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Abstract
There have been many researches on fuzzy relational equations. The fuzzy
matrices are used when fuzzy uncertainty occurs in a problem. In this paper,
under the general framework of fuzzy matrix theory, we introduce two new
binary fuzzy operators U and M. Some properties on U and M are presented
in this paper. Also, we give some comparisons of these new operators and

existing operators V, A @, © and +.
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1 Introduction and Definitions

Fuzzy matrices play major rule in various areas such as mathematics, physics,
statistics, engineering, social sciences and many others. Now a days probability,
fuzzy sets, intuitionistic fuzzy sets, vague sets and rough sets are used as mathe-
matical tools for dealing uncertainties. Fuzzy matrices arise in many applications,

and several authors ([1)-[10]) presented a number of results on fuzzy matrices.
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Let F = [0,1] be the real closed interval. We define some operators on fuzzy
matrices whose elements are confined in F. For all z,y, A € F, the following operators
are defined:

() zVy =max{z,y} and zAy=min{r,y},
(i) z®0y=z+y—2z-y and TCy=2x-y,
(iii) z° =1 —=,
(iv) z+Hay= Az + (1 - N)y.
Now, we define two new operators LJ and 1 as follows: for all z,y € F,

y ifz>y
0 if z<y.

1 ifx>y

(v)zUy:{ and xf‘lyz{

y ifz<y

In fact, z Uy was introduced in [1]. We remark that for all z,y € F, z Uy, z N
y € {0,1,y}. For this reason, we call these two operators L and N pre-vanishing
operators.

We may be noted that the valuesof s Vy, z Ay, z Dy, zCy, 2° T +» Y, zUy
and z My belong to F.

Let M,(F) denote the set of all n x n matrices with entries in F. The matrices
I, and O, are the n x n identity matrix and zero matrix, respectively.

For all A = [a;;], B = [bi;] € M,(F) and for all X € F, the following operators
are defined:

() AVB=la;Vb;] and AAB=][a;Aby),
(i) A®B=[a;;®b;] and AOB=|a;-by),
(ili) A°=[1—ayl,
(iv) A+x B = [aij +2 byj],

(v) AUB=[a;Ub;] and AMB=[a;Nby),

(vi) A< B if and only if aij < by; for all ¢ and j.
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Throughout this paper, we assume that X\ € F so that 0 < XA < 1. Furthermore
we assume that A = [ai;], B = [bj), C = [c;;] and D = [di;] are fuzzy matrices.

In [7], Shyamal and Pal characterized some properties of operators @ and © with
pre-defined operators.

In this paper, we introduce new binary operators U and M on fuzzy matrices.
Also, some properties of the fuzzy matrices over these new operators and some

pre-defined operators are presented.

2 Some comparisons

We note that operators V, A, ® and C are commutative, while +,, U and M are
not. Furthermore, we can easily show that for all z,y,2 € F

(21) zvz=zAz=2UIT =71, ouz=z and lUz=zUl=1,

(22) zNz=0 and zN0=0MNz=0,

(23) zNy=0andyNz =0 implies z =1y,

(24) zNy<y and (zNy)Ny =0,

(2.5) (xﬂy)ﬂ(:cﬂz)5zl‘lyifandon]yif((xl‘ly)ﬂ(:cﬂz))ﬂ(zl’ly)=0.

Property 1. Let A and B be matrices in M, (F). Then we have
ANB<AAB<L<AVB<AUB.

Proof. Let z;; and u; be (3, §)* entries of AN B and AA B, respectively. Then
bi; if ai; > by
0 if a;y; < by
then z;; = bi; = ¥i; and if a;; < bij, then z;; = 0 < aij < ¥ij. It follows that
AN B < AAB. It is obvious that AA B < AV B by the definitions of A and V.
Now, we remaind to show that AV B < AU B. Let z; and wi be (3,7)®
entries of AV B and A U B, respectively. Then z; = max{a;;, bi;} and wi; =

we have that ;; = and y; = min{ai;,b;}. Thus if ai; > bij,
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1 if ay; > by )
{ % 7% and hence %j = aij < 1= w;; and z; = bi; = w;; according as

