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FIBREWISE REGULAR CONVERGENCE SPACES

JIN WON PARK AND RYANG GYU HARM

ABSTRACT. In this paper, we define a notion of fibrewise regular convergence
spaces and investigate some properties of these spaces. And we find a condition
for which the function space Cg(X,Y) is fibrewise regular.

0. Introduction

The fibrewise viewpoint is standard in the theory of fibre bundles. However,
it has been recognized only recently that the same viewpoint is also great value
in other theories, such as general topology. 1. M. James has been promoting the
fibrewise viewpoint systematically in topology [2,3]. Many of the familiar defi-
nitions and theorems of ordinary topology can be generalized,in a natural way,
so that one can develop a theory of topology over a base. On the other hand,
as a convenient category, the category of convergence spaces was introduced
which contains the category of topological spaces as a bireflective subcategory.
So many familiar definitions of topological spaces were introduced in the con-
vergence spaces. In this point of view, K. C. Min and S. J. Lee developed a
general fibrewise theory in the category of convergence spaces, including the
fibrewise notion of Hausdorffness [5,6].

In this paper, we define the notion of fibrewise regular convergence space as a
generalization of the regular convergence spaces and investigate some properties
of the fibreise regular convergence space.

1. Preliminaries

In this section, we collect some basic definitions and known results on con-
vergence spaces over a base [1,5,6].
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For any set X, we denote by F(X) the set of all filters on X, and by P(F (X))
the power set of F'(X).

DEFINITION 1.1. Let X be a set. A map c¢: X — P(F(X)) is said to be a
convergence structure if the following properties hold for any point z € X :

(1) £ € c(z);

(2) if F € c(x) and F C G, then G € ¢(z);

(3) if F,G € c(z), then FNG € ¢(x).

Here z stands for the ultrafilter on X generated by {z} and the pair (X,¢)
is called a convergence space.

If f: X - Y isamap and F € F(X) then f(F) is a filter base. In general,
f(F) is not a filter but the filter generated by f(F) is also denoted by f(F).

DEFINITION 1.2. Let (X, c) and (Y, ¢’) be convergence spacesand f : X — Y
a map. Then f is said to be continuous at x € X if for any F € ¢(z), f(F) €
c'(f(z)). And f is said to be continuous if f is continuous at each point z € X.

The class of all convergence spaces and continuous maps forms a category,
which will be denoted by Conv.

For a given space B in Conv, the category Convpg is defined as follows.
An object over B is a pair (X,p) consisting of an object X of Conv and a
morphism p : X — B of Conv. If (X, p) and (Y, q) are convergence spaces over
B then a morphism f: X — Y of Conv is a morphism over B if go f =p. In
this case X is called a convergence space over B, p is called the projection and
f is called a continuous map over B.

Composition in Convp is defined by the composition in Conv.

PRrOPOSITION 1.3. The category Conv g has an initial structure over Setg.

In fact, for X € Setp, a family {(X;,p;)}ics of convergence spaces over B
and a source {f; : X — X,}icy, the initial structure on X is defined as follows.
A filter F converges to x in X if and only if for each i € I, f;(F) converges to
fi(z) in X;.

COROLLARY 1.4. The category Convpg has a final structure over Setp.

In fact, for X € Setg, a family {(X;, p:) }icr of convergence spaces over B
and a sink {f; : X; — X}, the final structure on X is defined as follows.
A filter F on X converges to z in X if and only if either 7 = & or there are
i1,- - ,in € I and a filter G;, on X;, which converges to y such that f; (y) =z
and 02=1 fik(gik) CF.

PROPOSITION 1.5. For a convergence spaces (X, p), (Y, q) over B, let X xgY
be the fibre product in Setg endowed with the initial convergence structure
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with respect to the {m; : XxgY — X, 7y : XxgY — Y}. Then (X xgY, pon;)
is the product of X and Y in Convpg.

Similarly for a family {X;}.c; of convergence spaces over B, we obtain the
product [] 5 X; in the category Convp.

Now we will extend a property of convergence spaces to convergence spaces
over B, in a natural way. Specifically we aim to define, for a convergence space
B, a property Pg of convergence spaces over B such that the following three
conditions are satisfied :

(Condition 1) If X,Y are homeomorphic convergence spaces over B and if
X has property Pg then so does Y.

(Condition 2) A convergence space X has property P if and only if the
convergence space X over the point * has property P,.

