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The properties of the transversal Killing spinor on a
Riemannian foliation

Seoung Dal Jung
Department of Mathematics, Cheju National University. Jeju 690-756, Korea

Abstract. We study the properties of the transversal Killing spinors on a foliated
Riemannian manifold with a transverse spin structure.

1 Introduction

Let (M, ga, F) be a Riemannian manifold with a transverse spin foliation 7 and
a bundle-like metric gp. In [9], the author introduced the transversal Killing

spinor which is given by the solution of the equation
VxU+ fr(X)- =0 for X €TM, (1.1)

where f is a basic function and 7 : TM — Q is a projection (see (2.1)). It is
well known [9] that any eigenvalue X of the basic Dirac operator D, satisfies the
inequality

A2 > I(quﬁiﬁf(ov + &%) (1.2)

where ¢ = codimF, oV is the transversal scalar curvature and « is the mean
curvature form of F. And in the limiting case, M admits a transversal Killing
spinor.

In this paper, we study the properties of the transversal Killing spinor which

occurs in the limiting case in (1.2).
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2 Preliminaries and known facts

In this section, we review the basic properties of the Riemannian foliation, which
are studied in [11,18]. Let (M, gum,F) be a (p + ¢)-dimensional Riemannian
manifold with a foliation F of codimension ¢ and a bundle-like metric gy with

respect to . We recall the exact sequence
0=+L—>TMHQ—0 (2.1)
determined by the tangent bundle L and the normal bundle @ = TM/L of F.

The assumption of gjs to be a bundle-like metric means that the induced metric
go on the normal bundle @ = L' satisfies the holonomy invariance condition
%gQ = 0, where % is the Bott connection in Q.

For a distinguished chart i C M the leaves of F in U are given as the fibers
of a Riemannian submersion f : i/ = V C N onto an open subset V of a model
Riemannian manifold N.

For overlapping charts U, N Ug, the corresponding local transition functions
Yo = fa © fg 1 on N are isometries. Further, we denote by V the canonical

connection of the normal bundle @ of F. It is defined by
Vxs=m([X,Yy]) for X €TL, (22)
Vxs=m(VMY,) for X e TL*, '

where s € ['Q, and Y, € T'L* corresponding to s under the canonical isomorphism
Lt = Q. The connection V is metric and torsion free. It corresponds to the
Riemannian connection of the model space N. The curvature RV of V is defined
by

RY(X,Y)=VxVy - VyVx —Vixy] for X, Y e TM.
Since i(X)RY = 0 for any X € T'L{[11]), we can define the (transversal) Ricci

curvature pV :TQ —= I'Q and the (transversal) scalar curvature oV of F by

ZRVSE ZQQ a)
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where { E;}o=1,. ¢ is an orthonormal basic frame for Q. F is said to be (transver-
sally) Einsteinian if the model space N is Einsteinian, that is,

p¥ = %av -id (2.3)

with constant transversal scalar curvature oV.

The mean curvature vector field of F is then defined by

T= ZW(V?‘.E"), (2.4)

1]

where {E;}i-1.., is an orthonormal basis of L. The dual form «, the mean

curvature form for L, is then given by
k(X) = go(r,X) for X € TQ. (2.5)

The foliation F is said to be minimal (or harmonic) if £ = 0.

Let Q(F) be the space of all basic r-forms, i.e.,
QF(F) = { € " (M)| i(X)$p =0, 6(X)¢ =0, for X € T'L}.

The foliation F is said to be isoparametric if x € Qp(F). We already know that
k is closed, i.e., ds = 0 if F is isoparametric ({18]). Since the exterior derivative
preserves the basic forms (that is, 8(X)d¢ = 0 and i(X)d¢ = 0 for ¢ € Qp(F)),

the restriction dg = day (5) is well defined. Its cohomology
Hp(M/F) = H(Qp(¥),ds) (2.6)

is called the basic cohomology of F. Let ép the adjoint operator of dg. Then it
is well-known([1,9]) that

dp =Y 0.AVg, b5=-) i(E)Vg, +i(xp), (2.7)

a

where &% is the go-dual vector field of the basic component kp of £, {E,} is a

local orthonormal basic frame in Q and {f,} its go-dual 1-form.
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The basic Laplacian acting on Q%(F) is defined by ([16])
Ap =dgdp + dpdp. (28)

If F is the foliation by points of M, the basic Laplacian is the ordinary Laplacian.