bi; if a;; < b;;
a;; > bij or a;; < b,,. Therefore we have that AV B < AL B. n

We note that De Morgan’s laws (over complement) for two operators * and o are
(AxB)*=A°cB° and (Ao B) = A°« B".
Property 2. For matrices A and B in M (F), we have
(i) (AV B)° = A° A B¢,
(i) (AAB)*= A°vV B¢,
(iii) (A® B)°= A°O B¢,
(iv) (AC B)*= A°@® B¢,
Furthermore, if a;; # b, for all g, J=1,...,n, the following are satisfied:
(v) (AU B)¢= A°n B¢,
(vi) (AN B)= A°u Be.
Proof. (i) Let z;; and y;; be the (4, j)** entries of (AV B)¢ and A°A B, respectively.
Now, we will show that z;; = yi forall 7,7 =1,... n. Note that

Ti; = (a,-,- \ b.'j)c and Yi; = a A bc

If ai; < bij, then 1 — a;; > 1 — by, (equivalently, a;; 2 b;) and hence

Ti; = (a5 V by;)° = b; = az; A bY; = yij.
Similarly, for the case of a;; > bij, we have z;; = a;j = Yi;- Therefore (A v B)¢ =
A° A Be,
(i) Similar to (i).
(i) Let zi; and y;; be the (i, 7)™ entries of (A @ B)° and A° C B°, respectively.
Then we have
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zi = (0 ®by)°
= 1-(a; ®bj)
= 1—(ai; +bij — ai5b)
= 1—ay — b + aihi;
= (1—ay)(1—by)
= af-bg
= 4.
This shows that (A @ B)° = A° G B“.
(iv) Similar to (iii).
(v) Let z;; and y;; be the (i, j)™ entries of (ALl B)° and A° M B¢, respectively.
Then we have

zi; =1—(a; Ub;) and i = (1—ay) (1 - byj).

It follows from a;; # b; that either a;; > bi; or a;; < by;. For the former(ay; > b;)),
we have 1 — a;; < 1— b;;, and hence ai; Uib; = 1 and (1 — ai;) N (1 = ;) = 0. Thus
z;; = 1 —1 = 0 = y,; in this case. For the latter(a;; < bi;), the parallel argument
shows that z;; = 1 — b;; = y;;. Therefore (AU B)* = A°N B-.

(vi) Similar to (v). ]

In Property 2, let a;; = b;; for some ¢ and j. Then the following Remark shows
that neither (v) nor (vi) are satisfied.

Remark 1. Let A and B be matrices in M,(F) with a;; = b;; = 0.5. Then we
have
(@11 Ubn)® = 0.5 # 0 = aj, Nbj,

and
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It follows that in general
(AUB)*# A°NB° and (AN B)°# A°UB°. ]
De Morgan’s laws (over transpose) for two operators * and o are
(AxB)T =AToBT and (AoB)T = AT« BT,

where AT is the transpose of A. Shyamal and Pal ([7]) showed that two operators
@ and © does not satisfy the De Morgan’s laws over transpose. For two operators
U and M, we obtain the same result as following:

Property 3. Let A, B and C be matrices in M,(F). Then
(i) (AuB)T = ATUBT and (ANB)T = AT BT,
(i) f A< B, then AUC<BUC and ANC < BNC.

Proof. (i) Let z;; and y;; be (i, j)*" entries of A U B and AT U BT, respectively.
Then z; = zj; is the (¢, )" entry of (AU B)T. To show that (AuB)T = AT 4 BT
we suffice to claim that z; = y;; for all 4,5 = 1,...,n, equivalently Tj; = yy; for all
t,j=1,...,n. Now, z; = aj; Ubj; and y;; = and

¥; = the (4, 7)™ entry of AT Uthe (i,7)"™ entry of BT = aji U by = zj;,

and hence (A U B)T = AT U BT. By the similar argument, we also obtain that
(ANB)T = ATn BT,

(i) Let @), 45, zi; and wi; be (3,5)™ entries of AUC, BUC, ANC and BNC,

respectively. Then we have

1 if ay; > ¢ 1 if b; > ¢y
i = - Qij > Cij and y; = : ij > Cij
cij if ai; < ¢y ¢j if bi; < ¢,

g if aiy; > ¢ cj if b > ¢
5= Cij . ij i and wi; = 3 . ij > Cij
0 if Q5 S Gij 0 if b,'j S Cij.
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To show that ALUC < BUC and ANC < BNC, we suffice to claim that z;; = 1
implies 3i;; = 1, and z; = ¢;; implies wy; = ¢;j. Suppose that z;; = 1 and z; = ¢;-
Then we have a;; > ¢ij, and hence b;; > c;; because A < B. Therefore we have
yi; = 1 and wy; = ¢j. Hence AUC < BuUCand ANC <BNC. on

Let A, B and C be matrices in M, (F) with A < B. The following Remark shows
thatCLJAf_CLlB,CLJAZCLJB,CI‘TA;QCI‘IB and CNA 2 CnB.

