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Refractive Elastic Scattering of 0 + 0 System at Ej.p = 250 MeV
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The experimental data on elastic '®0O + '®0 scattering at E\a, = 250 MeV
has been analyzed within the first-order eikonal model based on Coulomb
trajectories of colliding nuclei. The presence of nuclear rainbow in this system
is evidenced through a classical deflection function. We have found that the
strong real and weak imaginary optical potentials are required to describe the
refractive '°0 + !°0 elastic scatterings at Ej,p, = 250 MeV. The refractive
pattern could be shown to be sensitive to the real part of optical potential

at small radius.

I. INTRODUCTION

Study of light heavy-ion elastic scattering
at intermediate energies has received consid-
erable attention in recent years. Usually the
heavy-ion elastic scattering is dominated by
the strong absorption, which the implication
that the data are only sensitive to the surface
of the interaction region. Therefore, the op-
tical potential required to describe the mea-
surements is not uniquely determined. How-
ever, the angular distribution for light heavy-
ion elastic scattering such as '2C + '2C and
160 4 10 gystems has shown the presence of
strong refractive effects. The refractive (rain-
bow) phenomena in nuclear elastic scattering
provide a unique source of information on the
heavy-ion interaction potential at small inter-
nuclear distance.

Over the past years there are several ef-
forts [1-8] to describe the refractive scattering
pattern between the light heavy-ions. Bart-
nitzky et al. [4] have measured the elastic
scattering cross section for 80 ions on 10
targets with high accuracy over large angular
ranges at incident energies from 250 to 704
MeV, and extracted the underlying scatter-
ing potentials using model-unrestricted anal-
ysis. The experimental data on elastic 160
+ 180 scattering at incident energies ranging
from 124 to 1120 MeV have been analyzed (7]

within the standard optical model, using ei-
ther the phenomenological potential (Wood-
Saxon squared) or that calculated within the
double-folding model for real part of the op-
tical potential. Brandan et al. [8] have mea-
sured the %0 + '2C elastic cross section at
300 MeV over a wide angular range, display-
ing the shoulder of a nuclear rainbow, and
analyzed this data using the optical model.

By the way, a number of studies [9-11]
have been made to describe the elastic scat-
tering processes between heavy ions within
the framework of the eikonal model [12,13].
Aguiar et al. [11} have discussed different
schemes devised to extend the eikonal ap-
proximation to the regime of low bombarding
energies in heavy-ion collisions. In our previ-
ous paper [14], we have presented the first-
and second-order corrections to the zeroth-
order eikonal phase shifts for heavy-ion elas-
tic scatterings based on Coulomb trajectories
of colliding nuclei and it has been applied
satisfactorily to the 0 + °Ca and '®0O +
90Zr gystems at Eja, = 1503 MeV. The elas-
tic scatterings of '2C + 12C system at Eiap
= 240, 360 and 1016 MeV are analyzed using
the first-order non-eikonal correction to the
eikonal phase shift [15].

The measurements of elastic angular dis-
tributions for the '®O ions on 60 at inter-
mediate energies have attracted considerable
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interest, since they show a strongly refractive
pattern in the angular distribution. Almost
all studies {2,4,7] of 1°0 + 180 elastic scatter-
ing have been made within the optical model
or folding model. In this work, we analyze
the elastic scattering angular distributions of
the %0 + %0 system at E;,,=250 MeV by
using the first-order eikonal model. The pres-
ence of nuclear rainbow is examined. We also
investigate some features of the effective op-
tical potential and phase shift. In section II,
we present the theory related with first-order
eikonal model. Section III contains the re-
sults and discussions. Finally, section IV con-
cludes the paper.

II. THEORY

The Coulomb-modified eikonal phase shift
and its first-order correction are given by [14]

8o =4 / U(r) dz, (1)
) =t (er ) [Tve a

(2)

where r = \/r2 + 22, u is the reduced mass
and the distance of closet approach r, is given
by

re= i{n+[n +(L+ 3 )]/2} (3)

with the Sommerfeld parameter 1;.

