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Abstract. We study the basic harmonic forms on non-harmonic folia-
tions and prove that on an isoparametric Riemannian foliation with trans-
verse Killing tension field, (i) if the transversal Ricci curvature is quasi-
positive, then H}(F) = 0, (ii) if the transversal curvature operator F is
quasi-positive, then Hp(F) =0for0 <r <gq.

1 Preliminaries

Let (M, gun,F) be a (p + g)-dimensitonal Riemannian manifold with a fo-
liation F of codimension ¢ and a bundle-like metric gy with respect to F.
Let VM be the Levi-Civita connection with respect to gy. Let TM be the
tangent bundle of M and L the integrable subbundle of TM given by F.
The normal bundle Q of F is given by @ = TM/L. Then there exists an
exact sequence of vector bundles

0— L —TM_Q —0. (1.1)
Let gg be the holonomy invariant metric on Q induced by gas, that is,
go(s,t) = gm(a(s),a(t)) Vs,te re (1.2)

This means that 8(X)gg = 0 for X € 'L, where 6(X) is the transverse Lie
derivative. The transverse Levi-Civita connection V in @Q is defined by
m([X,Ys VX eT'L
Vxs = ( M ) N (1.3)
7(Vx Ys) VX el'L™,
where s € I'Q and Y, € 'L corresponding to s under the canonical iso-
morphism Q = L*. Then we have the following.
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Proposition 1.1 ([3,6]) The connection V in Q is torsion-free and metrical
with respect to gq.

The curvature Ry of V is defined by
Rv(X, Y)S = vayS - VyVXS — V[ny]s

for any X, Y € I'T'M and s € I'Q. Since i(X)Ry = 0 for any X € I'L([3]),
we can define the transversal Ricci operator py : I'Q — I'Q of F by

q

pv(s) = Ry(s, Ea)E., (1.4)

a=1

where {E,} is a local orthonormal basic frame of ). Let Q%(F) be the
space of all basic formson M, ie.,

Op(F) = {w e U (M)]i(X)w=0, (X)w=0, ¥XeTL}.  (L5)

The exterior differential on the de Rham complex Q*(M) restricts by the
cartan formula 8(X) = di(X) + i{(X)d to a differential dg : QF(F) —
Q5 (F). The basic cohomology Hy(F) = Hp(Q3(F),dp) plays the role
of the De Rham cohomology of the leaf space M/F of the foliation. The
mean curvature vector field T of F is defined by

=Y w(VHE), (1.6)

=1

where {F;},=1,... , is an orthonormal basis of L. The mean curvature form
k is defined by k(Z) = gg(r, Z) for all Z € T'Q.

From now on, let F be an isoparametric foliation, i.e., kK € QL(F). It is
well-known ([6]) that if k € QL (F), it is closed, i.e., dx = 0. We also need
the star operator * : Qp(F) — Q%7 (F) naturally associated to go. The
relations between * and * are characterized by

#0 = (=P % (B A x5),
*¢ = *Q N\ XF

for ¢ € Q(F), where xr is the characteristic form of F and = is the Hodge
star operator. So we can define a Riemannian metric (, )g on Qp(F) by

(0. 0)p = dAxY NxF Vo, ¢ € Qp(F). (1.7)

-84 -



The Basic Harmonic forms on a Non-Harmonic Foliation

Then the global inner product is given by

< ¢7¢ >p= ./Al(¢,w)3

With respect to this scalar product, the adjoint &g : Q(F) — QF '(F) of
dp is given by
8p¢ = (1) V% (dp — kA)¥9. (1.8)

Then the basic Laplacian Ag = dgdp + dpdp explicitly involve the mean
curvature. Let
B(F) = KerAp (1.9)

be the set of the basic harmonic forms of degree r. It is well known [2] that
for k € QE(F),
OVp(F) = imdp ® imép ® Hp(F) (1.10)

with finite dimensional Hg(F).
In this paper, we study the basic hrmonic forms under the curvature
conditions on the non harmonic foliation.

2 Thé basic harmonic forms

Let (M, gsm,F) be a compact Riemannian manifold with a foliation F of
codimension ¢ and a bundle-like metric gy with x € QL(F). Let {Ea}a=1, ¢
be a local orthonormal basic frame with (VE,), = 0 for @ and {6°} its
go—dual. Then we have

Lemma 2.1 ([1]) On the Riemannian foliation F, we have

dpp =Y 0° AV, Opdp=—) i(E)VE,é+i(r)¢.

a

Now, we introduce the operator V3.V, : Q5(F) — Qp(F) as

ViV = — Z V% g+ Vo,

where V%, = VxVy — Vy,y for any X,Y € TM. Then we have
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Proposition 2.2 The operator V} V,, satisfies
L Vi Vudi, ¢2 >p=< V¢,V >p (2.1)

for all ¢1, @2 € Qp(F) provided that one of ¢; and ¢, has compact support,
where (V1,Voa)p =Y (Ve ¢1, Vi, da).