Remark 2. Let
A= 0.1 0.2 . B= 0.3 0.5 and C = 0.3 0.2
0.3 04 0.5 0.6 0.5 0.7
with A< B. Lete CUA = [z}, CUB = [y, CNA = [z;]and CO B = [wij)-

Then we have
T = 03uU0.1=1>03=03U0.3=wy1,

22 =0.2002=02<05=02U0.5=y,
21 = 0.5003=03>0= 0.5U0.5 = wy

and
292 =070U04=04<06= 0.7U0.6 = wy.

It follows that
CUALCUB,

CUAZCUB,
CnAZCNB

and
CnAZ2CnBA. [ ]

Notice that the operators & and © are commutative as well as associative. There-

fore the following are obvious:

(2-6) Ax*xB=B+A and (A*B)*C=Ax(Bx(C),

_19_



Kyung-Tae Kang and Eun-Sook Bang

where x is either @ or C. But the operators U and M are neither commutative nor
associative. The following Remark shows that (2.6) may be not true for U and .

Remark 3. Let A = [Oiz Oiz}, B = [Oil Of] and C = [Oiz Oil] be matrices

in M3(F). Then we have

. 2 0.1
AuB:[l 03}#[02 0 J=BuA,
11 1 1

Anp - o o]?é[o 0.2}23[”,
0 0 0 0
1 oo 1
(AuB)UC = 11 # 02 1 =AU (BUC),
11" 11
1 -
(AnB)nC = (0 0 # 0 01 =AnN(BNC). [
10 0] 0 0|

The following are some results of properties of operators @ and ¢ with V which
are proved by Shyamal and Pal.

Property 4. ([7]) Let A, B and C be matrices in M,(F). Then
(i) AcB< A& B,
(i) ASADA and ACA<A,
(ill) I, ® (A® AT) = I, V(A AT),
(iv) A (BVC)=(A®B)V(A® ),
(v) AV(B®C)< (AVB)® (AVC).

The analogue results of operators U and M with V are satisfied as following:

Property 5. Let A, B and C be matrices in M,,(F). Then
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(i) AnB<LAUB,
(i) A=AUA and ANMA=0,,
(iii) I, U(AUAT) = I,V (AU AT),
(iv) AU(BVC) < (AuB)VvV(AUC).
Proof. (i) was proved in Proposition 1.
(ii) is obvious by properties (2.1) and (2.2).
(iii)) Let x;; and g; be (4, )™ entries of I, LI(A®AT) and I,V(AUAT), respectively.
For the case of i = j, clearly y;; = 1 and from (2.1), we have
1 if 1>ay
Tii =
a; if 1 <ay.
Notice 1 < a; means that 1 = a;;, and hence z; = 1 so that z; = yi for all
i =1,...,n For the case of i # j, clearly 3; = ai; U a; and z; = 0U (aij U
aj;) = ai; U aj = yi;. Therefore we have z;; = y;; for all 4,7 = 1,...,n and hence
LLu(AUAY) =1I,v (AU A").
(iv) Let z;; and y;; be (4,5)* entries of AU (B V C) and (AU B) V (AUC),
respectively. We will show that z;; < y;; forall 4,5 =1,...,n. Now
Tor = 1 if a;; > ma.x{b.-,-,c,-,-}
7\ max{by, ¢} if ay; < max{by, cis}
and
y:; = max{a;; U by, ai; U ¢is}-
Case 1) a;; > max{bij,c;;}: Then a; > bi; and a;; > ¢y, and hence a;; U b; =
a:; U cij = 1 by the definition of U. Therefore, in this case, we have z;; = y;; = 1.
Case 2) a;; < max{bij, c;;}: Then z;; = max{by;, c;j}. If aijUb; =1 or a; Ucy; = 1,
then there is noting to prove z;; < yi;. Thus, we lose no generality to assuming that
ai; U by = bi; and a;; U cij = ;. That is, yi5 = max{bi;,ci;} = zi;. Thus, in this

case, we also have z;; <y;; foralli,j=1,...,n. [
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The following Remark shows that the equality of Property 5-(iv) may be not
true. Furthermore the example shows that for operator V, Property 4-(v) may be
false.