The zeroth-order term in this expansion
is the ordinary eikonal approximation phase
shift function, while the corrections given by
first-order term correspond to non-eikonal ef-
fects. The first-order eikonal correction term
of the phase shift, ) (r.) in Eqs. (2), can
further be expressed as following

6h(re) = K / [Uz(r)+rU( )dU(')]dz.

()
The closed expression of the effective phase
shift function including up to the first-order
correction term may be written as

ulr) =~ /0 T U(r)dz,  (5)

where Ugg(r) is the effective optical potential

given by
U{ h’k’ [U+r‘i{]} (6)

We can see that the phase shift calcula-
tion including non-eikonal corrections up to
the first-order is equivalent to a zeroth-order
calculation with effective potential Ueg(r).
By taking U(r) as the optical Woods-Saxon
forms given by

Uesr (T) =

Vo . Wo
1+ er-R/aw ‘15 r—Ru/aw’
(7)
with Ry o = r,,,.,,(Ai/3 + A;/a), we can use
the effective phase shift, Eq.(5) in the gen-
eral expression for the elastic scattering cross
section.
The general expression of the differential
cross section between two identical spinless
nuclei is given by the following formula

Ur) = -

do
7 = O + f(z - 0), (8)

where elastic scattering amplitude f(@) is
given by the equation

[0)= f®)+ 2 3 (L+ 3)exp(ios)
L=0

(ST — 1)Pr(cosb). (9)

Here fg (6) is the usual Rutherford scattering
amplitude, k is the wave number and o the
Coulomb phase shifts. The nuclear S-matrix
elements Sf’ can be expressed by the nuclear
phase shifts 4,

Sy = exp(2idL).

Since the nuclear phase shifts are complex,
the variations of the Coulomb and real parts
of the nuclear phase shifts over L give the
deflection function

(10)

(11)

This deflection angle is a semiclassical treat-
ment of a trajectory with orbital angular mo-
mentum L.

d
0, = 2E(0L + Re 61,).
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TABLE I Parameters of the fitted Woods-Saxon potential by using the first-order eikonal model
analysis for the %0 + %0 elastic scattering at Ejab= 250 MeV. 10 % error bars are adopted to obtain
x*/N value.

Vo Ty ay Wo Tw au or x*/N
(MeV) (fm) (fm) (MeV) (fm) (fm) (mb)  &° 8 + 5
223 0.815 0.753 42.9 1.062 0.732 1757 56.45 7.68

TABLE II: Parameters of best fitted Woods-Saxon potential by using the eikonal approximation anal-
ysis for '°O + '®0 elastic scattering at Ei,p= 250 MeV. 10 % error bars are adopted to obtain x*/N

value.

in Table I and II. The calculated results of
the differential cross sections for the elastic
scattering of 10 + 10 systems at Ej,p= 250

1338343

Vo Ty a, Wo Tw v ok X°/N
(MeV)  (fm) (fm) (MeV)  (fm) (fm)  (mb)
242 0.835 0.729 39.5 1.137 0.658 1731 10.24
ITII. RESULTS AND DISCUSSIONS

@
The elastic differential cross section for 160 w |
+ 180 systems at Fj,= 250 MeV is cal- W
culated by using the first-order Coulomb- wy
modified eikonal model. The Woods-Saxon 1
potential parameters obtained from first- g of
order eikonal model and eikonal approxima- s “f
tion fits to the experimental data are listed |
]
J
[
o

MeV are presented in Fig. 1 together with the
observed data [4]. In this figure, the dotted
and solid curve are the results for the zeroth-
order eikonal phase shift and its first-order
corrections, respectively. As seen in this fig-
ure, there are the substantial differences be-
tween the dotted and solid curves when com-
pared to the experimental data. Two calcu-
lated angular distributions are nearly identi-
cal at forward angles but are qualitatively dif-
ferent at large angles. The present result of
first-order eikonal model can reproduce sat-
isfactorily the observed data over the whole
angular range. The reasonable x?/N value is
obtained in the %0 + !0 gystem at Ej,=
250 MeV as listed in Table I. In order to in-
vestigate the first-order eikonal correction to
the zeroth-order eikonal phase shift, the best
calculated cross section using the common
eikonal approximation is presented in Fig.1 as
a dashed curve. The best fitted Woods-Saxon
potential parameters by the eikonal approx-
imation are listed in Table II. The result by

