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The elastic scattering angular distributions of '°0 + '°0 system at Ej,p =
704 MeV are analyzed using the first-order eikonal model based on Coulomb
trajectories of colliding nuclei. The oscillatory structure observed in the
elastic angular distribution could be explained due to the interference be-
tween the near- and far-side scattering amplitudes. The features of effective
potential and phase shift obtained from the first-order eikonal model are in-
vestigated. The strong real and weak imaginary optical potentials are found
and they support the presence of nuclear rainbow in the angular distribution

of this system.

I. INTRODUCTION

In the early 1970’s, the elastic scattering
between heavy-ion reaction was born as a
field of the nuclear physics in a great expecta-
tion. The heavy-ion elastic scattering is gen-
erally dominated by the strong absorption,
which the implication that the data are only
sensitive to the surface of the interaction re-
gion and, therefore, the optical potential re-
quired to describe the measurements is not
uniquely determined. However, the angular
distribution for light heavy-ion elastic scat-
tering such as '2C + 12C and %0 + %0 sys-
tems has shown the presence of strong refrac-
tive effects with a clear signature of a nuclear
rainbow phenomena [1,2]. Such a behavior
was identified as being a typical refraction ef-
fect generated by the nuclear rainbow. The
nuclear rainbows seen in the elastic scatter-
ing angular distributions of lighter heavy-ion
systems unambiguously determine the major
features of the optical potential.

Over the past several years, the eikonal
approximation [3] has been a useful tool to
describe the heavy-ion elastic scattering. A
number of studies [4-8] have been made to
describe the elastic scattering processes be-
tween heavy ions within the framework of the
eikonal model. The first- and second-order
non-eikonal corrections to the Glauber model
have been developed to investigate the pos-
sibility of observing a bright interior in the
nucleus "viewed” by intermediate energy al-

pha particle (E, = 172.5 MeV), as a probe
for the 58Ni nucleus [9). In our previous paper
[10], we have presented the first- and second-
order corrections to the zeroth-order eikonal
phase shifts for heavy-ion elastic scatterings
based on Coulomb trajectories of colliding nu-
clei and it has been applied satisfactorily to
the 10 + °Ca and %0 + *Zr systems at
Eip = 1503 MeV. The elastic scatterings of
120 4 12C gystem at Ejap = 240, 360 and 1016
MeV are analyzed using the first-order non-
eikonal correction to the eikonal phase shift
[11).

In recent, the 0 + 60 elastic cross sec-
tions have been measured at 22 MeV/u in a
large angular range with high accuracy, and
these data showed a nuclear rainbow struc-
ture with unambiguous clarity {2]. The elas-
tic scattering data of this system at Ejap
= 250, 350 and 480 MeV were measured
and analyzed within the optical model using
the density-dependent folding potential [12].
The elastic scattering angular distributions
of this system at Ej,p, = 350 and 480 MeV
have been analyzed within the framework
of the Coulomb-modified Glauber model by
matching the Gaussian density parameters
to the modified Fermi ones [13]. In this
work, we analyze the elastic scattering an-
gular distributions of the 1%0+1%0 system at
Eia,=704 MeV by using the phase shift anal-
ysis within the framework of the first-order
eikonal model. The presence of nuclear rain-
bow is examined. We also investigate some
features of the effective optical potential and
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phase shift. In section II, we present the
theory related with first-order eikonal model.
Section III contains the results and discus-
sions. Finally, section IV concludes the pa-
per.

II. THEORY

The general expression of the differential
cross section between two identical spinless
nuclei is given by the following formula

— =1f(6) + f(x - O, (1)
where elastic scattering amplitude f(8) is
given by the equation

50) =fn(®) + 3 (L + 3) exp(2io)
L=0

(S¥ = 1)Pp(cosb). (2)

Here fr(#) is the usual Rutherford scattering
amplitude, k is the wave number and o, the
Coulomb phase shifts. The nuclear S-matrix
elements S} can be expressed by the nuclear
phase shifts §;,

St = exp(2idy). @)

In this work, we use eikonal phase shifts
based on the Coulomb trajectories of the col-
liding nuclei. The Coulomb-modified eikonal
phase shift and its first-order correction are
given by [10]

Bro)= —h‘;—k [voe @

83re)=- (1+rc ) [ v s

(5)

where r = /r2 + 22, u is the reduced mass
and the distance of closet approach r, is given
by

2h‘k3

r=p{ntlrra+ 37"} ©

with the Sommerfeld parameter 7.

