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First-Order Eikonal Correction to Optical Potential by Inverse
Method in '2C + 2C Elastic Scattering at Ej., = 2400 MeV.

Yong Joo Kim and Nam Gyu Hyun
Department of Physics and Research Institute for Basic Sciences,
Cheju National University, Jeju 690-756

By solving the inverse scattering problem using the relation between the Mclntyre phase shift and
Woods-Saxon type optical potential, we calculated the optical potential for the '*C + '2C elastic
scattering at Ei,p= 2400 MeV. The effect of the first-order eikonal correction to the heavy-ion optical
potential is investigated. We found that this effect is significant around the surface region for the

real potential in this scattering system.

I. INTRODUCTION

Heavy-ion elastic scattering has been stud-
ied by a variety of theoretical model. Strong
absorption model (SAM) has been used ex-
tensively as a useful theoretical approach
in the analysis of heavy-ion elastic scat-
tering. In recent year, many theoretical
investigations[1-3] were made in describing
the elastic and inelastic scattering processes
between heavy ions within the Mclntyre
SAM[4]. This model was known to provide
a good description of nucleus-nucleus elastic
scattering data over a wide energy range.

In most of studies of heavy-ion collisions,
the central feature is the optical potential.
The connection between the optical poten-
tials and data (differential cross sections pri-
marily) is the scattering matrix. Recently,
there are several attempts(5-8] to evaluate
optical potential from parametrized phase
shift. These approaches are to employ a
phase shift obtained by fitting the elastic
scattering angular distribution data, in the
SAM, to determine the heavy-ion optical
potential by solving the inverse scattering
problem. A practical solution of the inver-
sion problems by using the quasi-classical
limit of the high-energy approximation was
reported[5]. By solving the inverse scattering
problem at high energy, Fayyad et al.[6] ob-
tained a Woods-Saxon type model potentials
with the parameters that can be determined
directly from the Mclntyre parametrization
of the phase shift, for heavy-ion elastic scat-
tering. The inversion procedure[7] applied to
Ericson's parametrized phase shifts was also
performed by using the Glauber s approxi-
mation and was used to deduce local poten-

tials describing the angular distributions of
the elastic scattering of '2C+!2C systems at
diverse energies. Ahmad et al.[8] studied the
effect of the non-eikonal corrections on the
determination of heavy-ion optical potential
from the diffraction model phase shifts at in-
termediate energies.

In previous papers[3-11], a phase shift
analysis based on McIntyre SAM was pre-
sented. It was applied satisfactorily to
the so-called Fresnel patterns 2C+%Zr and
124 208P}, elastic scatterings at Eia,/A=35
MeV/nucleon[9]. In recent, elastic scattering
data of K* + 2C and K* + *°Ca at 800
MeV /c are reproduced and inverse potentials
are predicted[12] in the framework of Mcln-
tyre SAM.

In this paper, we will calculate the heavy-
ion optical potential in the 2C+!2C system
at 2400 MeV by solving the inverse scatter-
ing problem. The calculated optical potential
will be compared with the result of optical
model analysis[13]. Furthermore, the effect
of the first-order eikonal correction on heavy-
ion optical potential by inversion will be in-
vestigated. In section II, we present the in-
verse solution to heavy-ion optical potential
in detail. We present the first-order eikonal
correction to optical potential by inversion in
section III. Results and conclusions are pre-
sented in section IV.

II. INVERSE SOLUTION TO
HEAVY-ION OPTICAL POTENTIAL

The elastic scattering amplitude for spin-
zero particle via Coulomb and short-range
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central force is given by

£O) = fa(®) + 73 (0 + 3) exp(2in)
=0
x(SX - DP(cos). )

Here fr(@) is the usual Rutherford scatter-
ing amplitude, k is the wave number and o
denotes the Coulomb phase shifts. The nu-
clear S-matrix, S}, can be obtained from the
nuclear phase shift x(I) given by

S5 = explix(t)] = expli {xa ) + ixa(})}] -2

In this work, we use the MecIntyre
parametrization [4] of the S-matrix. The real
and imaginary parts of the nuclear phase
shift for McIntyre parametrization [4] are
expressed

xr(l) = 2p{l + exp[(l ~ 1)/ Ag ]}t (3)

and

xi(f) =1n[1 + exp{(}; - 1)/Ag}],  (4)

where l,» and A, are the grazing angular mo-
mentum and its width for xg(l), while J, and
A, are the quantities for x;(I). And y is the
Mclntyre phase shift parameter related with
the strength of nuclear phase shift. The real
and imaginary parts of nuclear phase shift
x(b) can further be written in terms of im-
pact parameter as

- 24
0= oo -wyra; @

and

xi(b) = n [1 +exp (9‘%”)] )

where b, by and b are the impact parameters
normally given by kb= I+ 1, kb = lg+1 and
kb§ = lg + 1, respectively. The diffusivity
quantities d and d’ are given by d = A, /k
and d' = Ay /k.