FIG. 1: Elastic scattering angular distributions
for 80 + '°0 system at Ejp,= 250 MeV. The
solid circles denote the observed data taken from
Ref.[4]. The solid and dotted curves are the re-
sults for first- and zeroth-order eikonal correc-
tions, respectively. The dashed curve is the best
result from the eikonal approximation using the
potential parameters given in Table 2.

the using first-order eikonal model provides
more reasonable fit to the refractive struc-
ture at large angles compared with one by
using eikonal approximation. We can see in
Tables I and II that the value of x2/N de-
creases in the calculated result with the first-
order eikonal model compared to the one with
eikonal approximation.

The transparency function T;, = |S.|? is



FIG. 2: (a) Transparency function and (b) the
real and imaginary parts of the term (L +
Dyexp(2ioL)(ST —1) for the '°0 + '°0 system at
Eja= 250 MeV plotted versus the orbital angu-
lar momentum L in the first-order eikonal model

plotted versus the orbital angular momentum
in Fig.2, along with the real and imaginary
parts of the term i(L + })exp(2iaL)(ST — 1)
for the 90 + 10 system at Ej,p,= 250 MeV.
The transparency function can be explained
using the imaginary part of the effective op-
tical potential. As shown Fig. 2(a), the
lower partial waves are totally absorbed and
the T is increased very rapidly in a narrow
localized angular momenta zone. The term
i(L+3)exp(2ig,)(S[ —1) represents the par-
tial wave contributions to the cross section
in terms of angular momentum. We can see
that partial waves larger than L = 90 do not
nearly contribute the elastic cross section of
this system.

In figure 3, we plot the partial wave reac-
tion cross section and deflection function as
a function of angular momentum for 60 +
160 gystem at Ejyp= 250 MeV. We found in
Fig.3(a) that the value of the partial reac-
tion cross section increases linearly up to L
= 42. Beyond this L value, the partial re-
action cross section decreases quadratically.
When the absorptive potential is weak and
the real potential is strong, it is known that
the contribution to the scattering from the in-
terior region is large enough to be observed.
By analogy to optics, these contributions are
called refractive, since the scattered parti-

FIG. 3: (a) Partial wave reaction cross section
and (b) deflection function for '*0 + 'O sys-
tem at Ej,p= 250 MeV plotted versus the orbital
angular momentum L in the first-order eikonal
model.

cles have partially penetrated the target nu-
cleus. This situation is interpreted as a "nu-
clear rainbow scattering”, because the inten-
sity maximum is built by many trajectories
being essentially deflected through the same
scattering angle; The nuclear rainbow angle
is obtained from the classical deflection func-
tion given by Eq.(11). In a rainbow situ-
ation, the strong nuclear force attracts the
projectiles towards the scattering center and
deflects them to negative angle, which cor-
respond to the region of the rainbow maxi-
mum. In Fig. 3(b), we can find the nuclear
rainbow angle value 8, = —176.0° at L =
27, which evidently proves a presence of the
nuclear rainbow with unambiguous clarity in
this system.

In figure 4, we plot the real and imaginary
parts of effective potential in Eq.(6) and nom-
inal potential in Eq.(7), and examine the ef-
fect of first-order non-eikonal correction. The
solid curve is the first-order effective poten-
tials Ueg(r) given by Eq.(6), while the dashed
curve is the result of nominal potential U(r)
given by Eq.(7). As shown in these figures,
there is a dramatic difference between two
potentials, especially for the imaginary part.
We can see in Eq.(6) that the effective imag-
inary potential with the first-order eikonal
correction depends on the product of the real
and imaginary potentials and their deriva-
tives. Thus the effective imaginary poten-
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tial rapidly increases until it reaches maxi-
mum value in the central region of the nu-
cleus, and then it reaches minimum near the
surface region. A drastic increase of the imag-
inary potential for small values of r is mainly
due to the correction term in Eq.(6). The
imaginary part of potential itself provides the
radial weighting of flux removal from the en-
trance channel, and is consequently responsi-
ble for the absorption process in the nuclear
reaction. In the ordinary eikonal model, the
shape of imaginary potential should not be
affected by the real potential. Nevertheless,
in the present eikonal model with the first-
order correction, we can find that the dras-
tic increases on the absorptive potential in
the small r region are due to the larger real
potential compared with imaginary one. In
the small r region, the effective imaginary
potential of the first-order eikonal model is
small compared with the effective real poten-
tial. This implies deep, elastic interpenetra-
tion of the target and projectile, and a fea-
ture unambiguously required by the appear-
ance of refractive phenomena in the angular
distribution. These strongly real and weakly
imaginary potential values lead to observe the
contributions to the scattering from the inte-
rior region and allow refracted projectiles to
populate the elastic channel and typical re-
fractive phenomena could be observed in the
angular distribution.

