Since x+i=l=g*+1, x+iz=g*+1.

Hence g=g*. Therefore xcx+1—g+1=1.

Theorem 15. If R is a semiring and I is a Q-
ideal in R, then M.[RI/M."1l is
M.[R/I.

isomorphic to

Proof. For each @:;=R, there exists a unique
¢i;E0Q such that g, +1cgq.;+1 by Lemma 6.
Define the map ¢ : M.[R1-M..R/1] by e(fai;])=
[g:;+1] for each [a:;1<M."R], where a:;+1-¢qi;+
I for each (i, j)=nxn. Then it is clear that p is
a homomorphism from the semiring M.TR] onto
M.[R/I]. kerp=M.[1] by Proposition 14.

For each [gqi;+1]=M.[R/I], [qi;iTe~*(Lqi;+10).
If [r:,1€9 % ([qis+1]), then ri;+Icq:i;+1 for all
(i, j)=nxa.

Thus [7:;] + kerpc[gi;]+ kerp. Hence ¢ is a
maximal homomorphism from "the semiring M.[R]
onto the semiring M.[R/I].

Therefore M."R1/M."11=M.TR/I] by Theorem 8.
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