3 Transversal Dirac operator

Let S(F) be a foliated spinor bundle on a transverse spin foliation ¥ and < -,- >
a hermitian scalar product on S(F).

By the Clifford multiplication in the fibers of S(F) for any vector field X in
@ and any transversal spinor field ¥, the Clifford product X - ¥, which is also a
trnasversal spinor field, is defined. This product has the following properties: for
any X,Y € I'Q and &,V € ['S(F),

(X - Y+Y -X)¥=-2g9(X,Y)¥ (3.1)
<X U,¢>+<¥,X - &>=0 (3.2)
Vy(X-¥)=(VyX) T+ X (Vy¥), (3.3)

where V is a metric covariant derivation on S(F), i.e., for all X € I'Q, and all
¥, ® € 'S(F), it holds

X<U,d>=<Vx¥,0>+<¥ Vxd>. (3.4)

Moreover if we define the Clifford product £-¥ of a 1-form £ € Q* and a transversal
spinor field ¥ as

£ v=¢. 7, (3.5)
where &' € T'Q is a gg-dual vector of &, then any basic r-form can be considered as
Wi, iy 6 A

an endomorphism of S(F). Namely, for any basic r-form w = En <ociy

-+ A g (€ QL (F)), we define the Clifford product w - ® locally by

w-® = Zwil...irﬁil e 0,-, - . (36)
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On the other hand, the transversal Dirac operator D;, acting on sections of the
foliated spinor bundle S{F) is locally given by [3,6,9]

Dy¥ =Y "E, Vg,V - %n -, (3.7)

where {E,}4=1,.. 4 is a local orthonormal basic frame in Q. At any point z € M,
we choose normal coordinates at this point so that (VE,)(z) = 0, for all a. From
now on, all the computations in this paper will be made in such charts.

Now, we define the subspace '3 S(F) of basic or holonomy invariant sections
of S(F) by

[pS(F) = {¥ € TS(F)| Vx¥ =0 for X € TL}.

Then we see that Dy, leaves I'pS(F) invariant if and only if the foliation F is
isoparametric, ie., & € Qp(F). Let Dy = Dylrpsir) : TeS(F) — I'sS(F).
This operator D is called the basic Dirac operator on (smooth) basic sections.
It is well-known([6]) that D, and D? have the discrete spectrums on M. On an
isoparametric transverse spin foliation F with éx = 0, we have the Lichnerowicz

type formular ([6,9])

D V=V V,¥+ iK"\D, (3.8)
where K7 = oV + ||? and
ViVl ==Y Vi p U+ VU (3.9)

The operator V.V, is non-negative and formally self-adjoint ([9]) such that

/ < V: Vt,-q), ‘I’ >=/ < Vtrq)a Vt,-\I’ > (310)
M M

for all &, ¥ € I'S(F). Moreover, the curvature transform RS on S(F) is given
((9,12]) as

RS(X,Y)U = %Z 9o(R%(X,Y)Es, Es)Ea - Ey- ¥ for X,Y € ITM. (3.11)
a,b

Then we have the following lemma.
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Lemma 3.1 ([9]) On the foliated spinor bundle S(F), we have the following
equations
1

Y E,-E,-RS(E, Ey)¥ = Zo"w, (3.12)
a<b
Y E.-RS(X,E,)¥ = —%pV(X) ¥ for X € TQ. (3.13)

4 Transversal Killing spinor

For a basic function f, the spinor field ¥ € I'S(F) satisfies the transversal Killing

equation if
ViU =VxU+ fr(X)- ¥ =0 forany X € TM. (4.1)
In this case, ¥ is called the transversal Killing spinor on F.

Lemma 4.1 If ¥ is a transversal Killing spinor, then the associate vector field
Xy defined by
Xy=i) <V,E,-¥>E,

is a transversal Killing vector field, i.e., 8(Xy)gq = 0.
Proof. Generally, we have that for any Y, Z € I'Q
(8(X)90)(Y, Z) = go(Vyn(X), Z) + go(Y, Vo (X)).