Using the relation between nuclear phase

shift and optical potential
x) = [ LELEO,

we can write real and imaginary nuclear
phase sghifts as

xr(b) = —% bw ——\/?;(__r)b.,dr 8)
and
) =-5 [ k. @

Egs. (8) and (9) are of Abel’s type[6] and the
inverse solutions of these equations are given
by

2E1d [* xn(b)

‘7(1') = kw rdr i ﬁ bdb (10)
and
Wr) = g}g. > ‘/I’;‘,‘_(_")_r, bdb. (1)

Approximating the phase shift yr(b) and
x1(b) in terms of sums of Gaussian shape and
inserting this approximated phase shift forms
into Eqs. (10) and (11), we get

and

N
— 2E nr2
W(r) = —m’gb,,\/wnexp (—'BT) .
_ _(13)
In order to relate above V(r) and W(r)
with the familiar Woods-Saxon forms, let us

rewrite V(r) and W(r) in the forms
4uE 1

Y = ke 1T e - RyA] Y
and
W(r) = - 22 - (15)

kB 1+ expl(r — R)/A]’
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With the above parametrization, as is shown
in Ref.[6], the following relations between the
parameters of the corresponding phase shifts
will hold. For the real part,

M s 09
and
HE s o0
For the imaginary part,
LRA) 3Ltod) o
L(R,A) 4 L(b,d)
and
W(RA) _Shkd o
Li(R,A) 6 I4(by,d)
where 1,(z9,a0) is an integral given by
heoso0) = [ ey

By using a certain iteration procedure such
as the Newton method[14], we can obtain pa-
rameters R and A’ from solving two nonlin-
ear simultanecus Eqs. (16)-(17) and R and
A from Eqs. (18)-(19), respectively.

The parameters a and 8 in Eqs. (14) and
(15) are given by the formulae

o= 211 +ep(-5/dh(R,A) @)

and

2 Io(R, A)

B = T+ exp(bo/ )’

(22)

where
I(R,A')=R +A'In[l + exp(—R /A")),
(23

and IH(R, A) in Eq.(22) is given by a similar
expression in R and A.

III. FIRST-ORDER EIKONAL
CORRECTION TO OPTICAL
POTENTIAL BY INVERSION

The phase shift is identified with the
zeroth-order eikonal phase shift function,
which is related to the heavy ion optical
model potential Uyp(r) = V(r)+iW (r). Wal-
lace [15, 16] expanded the WKB phase shift
function in a power series in the strength of
the potential in terms of the impact parame-
ters b:

x(®) =Y x"(b), (24)
n=0
where
nep y_ _ 2k[m/(Rk)*]"+! a\1"
o) = -2 ¢ (o))
x / T Ut ds (25)
0

with r = (b2 + 2%)'/2. The zeroth-order
eikonal phase shift and its first-order correc-
tion are given by

2 -~
) = -2 [ Uet)dz, (20
2
X0 = - (1+0)

x /:” ng(r) dz. (27)

The first-order eikonal correction term of the
phase shift, x!(b) in Eq. (27), can further be
expressed as following

()___2m
X K Jo

[ng (r) + rUsp(r) dUod,;-(r)

(28)
Restricting ourselves to the first-order correc-
tion term, the closed expression of the phase
shift function may be written as

x®) =1 [ Oir)as, 9
where

Top(r) = Uapl(r) {1 + [Uo,,(r) + r“”%("] } .

(30)

K2k?
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The phase shift x(b) in Eq. (29) is Abel's
type [6, 8] and the inverse solution of this
equation has the form

2E 1d _x(b)
rdr \/tT’__—_r_2

The optical potential obtained from the
Mclntyre parametrization i8 now Ugp(r)
which includes the first-order eikonal correc-
tion term instead of Uyp(r). The first-order
corrected optical potential U,y (r) is related
to Uyp(r) through Eq. (30). By using the

Uop(r) = (31)

Uop(r) =

optical potential Uyp(r) calculated from solv-
ing the inversion scattering problem, the op-
tical potential Ugp(r) may be obtained from
Eq. (30). However, this presents an involved
computional problem, which can be solved by
some iteration methods. However, at high
energies which concerns us, the first-order
eikonal correction is expected to be small,
hence it i8 a reasonably good approximation
to replace Uyp(r) in the correction factor in
Eq. (30) by Uop(r) as reported in Ref. [8].
Thus we have

U op(r)

Since ﬁo,,(r)
(32) can be expressed in the form

1+ 32 [Uop(r) + r (]

V(1 + ;R (V(r) + r 02

(32)

= V(r)+iW(r), the optical potential Uop(r) = V(r)+iW(r) in the above equation

)] + W) 58 (W(r) + ri¥iedy)

V(r)=
and

Wi(r) =

1+ ;82 (V(") + r—Viﬂ)]2 + [ (W(r) + r—u)]2

V() +r W)+ r (33)
1+ B (P(r) + rZO) + 1By (W(r) +r B2
W(f)[l + ‘!F(V(r) +r )] V(r)[—,—,(w(,.) +r )] o

Using Eqs. (33) and (34), we can estimate the effect of first-order eikonal correction on the

calculated optical potential by inverse method.