Remark 4. Consider three fuzzy matrices

ae [0.2 0.5] B [0.1 0.3} od C— [0‘3 0.2] |
0 0 0 0 0 0
Let AU (B \Y C) = [Z’ij], (A J B) vV (A u C) = [y,-]-], Av (B U C) = [Zij] and

(AV B)U(AVC) = [wi]. By the calculations, we have

T = 0.2U(0.1v0.3) =0.200.3 =03,

yu = (0.2v0.1)V(0.2L03)=1Vv03=1,
z22 = 05V(0.3U0.2)=05V1=1I,

w2 = (0.5V0.3)U(0.5V0.2) =0.5U05=0.5.

Thus T <y and zyp > W3- ]

Let A be given in F. We remind that z+,y = Az +(1—\)y forall z,y € F. Bang
and Kang characterized relationships of operators +x, C, @, A and V as following:

Property 6. ([1]) For matrices A, B € M,(F),

AOB<AAB<A+4+,B<AVB<A®B.

Property 7. Let A and B be matrices in M,(F). Then we have
ANB<L<AAB<A+ B<AVB<AUB.

Proof. It follows from Property 6 that AAB < A+,B <AV B. By Property 1,
we have AMB < AABand AV B < AU B. Thus the result follows. [ ]
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3 Complement of fuzzy matrices

The complement of a fuzzy matrix is used to analysis the complement nature of
any system. For example, if A € M, (F) represents the crowdness of a network at a
particular time period, then its complement A€ represents the clearness at the same
time period. Using the following results, we can study the complement nature of a
system with the help of original fuzzy matrix.

The operator complement obey the De Morgan’s laws for the operators & and
®. This is established by Shyamal and Pal as following:

Property 8. ([7]) For the fuzzy matrices A and B,
(i (A& B)‘ = A°Q B¢,
(i) (AC B)°*= A°® B°,
(ili) (A@ B)*< A°® B°,
(iv) (AC B)* > A°G B-.
Bang and Kang obtained the following results:

Property 9. ([1]) Let A be given in F. Then for the matrices A and B in M,(F),
(i) (A 42 B)S = A° +5 B, |
(ii) (A+xB)> A°C B,

(iii) (AC B)*> A°+) B,
(iv) (AU B)° < A°U B-.

Now, we are interesting inequalities of complements of matrices for the operators
U and M.

Property 10. For matrices A and B in M,(F), we have
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(i) A°NB° < (AN B),
(i) A°MB° < (AUB)° < (AN B)° < A°L Be.

Proof. (i) Let z; and y;; be the (¢, j)™ entries of A°r1B° and (AN B)¢, respectively.
Then we have
0 if a8 <b¢ 0 if (7'132b‘.7

1y = Tij
and
i if ag; > by
1 if a;; < by,
Therefore we have z;; < y;; for all 4, j = 1,...,n, equivalently A°M B° < (AN B)e.
(ii) Let A°N B° = [z;5], (AU B)® = [w], (AN B)® = [2,] and A°U B® = [w;].
Now, we will show that z;; < y;; < z;; <wy; forall 4,5 = 1,...,n. By the proof of

1-b
Yi; = (035 Mbyy)* =1 — (ai; Nby) = {

(i), we have

1—by if a; < by 1 if ay; <b
(3.1) Ty = i G 7 and Rij = 1= 7
0 if ;5 > bij 1-— bij if i > b,‘j.

Furthermore, we have

1—by; if ay; < by 1 if i < by
(32 yy= PN and = L
0 if ai; > b,‘j - b,‘j if aij > b,'j.

It follows from (3.1) and (3.2) that z;; < ¥ij < ziy S w; foralld,j =1,...,n.
Therefore we conclude that A°M B < (AU B)° < (AN B)¢ < AU Be. [ ]
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