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SUMMARY

Borges has already proved some properties of stratifiable spaces different from new definition.
In this paper, we will prove the properties of stratifiable spaces by using new definition, and some

open problems are given.

Introduction

In this paper, we begin by defining a statifiable

space in the different way frotm Borges'definition.

Then I have proved the properties of stratifiable
spaces according to its new defintion.

Main Theorems

Definition

A T\-space is stratifiable iff to each closed set
ACX, one can assign a sepuence G,(A), G;(A)
...., of open sets such that

(1) A=§ G, (D=1 Gl

(2) if ACB closed, then for each n#, we have
Ga(A)CGu(B).

Note that we can assume the sequence to be
decreasing.”

Theorem 1 Stratifiable spaces are normal.
Prrf: Let X be stratifiable and U a nbd of A.

Then X—-U is closed in X and there exist
decreasing sequences Ga(A), Ga(X—U) such that

A= ?IIG..(A)= ﬁlG_.(A) and X—U= 'ﬁlc:.(x- 17p)
B= = n=

=1 GX=0).

Let U(A)=(X-G(X-U))NG\(A).

Then U(A) is open in X, and AcU(A) is
clear. If x €U, then x €A and pick » so that
x&Ga (D),

Then x&X—-Ga(A) and x€G(X-U).

S0, (X—Ga(A)) NGA(X-U) is a nbd of x.

Let pU(A) and choose m so that pe(X-
GaCX=T3)N Ga(A).

Then pEX—CGa(X—U) and pSGu(A).

If m>n, then Gu(A)CGL(A) implies peG,(A).

So, p&£X—Ge(A) and hence pEX—Ga(A).

If m<n, then X-Gu(X-U)cX-GC(X-U)
implies pEX—G,(X—U) and hence pEGLX—U).
So pEGK(X-U).

In either case, pE&(X—G.(A))NG(X-U).

Thus, (X=Gx(A)NGALX-UINU(A)=¢.

Therefore, X is normal.

Note that X is perfectly normal.

Thorem 2
AT-space X is stratifiable iff for each xeX.
One can assign a sequence g,(x), g2(x),.... of

open nbds of x such that
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(1) x=1 g0,

(2) if yeEgu(xx), n=1,2,..., then x,—>y,
(3) if y&£A, where A is closed, then there

exists # such that yeU(g.(x):2EA]}.
Proof: Suppose a T;-space is stratifiable. Then
each (x] is closed and so there exists a sequence

&:(x), ..., of nbds of x such that {x}=f1 Ze(x)

and if yEga(xs), #=1,2,... then xx—y.
For each x=X and each n&=Z*, define
ha(2)=Gu([x)) Ngalx).
Then h,(x), A(x%),...

of x.

If yeh(x), 8=1,2,..., then y=gu(xy), n=

1,2,... and so xx—y.

If A is closed and y&A, then there exists »
such that y&£G,(A4).

For all x€A, {x)JcA and so G.({x))CGx(A4)
giving A(x)CG(A).

Thus Ulks(x) : xA}cG,(A) and y&

Ulha(x): xEA].

For the converse, suppose A is closed in X.

For each n&=2Z*, define Go(A)=U)g.(x) : y=A}

Then G,(A), G:(A),...is a sepuence of open
sets, and ACG.(A).

is a sepuence of nbds

If aeﬁl Ga(A4), then for each 7, eEg,(xn), Xx
€A and so xy—ra.

Thus, acA=A implies N Ga(A)CA.
n=1
Therefore, A=“l'il°l Gx(A).

Now, if ye-ri GA(A), then ycU(ga(x) : x=A}

for each n, so yEA=A.

tence, A= Fi’1 Gald.
n=

Therefore, A=;E'il Gu(A)= ﬁl GaCA).
=] n=

If ACB closed and z=G,(A4) for any fixed n,
then there exists an x4 such that z&Gy(x), so
sthce xEB ; 2€U {g(y) : yEB}=GA«(B).

Hence G,(A)C G (B).
Therefore, X is stratifiable.

Theorem 3

Every subspace of a stratifiable space is stra-
tifiable,

Proof : Let X be stratifiable and A a subspace
of X. Let B be any closed subset of A. Then
there exists a closed set F in X such that B=FnA.

Since X is stratifiable space, then there exists
a sequence Gi(F), G«(F),...
that

of open sets such

M F={1 ()=, GFY,

(2) if Fc K, then Gu(F)<G4(K) for each .

For each n, let Go(B)=G,(F) NA.

Then G.(B), GxB), ...
sets in A. Now,

is a sequence of open

B=F nA=(ﬁl G,(F))nA=f‘L (Gu(FINA)

=N Gu(B).

n=1

It xeﬁ G.(B), then x& G¢(B) and hence for
n=t
every nbd U of x, UNG(B)=¢, n=1,2,....
Hence x= B(A)=B and B=.ﬁl'G,.(B)

If BcC closed in A and for any flixed n, x&
G(F)NA and soxEG,(F), x€EA.