Proof. For any ¢;, ¢ € Q5(F), we have
(ViVirdt, ¢2) == > (VE,VE b1, d2)p + (Vidr, )5

= — Z{Ea(an¢la ¢2)B - (vEu¢lv an¢2>3}
+(V:01,02)8
= — divg(v) + Z(VE,,qbl, Ve $2)B + (V:01,62)B,

where v € I'Q is defined by the condition that gg(v, w) = (Vwo1, o) for
all w € I'Q. The last line is proved as follows: At z € M,

divy (v) = ZQQ(VE,.U, E,) = Z Eo(VE,$1,82) B
By the Green’s theorem on a foliated Riemannian manifold([7]),

/ divg (v) =K 7,v >p=< V, ¢, ¢ >p .
M

Hence the proof is completed. O
Now we define an operator Ay : Q% (F) — Qp(F) as

Ayp =0(Y)¢ — Vy9, (2.2)

where 6(Y') is the transverse Lie derivative. Now we define new operator A
by )

A=Ag—A,. (2.3)
Then A is a transversally elliptic but it is not self-adjoint. We call A as the
generalized basic Laplacian. By a straight calculation, we have
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Theorem 2.3 On the Riemannian foliation F, we have
Ap=V; Vs +F($) Vo€ Qp(F), (2.4)
where F(¢) = Za,b 6. A i(Eb)Rv(Eb, Ea)¢.

Proof. Let ¢ be a basic r-form. Let {E,} be a local orthonormal basic
frame for Q with VE, = 0 and {6,} its go-dual basis. Then we have

dpdp = Zo AV {~ Zz(Eb Ve, +i(m)¢}
= —Z" A an{z(E,,)vm} +Zo /\VEJ(T)

= — Z 0a N i(Es)VE,VE,¢ + dpi(T)d

ab

épdpd = — Z i(Eb)VE,,{G“ A VE¢¢} + 2(T)d3¢

ab

=Y VEVES+D 0. Ni(E)VEVE$+i(r)dsd
a ab

Summing up the above two equations, we have

Ap¢ = dpi(T)¢ + i(T)dpd — ZVEGVEO¢+20 A i(Ey) Ry (Es, Ea)¢

ab

T ¢ - z VEGVEG¢ + zga A Z(Eb Rv(Eb, a) .
a ab

Hence we have

AB¢ = — Z VEGVEG¢ + V'r¢ + z 00. A 2.(l‘jl'))le(E,ba Ea)¢ + AT¢7
a a,b

which prove (2.4). O
From the Proposition 2.2 and Theorem 2.3, we have the following theo-
rem.

Theorem 2.4 Let (M, gy, F) be a compact Riemannian manifold with a
foliation F of codimension q and a bundle-like metric gy with k € Qp(F).
If F is non-negative, A-harmonic forms are parallel. If F is quasi-positive,
then KerA = {0}.
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On the other hand, it is well-known ([7]) that if 7(Y) is a transverse Killing
field, ie., 8(Y)ggy = 0 if and only if

(Avyo. ¥)p + (6, AvY)p =0 V¢, ¢ € Qp(F). (2.5)
From (2.5), if 7 is a transverse Killing field, then for any ¢ € Q7(F)
(Ar¢,6)p = 0. (2.6)

Hence we have from (2.3)
(Ab.d)s = (Apo,d)p Vo € Qp(F),
By (2.4), if ¢ € KerAp, then we have
0= |Vudl|* + (F(9), 4}
Hence we have the following theorem.

Theorem 2.5 Let (M, gu, F) be a compact Riemannian manifold with a
foliation F of codimension q and a bundle-like metric gy with k € QL(F).
Assume that the tension field T is a transverse Killing field. If F is quasi-
positwe, then every basic harmonic r-forms is zero. i.e., H(F) = 0.

Remark. If F is minimal, Ag = A.

Let ¢ be a basic 1-form and ¢* its go-dual. Then we have
(F(¢),0) = > (6" Ai(Ey)Ry(Ep, Ea)é, ¢)

a.b

= 3 () Ry (B, Ea)o (6, 6)

a,b

=S 90(Re(Ey, E)é%, B)(6°, ¢)
ab

=" 90(Re(¢!, Bo)Ea), ¢) = go(pv (), ¢"),

where py is the transversal Ricci curvature. From this equation, we have
the following corollary.

Corollary 2.6 Under the same assumptions as in Theorem 2.5, If the
transversal Ricci curvature is non-negative, then every basic harmonic 1-
form is parallel. If the transversal Ricci curvature is quasi positive, then
every basic harmonic 1-form is zero, i.e., H5(F) = 0.
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