Such a increase of the effective potentials
in the small r region is also reflected in the
phase shift function. Figure 5 show angu-
lar momentum dependence of the real and
imaginary parts of the eikonal phase shifts,
respectively. The dashed and solid curves are
the results for the zeroth and first-order non-
eikonal corrections, respectively. The phase
shift obtained without the real potential de-
creases monotonically with the increasing an-
gular momentum L. However, effective phase
shifts displays the different structure. Partic-
ularly, the real potential gives a drastic vari-
ations of the imaginary phase shift for 160
+ 160 system at Ej,= 250 MeV. We can
see in the phase shifts calculated with the
real potential that an absorption of partial
waves for the large angular momentum in-
creases, whereas the absorption decrease for
small angular momentum, compared with the

Resl Potentiel (MeV)

FIG. 4: (a) Real and (b) lmagmarz parts of the
optical potential for the '*0 + '°0 system at
Ejp= 250 MeV. The solid and dashed curves are
the results for first- and zeroth-order eikonal cor-
rections, respectively.

result without the real potential. The large
angle behavior is sensitive to the details of the
real optical potential over a wide radial region
from the nuclear surface towards the interior.
This confirms the predictions and the treat-
ment based on the effective potential given by

Eq. (6).

IV. CONCLUSIONS

In this work, the elastic scattering of 0+
160 gystem at Ej,,=250 MeV has been ana-
lyzed by using the first-order eikonal model
based on the Coulomb trajectories of col-
liding nuclei. We have found that the re-
sult of the present first-order eikonal model
is in reasonable agreement with the observed
data. Through the classical deflection func-
tion, we can find the nuclear rainbow angle
value Oy, = —176.0° at L = 27, which evi-
dently proves a presence of the nuclear rain-
bow with unambiguous clarity in this system.
The strong real and and weak imaginary po-
tentials are found and they support the pres-
ence of a nuclear rainbow in the angular dis-
tribution of this system.

We have found that the effect of first-order
eikonal correction on the imaginary potential
is important when the absorptive potential
is weak and the real potential is strong. A
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FIG. 5: (a) Real and {b) imaginary parts of the
eikonal phase shift for the 10 + 0O system at
Ejap= 250 MeV. The solid and dashed curves are
the results for first- and zeroth-order eikonal cor-
rections, respectively.

drastic increase of the imaginary potential for
small values of r is mainly due to the correc-
tion term in the effective potential formula,
and it is related with the larger real poten-
tial compared with imaginary one. The ratio
of imaginary to real part of effective poten-
tial is found to be small in the central re-
gion. This implies deep, elastic interpenetra-
tion of the target and projectile, and a fea-
ture unambiguously required by the appear-
ance of refractive phenomena in the angular
distribution. These strongly real and weakly
imaginary potential values lead to observe the
contributions to the scattering from the in-
terior region and allow refracted projectiles
to populate the elastic channel and typical
refractive phenomena could be observed in
the angular distribution. We can also see in
the imaginary phase shift calculated with the
real potential that an absorption of partial
waves for large angular momentum increases,
whereas the absorption decreases for small
angular momentum, compared to the result
without the real potential. Such a behavior
explains why our calculation is sensitive to
the real potential at very small radius.
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