The zeroth-order term in this expansion is
the ordinary Coulomb-modified eikonal phase
shift function, while the corrections given by
first-order term correspond to non-eikonal ef-
fects. The first-order eikonal correction term
of the phase shift, é} (r;) in Eqs. (5), can
further be expressed as following

2
Bire) =~

()

(7)
The closed expression of the eflective phase
shift function including up to the first-order
correction term may be written as

/ [Uz(r) +rU(r)——=

ulr) =~ ]o “Ua(r)dz, (@)

where Ueg(r) is the effective optical potential

given by
{1+ ro) [U +r—]}

We can see that the phase shift calcula-
tion including non-eikonal corrections up to
the first-order is equivalent to a zeroth-order
calculation with effective potential Ueg(r).
By taking U(r) as the optical Woods-Saxon
forms given by

Uea(r) = U

Vo
14+ e("—R-)/“v

Wo
1 + elr—~Ru)/oyw’
(10)
with Ry o = r.,,.,,(A}’3 + A;ls), we can use
the phase shifts, Eqs.(4)-(5) in the general ex-
pression for the elastic scattering amplitude,

Eqs.(1) and (2).

Ulr) = -

III. RESULTS AND DISCUSSIONS

As in the preceding section, the Coulomb-
modified eikonal model 7 and 8} have been
used to calculate the elastic differential cross
sections for 10 + 120 system at Eip= 704
MeV. Table I shows the parameters of the fit-
ted Woods-Saxon potential. The six potential
parameters are adjusted so0 as to minimize the
x*/N given by

xz/N—NZ[

In Eq.(11), of,, ( 0i,) and Adi,, are the
experimental (calculated) cross sections and
uncertainties, respectively, and N is the num-
ber of data used in the fitting. The calcu-
lated results of the differential cross sections
for the elastic scattering of °0 + 60 sys-
tem at Fj,p= 704 MeV is presented in Fig.1
together with those measured experimentally
[14]. In this figure, the dashed curve is the re-
sult for zero-order eikonal phase shift, while
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TABLE I: Parameters of the fitted Woods-Saxon potential by using the first-order eikonal
model analysis for the 150 + 160 elastic scattering at Ej,p= 704 MeV. 10 % error bars are

adopted to obtain x2/N value.

Vo To Gy Wo Tw 8w or x*/N
(MeV) (fm) (fm) (MeV) (fm) (fm) (mb) 5° 5%+ 4!
179 0.844 0.797 42.0 1.099 0.578 1513 9.34 6.54
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FIG. 1: Elastic scattering angular distribu- FIG. 2: Differential cross section (solid
tions for 10 + '90 system at Ejp= 704  curves), nearside contribution (dotted

MeV. The solid circles denote the observed
data taken from Ref.[14]. The solid and
dashed curves are the results for first- and
zeroth-order eikonal corrections, respectively.

the solid curve is the first-order eikonal phase
shift. As seen in this figure, the differences
between the dotted and solid curve are sub-
stantial when compared with the experimen-
tal data. The present results including first-
order eikonal correction can reproduce satis-
factorily the observed data over the whole an-
gular range. Also, the reasonable x?/N val-
ues is obtained in the %0 + 80 aystem at
Ejb= 704 MeV as listed in table L.

