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I Introduction

‘We call R the set of real numbers and Q the set of rational numbers,
Definition 1, A set J C R is called an opzn upper segment if
a) J#¢ and J#R
b) for every z ¢ J, there exist a y ¢ J such 'that y<z
c)if xeJ and y<x theny ¢ J
Definition 2, A point z will b2 called the left end point of an open upper segment
J if
a) for every y ¢ J, x<y
b) if z is such that for every y ¢ J, z<y, then z<r.

We define open upper segments of rationals and their left end points in the same

way as for reals,
Every open upper segment of rationals has not always their left end point,

But any open upper segment of reals must have a left end psint. We shall prove

this such as the following.
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I Main Theorem

Theorem : Every open upper segment of reals has a left end point,

Proof * Let ] be an cpen upper segment of reals,

Let W=Ufa . a ¢ J].

First, we shall show that W is an open upper segment of rationals, Since J+¢ by
definition I, there exist some a#¢ and then W+6¢. Since J#R by definition [,
there exist 5 ¢J such that 8 ¢ R.

Therefore, there exist *¢4 and z € @,

Thus x ¢ W and then W+Q,

Let ¥ ¢ W, then there is an a ¢ J such that x ¢ a,

Since J is an open upper segment, and then for every ¥>%, ¥ ¢ a. Thus we have

yeW.

Moreover, if X ¢ @ and x>>¥ then ¥y ¢ a,

Thus we have ¥ ¢ W,

Therefore, W is an open upper segment of Q.

Secondly, we must show that W.is a left end point of J.

If for every a ¢ J, aCW, then W< a ("W, a : open upper segments), If 6¢J,

then 6>« for every a ¢ J.

Since W=U{a . a e J}, WC(Ca.-

Thus W2>3.

Therefore, W is a left end point of J.

We can rewrite this theorem as following : _
Corollary : If non-void set SCR is bounded below, then S has greatest upper bound.
Proof :Let J={x:.xz ¢ R, z>>¥ for some ¥ ¢ S}.

Since S#4¢, there is an z, ¢ S such that z,<z,+1

This zo-+1 ¢ J and so J#9¢.

Since S is bounded below, then there is an M ¢ R such that for every z ¢ S, z>M

Hence M¢J, and so J xR,
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On the left end point of the real numbers 3

Let x ¢ J and y<.z. There is an z, ¢ S such that x>x,. Let y:ﬁ'zi, then x>y>x,
.and y ¢ J,

Furthermore, let z ¢/ and v <y,

There is an x,eS such that x>z,

Hence y>x>x,, theny e J,

Therefore, J is an open upper segment of R and J has a left end point a,

Accorclingly, we shall prove that « is a greatest lower bound of S, If there is
X, ¢ S such that a>%,, thenae¢J. Sime J is an open upper segment, we have a contra-
dctiction. Thus a is a lower bound of S, Let Yo>a, then ¥, ¢ J,

There is an %, ¢ S such that y,>x,,

Thus ¥y, is not a lower bound of S,

Therefore, @ is a greatest lower bound of S,

Similarly, we can prove that if non-void set S CR is bounded above then S has g

deast upper bound,

I Concluding Remark

The existence of real number is given by Dedekind’s cut. This paper is to consider
the open upper segment itself to be a substitute for its own left end point. We can
see that this is an entirely natural approach when we agree that open upper segments.
are to be in one-one correspondence with their left end point, that is, every open
upper segment is to have a left end point and distinct open upper segment must
have different left end points, Accordingly, the set R of reals is defined to be the
set of opan uppar segments of rationals (adding the left end point to correspond to
those open upper segments which do not have left end point among the rationals),

Any real number will be considered by the set such as any open upper segment,
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REY EWmmd B slog

A+9 Ade Dedekind(1831—1916), Weierstrass(1815—1897), Cantor(1845—1918), -
Cauchy(1789—1857) 59 fkstol HH9d AgolA ol %ot 2 F9 LA of 8}
A &4 A% ATE dor, 2 =P AR PPse e (FEYA AYL Lo
<) FHAA A5 Ad-g spetstnat sho e,

AFehe AL YWl kel FESHE Aoz AU oA Yl &8 KK HLES
A= Tiopen lower segment)el] fksto] A= x|u} %3] L =Bo A = L:#(open upper
segment)ol] fkehe] ettt EBetalch,
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