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Summary

In this papre we shall study additional properties for a Cauchy sequence with respect to convergence

in probadility, completeness of the space of all the random variables with respect to convergence in

probability,

0. Introduction

Let ¥ be the space of all random variables on a
probability space (82, 8, P),
variables which are equal almost everywhere are
identified. The
respect to the algebraic operations defined by

where two random

space X is a linear space with

(X+Y) (@)=X(@)+Y (@)
(aX) (W)=aX(®)
for all real numbers all weg,
X, Yex
A sequence {X.}
probability if there is a X, in %, determined up to

and every

in ¥ is said to converge in

a set of probability measure 0, with the following
property : For every ¢>0 there is an integer N

such that

P (we: | X(w)—X,(@)|>e}<e for n>N.

In this case we say that the sequence {X.}
in probability to X,
Xn=Xa.

converges and we write

P-limn.., And we say that a sequence

and some relations between the Cauchy sequence and a weak Cauchy sequence,

{X.} in X is a Cauchy sequnce with respect to
convergence in probability if
exists N such that

for every €>0 there

P {0e : | Xu(0)—X.(0) | >e) <&
for m, n>2N,

It is well known that ¥ s complete with respect
to convergencei in probability (4), (9] in the sense
that if a sequence {X.} is a Cauchy sequence with
in X then

respect to convergence in probability

there exists a X, in X such that

X, =P-lim._. X..

In section 1 we will show that two limit random
variables of two subsequences of a Cauchy sequence
with respect to convergence
identified.

In section I we will prove that in view of the

in probability are

completeness of the space ¥ with respect to conve-
rgence in probability the space X is complete with
respect to some metric,

investigate some

In section M we will relations

— 159 —



2 & £ A

between a Cauchy sequence with respect to conve-

rgence in probability and a weak Cauchy sequence.

1. A Property for a Cauchy Sequence
with respect to Convergence in
Proability

Proposition. T —1.
Cauchy sequence with

{X.} is a
respect to convergence in
probability, and if {X.:} and {X.;} are subsequences
of {X.} which converge almost everywhere to the
limit random variables X arnd Y on (2, 8, P)
respectively, then X=Y,

If a sequence

Proof. Since {X.} is a Cauchy s2quence with
respect to convergence in probability, given %>0,
we can choose an integer N such

e>0

that for every

Pe: |X@)—Xe(@)i> £} <]
for n, m>N.

For sufficiently small ¢>0 we also can choose
integers N, and Ni,; greater then N such that

POeQ: 1Xu@—X@)|>£} <L for m>Nu
and

PWe : 1Xa@—Y@)|>£) <7 for m>Na,

since subsequences {X.;} and {Xa.,} of {X.} converge

almost everywhere to X and Y respectively. Let

N+*=max {N.;, Ni;}. Then we obtain the follow
ing result :
Plwe : |X(@)—Y(@)|>e}<P{weQ . | X, (@)

—X(w)l>§}+?{we9 | Xoni (@) — Xy (@) |

this implies

Plwe : 1 X(0)—Y(0)|2e{<? f{or every ¢>0

Since 7 is arbitrary,

PloeQ : | X(@)—Y (w)|2e}=0 for every ¢>0

. Metrization of Convergence
in Probability

defined on the
random variables X on a

probability space(Q, 8, P) by

Tae real-valued funciion |'X|

linear space % of all

HK1=I min {1, |X(®)}dp XeX
2
is a quasi norm on X, {.e.

(i) 0<jiX|<o for every X in X and
|| X),=0 if and only if X=0
(ii) ||—X|=1iX)| for every X in X%
(iii) || X+Y||<|iX||+Y]| for every X, Y in X%

and consequently d(X, Y)=|X-Y|(X, YeX) is a
meiric on %X

Theorem, [-—2,
Cauchy sequence with

A sequence {X.} in X is a
respect to the metric d if
and only if it is a Cauchy sequence with respect to
probaility, For X. in ¥, lim...d
(X., X)=0 if and only if P-lim...X.=X. Thus

in view of the completeness of ¥ with

convenrice in

respect to
convergence in probability the space X is complete
with respect to the metric d.