In order to understand the nature of an-
gular distributions for 0 + !°0 system
at Eyy,= 704 MeV, the near- and far-side
decompositions of scattering amplitudes are
also performed with the first-order correc-
tion to the eikonal phase shifts by follow-
ing Fuller’s formalism [15]. The contribution
of the near- and far-side components to the
elastic scattering cross sections are shown in
Fig. 2 along with the differential cross sec-
tion. The differential cross section is not just
a sum of the near- and far-side cross sec-
tions but contains the interference between
the near- and far-side amplitudes as shown in
Fig. 2. The refractive oscillation observed on
the elastic scattering angular distribution of
160 4 160 gystem at Fj,p,=704 MeV is due

curves), and far-side contribution (dashed
curves) obtained by the Fuller’s formalism
[15] using the first-order eikonal model for
80 + 180 system at Ej,,= 704 MeV.

to the interference between the near- and far-
side components. The magnitude of the near-
and far-side contributions is equal, crossing
point, at § = 4.8° for this reaction. This fig-
ure shows the near-side dominance at angles
less than this value due to the long-range re-
pulsive Coulomb interaction. However, the
far-side scattering has become dominant at
the regions greater than the crossing angle
due to the short-range attractive nuclear in-
teraction.

The transmission function Tt = 1 — |SL|?
is plotted versus the orbital angular momen-
tum in Fig.3, along with the deflection func-
tion. The transmission function can be ex-
plained using the imaginary part of the effec-
tive optical potential. As shown Fig. 3(a),
the lower partial waves are totally absorbed
and the T is decreased very rapidly in a nar-
row localized angular momenta zone. The
presence of nuclear rainbow can be proved by
investigating the deflection function given by
8L = 25 (oL + Re 6;). In a rainbow sit-
uation, the strong nuclear force attracts the
projectiles towards the scattering center and
deflects them to negative angle, which corre-
spond to the region of the rainbow maximum.
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FIG. 3: (a) Transmission function 7, and (b) T > .
deflection function for %0 + €0 system at ® . A
Ej,p= 704 MeV plotted versus the orbital an- ]
gular momentum L in the first-order eikonal = . 1 1 1 1
model. The dashed curve represents the de- ' T ! T T !
flection function for the Coulomb phase shift.
In Fig. 3(b), we can find the nuclear rainbow z
angle value #,, = —33.0°, which evidently z
prove a presence of the nuclear rainbow with
unambiguous clarity in this system.

In order to illustrate the difference between
the effective and nominal potentials, we plot
the real and imaginary parts of this poten-
tial in Fig. 4. Figure 4(a) and 4(b) present
the real and imaginary part of optical poten-
tial, respectively. The solid curves are the
first-order effective potentials U.g(r) given by
Eq.(9), while the dashed curves are the re-
sults of nominal potential U(r). As shown
in this figure, there is a dramatic difference
between the two potentials, especially for the
imaginary part. We can see in Eq.(9) that the
effective imaginary potential with the first-
order eikonal correction depends on the prod-
uct of the real and imaginary potentials and
their derivatives. Thus the effective imag-
inary potentials rapidly increase until they
reach maximum value in the central region
of the nucleus, and then they reach minimum
in the surface region. A drastic increase of
the imaginary potential for small values of
r corresponding to increased transmission is
mainly due to the correction term in Eq.(9).
In the traditional optical model, it is assumed
that the imaginary part of the potential is
responsible for the absorption process in the
nuclear reaction and its shape should not be
affected by the real part. Nevertheless, in the
present eikonal model with the first-order cor-
rection, we can find that the drastic increase
on the absorptive potential in the small r re-
gion are due to the larger real potential com-
pared with imaginary one. Figure 4(c) shows

1 (tm)

FIG. 4: (a) Real , (b) imaginary and (c) the
ratio of imaginary to real part, of the optical
potential for the %0 + 180 system at Ej,p,=
704 MeV. The solid and dashed curves are
the results for first- and zeroth-order eikonal
corrections, respectively.

the "reduced imaginary potential”, the ratio
of imaginary to real optical potential. In this
figure, we find some remarkable feature. In
the small r region, the effective imaginary
potential of the first-order eikonal model is
small compared with the effective real poten-
tial. Such a small ratio makes it possible to
interpenerate each other between the projec-
tile and target nuclei. As a result the pro-
jectile ion can penetrate the nuclear surface
barrier of the target, and the cross section
becomes sensitive to the value of the real po-
tential in the central region. In the large r
region, the real and imaginary parts of the
effective potential have exponential tail ap-
proaching zero. We can also see that the first-
order eikonal model has a larger peak value
of the reduced imaginary potential compared
to one of zeroth-order eikonal model.