Let z € M and choose an orthonormal basic frame {£,} with the property that
(VE,); = 0 for all a. Then we have at z that for any transversal Killing spinor
¥ with Vx¥ = —fx(X) - ¥

VvXe = i) Y<U,E -¥>E,
= i) {(<VyU,E ¥ >+<V,E, Vy¥>}E,

= —if Y (Y U, E - ¥>+ <V, E Y- U>E,
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Hence we have
90(Vy X, Z) = —-if{<Y - ¥, Z-U>+<¥,Z-Y ¥ >}
Similarly,
(Y, VzXy)=—if{<Z- 9,V - ¥>+<VY -7 -¥>}
Hence we have
(0(Xe)gQ)(Y, Z) = 9o(Vy Xu, Z) + go(Y, V2 Xy) = 0.
This implies that Xy is a transversal Killing vector field. O

Lemma 4.2 If ¥ is a transversal Killing spinor, then |¥|? is constant.

Proof. Let ¥ be a transversal Killing spinor, i.e., for some basic function f
VxVU =—fr(X) V. Forany X € TM

X|¥P? = <Vx¥,¥>+< ¥, Vy¥ >

= —f{<7(X) ¥, ¥>+<¥,7(X) ¥ >}
= 0.

So |¥|? is constant. O

Theorem 4.3 ([9]) If M admits a transversal Killing spinor ¥ with V5 ¥ =0,
then

v

(1) f is constant and f% = P
(2) F is transversally Einsteinian with constant transversal scalar curvature

oV.

Proof. By direct calculation, we have

ZE - R} \Il———p (X)- U +2(q—1)f°X - ¥ - ¢X(f)¥ - grady(f)- X - ¥
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for X € T'Q. Since V/¥ = 0, we have

0= —%pV(X) U4+ 2g- 12X - U - gX()U - grado(f)- X - ¥, (42)

If we put X = grady(f), then

< —%pV(X) U +2(g-1)f°X -, ¥ >= (g - 1)|grade(f)P[¥)?.  (4.3)

Since the left hand side is pure imaginary and right hand side is real, we have

|grady(f)| = 0.

Since f is a basic function, f is constant. Hence (4.2) implies that
1
—§pV(X) U +2g-1)f2X -V =0.

Hence we have
p¥(X) =4(g-1)f*X.

This implies that F is transversally Einsteinian. From (2.3), we have ¢V =

4q(¢-1)f% O

Theorem 4.4 If ¥ is a transversal Killing spinor, then

1
Do = (- Zo” o+ Il P (44)
1
Re < DV, k- ¥ >= —§|n|2|\11|2. (4.5)
Proof. Let ¥ be the transversal Killing spinor with V/ ¥ = 0. From Theorem
4.3, we have
1
VX\I/:—fX"-II, Dtr\IIqu\I’—ﬁKl'\Il, (46)
where f2 = % From the second equation in (4.6), we get

1 1
< DyV¥, D,V > = <fq\IJ—§n-‘IJ,fq\Il—§fc-\Il>
1
= (fft+ g hP) < B>
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Hence we have

1 ¢
1Dy ¥|? = Z(E———I Vo [k]H)]P

Since < X - ¥, ¥ > is pure imaginary, the equation (4.5) follows from (4.6). O

Corollary 4.5 If there ezists an eigenspinor ¥ of Dy with V/¥ = 0, then F is

minimal.

Corollary 4.6 On the minimal foliation F, every transversal Killing spinor is

an etgenspinor of Dj.
Proof. Let ¥ be the transversal Killing spinor. From (4.6), if F is minimal, then
Db\Il = fquJ

From Theorem 4.3, f is constant. Hence ¥ is an eigenspinor. O

Now we recall the generalized Myers’ theorem.

Theorem 4.7 ([8]) Let (M, gun,F) be a Riemannian manifold with a Rieman-
nian foliation F and complete bundle-like metric ga. If there is a positive lower

bound of the transversal Ricci curvature, then the leaf spact M/F of F is compact,
and the basic cohomology H'(M/F) = 0.

Summing up Theorem 4.3 and Theorem 4.7, we have the following theorem.

Theorem 4.8 Let (M, gp, F) be a Riemannian manifold with a transverse spin
foliation F and complete bundle-like metric gps. If M admits a transversal Killing
spinor, then the leaf space M/F of F is compact and H'(M/F) = 0.
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