Proof. For X ¢ X and 7>0, let

Ar={we @ | X(w)|2>7},

L) HP@eQ 1 1Xayw)—Y (@)1 Z Fior nom ZNe (1) min (1, 1) P(A~)<J.Anmin(1, X1} dP<||X|
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On Some Relations Between a Cauchy Sequence in Probabllity and a Weak Cauchy Sequence 3

and

@ %= [ g mintt, (Xi)aP+ [ gemin (1, 1X)

dP<P(As)+min{l .7} P(AY).

It follows from (1) that

(3) mini{l, 7} Plwe : |Xa(0)—X.(@0)|>70)
<[ Xa—X..|i

so that if {X.}is a Cauchy sequence with respect
to the metric 4 then it is a Cauchy sequence with

Tespect to convergence in probability.

It follows from (2) that

(4) (X —X|I< Ploe :  Xu(@0)—X.(@) |27}
+min(l, 7}

If {X.} is a Caucy szquence with respect to conve-
rgence in probability e>0 let
7> 0 be such that min {1, 7/}<§- and let N be

then for every
such that the first term on the right side of (4) is
less than ,;, for m, n>N. Taen || Xa—X.j|<e for
m, n.2N, so that the sequence is a Cauchy sepuence
with respect to the metric d.

Cunscquently, it follows from (3) and (4) that
for Xo in X, lim._.d(X., X.)=0 if and only if
P-lim. .X:=X, also fullows from (3) and (4).

1. Some Relations between a Probability
Cauchy seauence and a weak Cauchy
Sequence

We say that a sequence {X.} in X is a weak

Cauchy sequence if for every e> 0 there exists an

integer N such that

[PlweQ | X.(0)eF}—PloeQ | Xu(w)eF)| <e

for m, n2 N

and all the closed subsets F of the real numbers.

Theorem. [ —3.
weak Cauchy sequence if and only if for every >0

A sequence {X,} in X is a

there exists an integer N such that

| [ g rx2ap—[ g &P <6 for m, N

and all the bounded real-valued uniformly continuous
functions f defined on the real numbers,

Proof. We first show the sufficiently condition.
Lec f be a bounded real-valued uniformly continuous
function. If |f(x)j <M for all real numbers x, we

Construct a partition of a closed interval (—M, Mj,
-

say
—M=t, <t <t, <+ <t,; =M,
If B={xeR: t;<<f(x)<t;.1} =0, 1+, j—1,

then B; is a closed subset of the real numbers, and

it follows from the hypothesis that
: {’Zz.P{mQ ¢ Xa(9)eB) = St:P (we -
izo i=0
Xu@)eB}} 0

as n, m—ooo,

Now, we note that

W |f gxoar—{ sxoar | <| [ rxoap—

TP e : X@eB) | + | S0P (weg:
X.@)B}—EHP @ : Xu)eB) | + |

nf(X.)dp—jz::lt.P {0 : X.(0)¢B) | .

The first term of the right side of (1) may be
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written as

i
AP

and this is bounded by max (tisi—t:), which can
be made arbitrary small by choice of the partition.
The third term on the right side of (1) is bounded
by m‘ax(t.-u—t.), which can also be made arbitrary
small. The second term approaches 0 aszn, m—®,

Hence, this proves the condition.

We second prove the necessary condition. Let F
be a closed subset of the real numbers, Suppose
>0 is given, For sufficiently small ¢>0, We can
choose a subset G={x¢€F . (yszglx—yl) < ¢} which

satisfies
PloeR : Xa(@)eG) <PlweQ : Xo(w)eF}+8

and
Plwef : Xa(@)€G} <P{wef : Xu(®)eF} +8,

since the sets of this form decrease to Foas ¢l0.
Let f be the function defined by

= p(% sup lz—y1 1 1x=31<e, yeF})

where
1 if t<0
()= 1—t if 0<U<I
0 if 1<t

Then f is a bounded wniformly continuous on the
real numbers, f(x)=1 on F, f(x)=0 on the
complement G° of G and 0< f(x)<1 for all real
numbers. By the hypothesis, we have

@ | j nf(xndP—Lf(x.)dPl <e for n, m>N,

which, together with the relations,

f(X)dP< | f(X)dP

P : X =
{wef (0)eF) j.{weQ:X,.(w)eF} s

and
f(XH)dP= f(X.)dp
j‘n j{weQ XA (w)eF}
<PlweQ : Xa(®)eG} < Plewf? : Xu(w)eF} +0,

or

PlweQ: X_(w)eF}<jnf(X.)dP
and

[ XIGP Placg : Xu(@)eFI 43,
we have, then,

\P{wea * X.(0)eF) —P{wef : Xa(w)eF} \

<| [ pxnap = e |
From (2) we have

| 1P{oe@ : Xu@)eF) —Plued: Xa(0)€F) [ <e

for n, m>N.