TABLE I: Parameters in the McIntyre strong ab-
sorption model for '*C + '2C elastic scattering
at Eyp = 2400 MeV.

l,r A’: l, A, M
80.11 14.49 73.89 13.86 0.5686

IV. RESULTS AND CONCLUSIONS

We have calculated the optical potential by
inversion for !2C + !2C elastic scattering at
Eiap = 2400 MeV by using the zeroth-order

eikonal approximation and its first-order cor-
rections. In order to calculate the optical po-
tential by inversion, five McIntyre parameters
K, bo, by,d and d are required. It is found[3]
that the McIntyre SAM gave reasonable fit
to the differential cross section data of this
system. The differential cross sections calcu-
lated by Mermaz et al. (3] are shown in figure
1 and the pertinent values of the parameters
as determined are given in table I for com-
pleteness.

Using these McIntyre phase shift param-
eters, impact parameters by, bo, and diffu-
sivity quantities d , d were obtained. Note
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that Coulomb effects have been substracted
off in evaluating the parameters cited above.
Using these parameters and solving two sets
of nonlinear simultaneous Eqs.(16) -(17) and
Eqs. (18)-(19) with the iteration procedure
such as the Newton method[14], we can ob-
tain numerical values of R, A, R’ and A’.
Their values are R=2.931 fm, A =0.754 fm,
R'=4.929 fm and A'=0.711 fm. From Eqs.
(21) and (22), the parameters @=3.150 fm
and $=0.349 fm have been also calculated.
Accordingly, we obtained Vp=14.9 MeV and
Wo=117.9 MeV.

Figure 2 shows the real and imaginary
parts of optical potential calculated from the
inversion procedure based on the Mclntyre
parametrization of S -matrix. In this figure,
the solid and dashed curves are the optical
potentials with and without the first-order
eikonal correction, respectively. And the dot-
ted curves are the results from the optical
model analysis given in Ref. [13]. For the real
potential, the first-order eikonal correction is
relatively large , where maximum reduction
is about 37 % at small r region as shown in
figure 3. But it is significant in the surface
region around the strong absorption radius.
The large discrepancies around r = 0 is of lit-
tle significant, since in this region the condi-
tion lﬂ%('_')l <« 1 which forms the basis of the

FIG. 1: Elastic scattering angular distributions
for '>C + '2C system at Eip = 2400 MeV. The
solid circles denote the observed data taken from
Hostachy et al.[13]. The solid curve is the calcu-
lated results from the Mermaz et aol.{3].

high-energy expansion of the phase function
may not be well satisfied and hence the poten-
tials calculated in this region by the eikonal
inverse method may not be as reliable as in
the surface region where this condition is sat-
isfied well. While in the case of imaginary
potential, it can be seen that the first-order
eikonal correction is negligibly samll as shown
in Fig. 2(b) and Fig.3, where maximum re-
duction is about 2 % at small r region. As a
whole, the potential obtained in the present
study agrees with one from the optical model
analysis [13] in the surface region around the
strong absorption radius. We can see that
in the surface region, the first-order eikonal
correction brings the calculated real potential
closer to the phenomeological one by optical
model analysis[13]. Since the elastic scatter-
ing data are sensitive mainly to the surface
region, somewhat big discrepancies at samil
r between optical potentials from the inverse
method and optical model analysis [13] are of
little significant.

In this paper, we used the McIntyre phase
shift parameters obtained from Mermaz et
al.{3] to obtain the heavy-ion optical poten-
tial by inverse method. Using the relation
between the optical potential and MclIntyre
phase shift, we calculated the 2C + 2C

v eV L)

@ T ®

FIG. 2: (32 Real V(r) and (b) imaginary W(r)
parts of '*C 4 !2C optical potential at Eip
= 2400 MeV. The solid and dashed curves de-
note the calculated optical potentials with and
without the first-order eikonal correction, respec-
tively, while the dotted curves are the results
from the optical model analysis{13] .
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Woods-Saxon type optical potential by solv-
ing the inverse scattering problem. As a
whole, the optical potential obtained in this
study agrees with the phenomenological one
obtained from optical model analysis in the
surface region around the strong absorption
radius. We found that the agreement of real
potential obtained from inverse method with
the result of optical model analysis is fairly
good compared to one of the imaginary po-
tential. The effect of first-order eikonal cor-
rection on the determination of optical po-
tential by inversion was investigated for this
system. It is seen in the surface region
around the strong absorption radius that the
real potential including the first-order eikonal
correction improves the agreement with the
Woods-Saxon type one by the optical model
analysis compared to the result of the zeroth-
order eikonal approximation for this system.
We can see that first-order eikonal correction
is significant in the surface region around the
strong absorption radius for the real poten-
tial, while it is negligibly small for imaginary

potential.
ol c.e 4
E_, = 2400 MeV
S, aVv
=]
e 2F 1
5
k]
§ AW
B
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FIG. 3: First-order correction (in %) to the cal-
culated real and imaginary parts of '2C + 12C
optical potential at E.p, = 2400 MeV. The solid
and dashed curves present the corrections to the
real and imaginary parts of the potential, respec-
tively.
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