Such increase of the effective potential in
the small region is also reflected in the phase
shift function. Figure 5 show angular mo-

..26_



Eikonal Model Analysis of ®0 + "Q Elastic Scattering at Ee = 704 MeV

&,, (rad)

8, (md)

FIG. 5: (a) Real , (b) imaginary and (c) the
ratio of imaginary to real part, of the eikonal
phase shift for the 190 + 180 system at Ejap=
704 MeV. The solid and dashed curves are
the results for first- and zeroth-order eikonal
corrections, respectively.

mentum dependence of the real and imagi-
nary parts of the eikonal phase shifts calcu-
lated with (solid curves) and without (dashed
curves) first-order eikonal correction, respec-
tively. The real phase shift vanishes nearly
quadratically as the L increases. The real
phase shift of the first-order eikonal correc-
tions is less values than the result of zeroth-
order eikonal phase shift at L < 26 and, how-
ever, is greater ones than one of zeroth-order
case at L > 26. On the other hand, we can
find the dramatic variations of the imaginary
phase shifts for this system, as expected. The
strong absorption in the nuclear surface plays
a dominant role to the scattering amplitude
and thus to the characteristic diffraction pat-
tern of the angular distribution. The large
angle behavior is sensitive to the details of
the real optical potential over a wide radial
region from the nuclear surface towards the
interior. As a result the projectile ion can
penetrate the nuclear surface barrier of the

target, and the cross section becomes sensi-
tive to the value of the potential in the cen-
tral region. Figure 5(c) display the "reduced
imaginary phase shift”, a ratio of imaginary
to real part of phase shifts. Comparing Fig.
5(c) with Fig. 4(c), we can find that two
figures show very similar structures. Also,
the maximum value of phase shift ratio is in-
crease when first-order eikonal correction is
included.

IV. CONCLUSIONS

In this work, we have analyzed the elastic
scattering of 180+ 100 system at Eja,=704
MeV by using the first-order eikonal model
based on the Coulomb trajectories of collid-
ing nuclei. We have found that the results
of the present first-order eikonal model are in
reasonable agreement with the observed data.
Through near- and far-side decompositions of
the cross section, we have shown that the re-
fractive oscillation of this system is due to
the interference between the near- and far-
side amplitude. The presence of a nuclear
rainbow is also evidenced by the classical de-
flection function. The absorption in the 60
+ 180 system at Ej,p, = 704 MeV is weak
enough to allow refracted projectiles to pop-
ulate the elastic channel and typical nuclear
rainbow effects could be observed in the an-
gular distribution.

We have found that the effect of first-order
eikonal correction on the imaginary potential
is important when the absorptive potential is
weak and the real potential is strong. The
strong real potential give a drastic effect on
the effective imaginary potential for °Q +
160 system at Fiap= 704 MeV. The ratio of
imaginary to real part of effective potential is
found to be small in the central region. Such
a small ratio value makes it possible to inter-
penetrate each other between the projectile
and target nuclei.

We can also see in the imaginary phase
shift calculated with the real potential that
an absorption of partial waves for large an-
gular momentum increases, whereas the ab-
sorption decreases for small angular momen-
tum, compared to the result without the real
potential. The reduced imaginary phase shift
show similar structure with the reduced imag-
inary potential, indicating that the reduced
imaginary phase shift is very sensitive to the
reduced imaginary potential. We can also
see that the first-order eikonal model has a
larger peak value of the reduced imaginary
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