Since F is an arbitrary subest of the real numbers,
this result completes the proof.

Theorem. I —4. If a sequence {X.} is a
Cauchy sequence with respect to convergence in
probability in %, then it is a weak Cauchy
s:quence.

Proof. Suppose 4>0 Let {X.} be a

Cauchy sequence with respect to convergence in

is given.

probability in X. then

(1) limoyn.PlweR i | Xa(0)—Xa(@)| 2e}=0
for each ¢>0.
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On Some Relations Between a Cauchy Sequence in Probabllity and a Weak Cauchy Sequence 5

For any bounded real-valued uniformly continuous

function f defined on the real numbers, there
exists ¢>0 such that
(2) |f(x)—f(y)| <6 whenever |x—y] <s¢
for each x, ¥
Now, let we consider that
® | [ faxnap—{ sxaap| <ftf<x )
U Xa(w)

—f(Xa)1dP + S(Xa)—f(Xa)dP.
—Xa(@)| 2}V {weR : [ Xn(w)—Xa(0)]<Le}
From (2), we note that the second term of the

right side of (3) is less than 3. And from (1) we
also note that the first term of the right side of
(3) converges to 0. We obtain, therefore, the result
that

timayn-. | [ f0aP ={ sxoar | <a.
But 2 is arbitrary. Hence

litny e | Jaf(Xn)dP —Lf(xu)dp | =0
for all f.

Thus, Theoremll —3 shows that the sequence {X.}
is a weak Cauchy sequence in X.

The converse of Theorem Il —4 is not true.

Example I—5. Let 2={w,, w, -, wn,--}, B

a collection of all the subsets of 2, and P a
measure defined on 8 such that
1 fw €ed
P(A)= { for Ade 8.
0 otherwise

Now, let we consider a sequence ({X.} of random
variables defined on (£, 8, P) which is defined
by, for each n

if i=0

Xa(@0) {*
n(Wg)=
! 0 otherwise,

We note that the real sequence {X.(®.)} isa
Cauchy sequence. And we also note that {f(X.(w,))}
is a real Cauchy sequence for every bounded real-
valued uniformly continuous functions f defined on
the real numbers. Thus

tima,n { [ fXP = [ se(X Y0P

=Iim,.,.-- {f(x»)(wo) _f(X.)(.w,)} =0,

is a weak Cauchy sequence
we can choose sufficiently

this implies that {X.}
in 3. But, given >0,
large integers N and M such that

M—N
0< N<e

Then

{w,eﬂ: | Xn(wi) ——X.(wi)l>s} '

{oed: 1Xw0 —Xe@) 1> 5 2 o

this implies that

PlweR : 1 Xa(w) —Xa(0)>e} =1.

Since ¢ is arbitrary, the sequence {X.} is not a
Cauchy sequence with respect to convergence in

probability.

Theorem., M —6.
increasing weak Cauchy sequence (in the sense that
if a<m, X.(0)<X(0) for ©e) in ¥ and each
X. is integrable,

If a sequence {X.} is an

then {X.} is a Cauchy sequence
with respect to convergence in probability.

Proof. Let each X, We note that
|X.—Xa| is integrable for every integers m, x.
Apply Chebyshev’s inequality to |[Xa—Xa.|. we have

be integrable.

(1) P(oe : 1Xn(@) —Xa(@) 1> e <3 [ 1XamXuldp
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for every €>0. If n>m, the right side of (1) may

be written as

@ 1 [L’“ dP —Lx. ¢P)

m—oo, since the

and it converges to 0 as #—,

sequence {X.) is a weak Cauchy sequence. The
consequence follows from (2),

1imuym., PloeRd : [ Xu(w) —Xa(w)|26}=0
for every €>0.

Tais result completes the proof.
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