Let C=KNA where Kis closed in X.

Since BcC and X is stratifiable, then FCK
and for each #, Gy(F)CG.(K).

Hence for each 1, G,(B)BCG4(C). Therefore
X is stratifiable.

Theorem 4

A countable product of stratifiable spaces is
stratifiable, :

Proof : Let X, be stratifiable for each » and X
=I1X,. For each »,

Let x,=X, and suppose gui(¥x); gwe(%a),... is
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an sequence of nbds of x,.
Let gn(x')-"-g-(xx)x}}lxu

£(D)= (3 X 5Emax) % L X

Then (x}= Filg,.(x) since {xy)= I’igm-(xn) for

each =,
and if yEg,(x"), n=1,2,..., then x"—>y,

Since if for each #, y,,eg,...(x:,), m=1,2,...,
then xj—y".

Suppose y&A and ACIIX, is closed.

Let IT U, be basic open containing y such that
nuv,cX-A.

Let I be the the finte subset of N such that
if n<l1, then U,+X,.

For every nEl, y,&Xp—U,, 0

let m,>n such that y,&U{gum,(2x) : 2aEX—UL).

Let k=max{m,: n<I}.

Then, for each nEl, y,€U {ga(x) : x0EX—U,)

For each n&1, let v, =Xy —U{gma(x) : xp=X-U,}.
and for each n&l, let vy=X,.

To show yem let ye
Ulax(x) - x€A].

Supose peU{g(x) : xA} NU, since U,is basic
open containing y. )
. Let ze&A such that peg(2) NI,

Suppose n=1.

Then puEgm(2)NU, implies prsSgu(z)N
(X=Ulgnxn) : 2€X-U,)).

Hence 24&X—Uy and z,&U,.

So z&IlU, andzeX—A, a contradiction. Hence,
y&U(g(x) s x€4]).

Therefore, X=IIX, is stra ifiable.

Propositions :

1. Every stratifiable is monotonically normal.

2. Every monotonically normal space is colle-
ction-wise normal.

3. Every stratifiable space is semi-stratifiable
space.

4 Evry semi-stratifiable space is subparacompact.
iff X is

subparacompact and collectionwisenormal.

5. A T,-space X is paracompact

Theerem 5

Every stratifiable space is paracompact.

Proof : It follows from propositions1,2,3,4 and
5, that evey stratifiable space is paracompact.

Definition 2
A space X is said to have the countable chain
condition, abbreviated by ccc, iff every collection

of pairwise-disjoint open sets is countable.

Theorem 6

The following are equivalent for a stratifiable
space X.

(1) X is Lindeldf.

(2) X is separable.

(3) X has ccc.

Proof : (1)=(2).

Let X be stratifiable and for each x € X, let
gx(x) be an assigned sequence of open sets cota-
ining x satisfying Theorem 2, (1),(2) and (3).
Then for each n, O,={g.(x): x=X} is an open
over of X, so let gx(x,),... be a countable
subcover of O,

Let D=(Xym: n, m=N).

Suppose y=X-D

For each n, let mys&N such that ye=g,(xumy).

Thenx,ma.—y. yED. Therefore, X=D and X
is separable.

@2)=(3).

Let {U.: I} be a collection of pairwise-
disjoint open sets and D a countable dense set in
X. Then each U, meets D and so for each, choose
an x, such that x,&U.ND.

Since the U are pairwise disjoint, the x, are
pairwise-distinct.

Let D,={x.: aE]},
countable.

then D,cD and so D, is.

Hence I is countable and ({U.: al) is
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countable.

Therefore, X has ccc.

&)=1¢)}

Suppose X has ccc. Let O be an open cover of
X. It follows from Theorem 5 that there exists an
nbd-finite open cover V of O.

Let W={W,: a&l} be an irreducible subcover
of V. If I is countable. For each ac],

let p.EW.-E’ W,. Then {p.: acl] has the

limit point since X is normal. Furthermore, for
a#*f3, there exists nbds U,, U, such that p,€U,,
2,€U, and U . NU,=¢.

Hence {U, : a1} is a collection of pairwise dis~
joint open sets and countable. Thus I is countable,

a contradiction.
Therefore, X is Lindelof.

Conclusion

Borges' definition follows from Definition I
that a space X is stratifiable iff each open set
Uc X, one can assign a sequence Uy, #=1,2,...
of open sets such that

Q1) for each n, U,cU

(& B

@ } e

(3) UcV open implies UyC V.

We have open questions :

(1) Is every stratifiable space metrizable?
(2) Is every stratifiable space M,?

But we have known that some stratifiable space
with some properties is metrizable; that is,

(3) A stratifiable W4-space is metrizabtle.
W4-space is metrizable.

(4) A straifiable locally compact space is
metrizable.
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