(Condition 3) If a convergence space X over B has property Pg then the
convergence space £*X over B’ has property Pg: for each convergence space
B’ and continuous map £ : B’ — B, where £*X is the convergence space
(B'xpgX,m;) over B'.

In this case, the property Pp of convergence spaces over B is said to be
well-behaved (2].

2. Fibrewise regular convergence spaces

In this section, we introduce a notion of fibrewise regular convergence spaces
and investigate some properties of these spaces.

DEFINITION 2.1. Let X be a convergence space over B. X is said to be
fibrewise reqular (9{ regular over B) if for any filter 7 on X converging to
r€ Xy with X, NF £0Qfor all Fe F, {X,NF| F € F} converges to z.

THEOREM 2.2. The property ”fibrewise regular” is well-behaved.

Proof. (Condition 1) Let X and Y be convergence spacesover Band f : X —
Y be a homeomorphism. Let Y be fibrewise regualr. Suppose F converges to
z € X, such that X,NF # 0 for all F € F. Then f(F) converges to f(z) € Y;.
Since Y is fibrewise regular and

0# f(Xo NF) = f(Xp) N f(F) = Yy N f(F),

{Yo N f(F)| F € F} converges to f(z). Moreover, it is easy to show that
[N f(F) FeFY C{X,nF| F € F}.
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Thus {X, N F| F € F} converges to . Therefore X is fibrewise regular.

(Condition 2) It is obvious.

(Condition 3) Let X be fibrewise regular and ¢ : B’ — B be a continuous
map. Let F converge to (V',z) € (£*X)y = {b'} x X¢(1r) such that (£* X )y NF #
0 for all F € F. Since 77 is continuous, 72(F) converges to . And since X is
fibrewise regular and

0 # m((€* X)p NF) C m2((€* X)) N2(F) C Xy Nma(F),

{Xewy Nm2(F)| F € F} converges to z. It is easy to show that {Xgp) N

m(F)| F € F} C ma({(€*X)pr N F_|_F € F}). So ﬂz({(f*lel NF|F e F})
converges to z. Since 71 ((*X)y NF) = {V'}, m({(¢*X)» N F| F € F}) is the
filter generated by {»'} and thus m;({(¢*X)y N F| F € F}) converges to ¥'.
Hence {(£.X)y N F| F € F} converges to (b',z). Therefore ¢*X is fibrewise
regular.

In all, the property ”fibrewise regular” is well-behaved.

REMARK. A convergence space X is said to be regular if for any filter F
which converges to z € X, the filter F = {F| F € F} converges to z [1]. So,
by the condition 2 in the above theorem, the definition 2.1 can be regarded as
a generalization of the regular convergence spaces.

PROPOSITION 2.3. Let X be a fibrewise T1 convergence space. Then if X
is fibrewise regular, X is fibrewise Hausdorft.

Proof. Let F converge to x and y with z,y € X,. Then for each F € F,
r € X, NF and y € X, N F. Hence the filter {X, N F| F € F} is contained
in £ and g, simultaneously. Since X is fibrewise regular, {X, N F| F € F}
converges to z and y. Thus = converges to x and y and ¥ converges to x and y,
simultaneously. Since X is fibrewise T7, £ = y. Hence X is fibrewise Hausdorff.

COROLLARY 2.4. Let X be a regular T\ convergence space. Then X is
Hausdorff.

PROPOSITION 2.5. Let X and Y be convergence spaces over B and f : X —
Y be an embedding. Then ifY is fibrewise regular, so is X.

Proof. Let F converge to  in X and X, NF # § for all F € F. Then f(F)
converges to f(x) in Y, since f is continuous. Since Y is fibrewise regular and
0+ f(FNXy) C f(F)NYs, {f(F)NYy| F € F} converges to f(z) in Y. Thus
{f"Y(f(F)NY:)| F € F} converges to z in X, since f is an embedding. Also,
note that

FOXy CfUFE)NFHY) C FHF(F)NY).
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Thus
{(fFUF(F)NXy)| F e F} C{F N Xy| F € F}.

Hence {F N X;| F € F} converges to z in X, and so X is fibrewise regular.

COROLLARY 2.6. Let f : X — Y be an embedding and Y be a regular
convergence space. Then X is regular.

COROLLARY 2.7. Let X be a fibrewise regular convergence space. Then a
subspace of X is also fibrewise regular.

ProposITION 2.8. Let {X;|i € I} be a family of fibrewise regular conver-
gence spaces. Then [] p X Is fibrewise regular.

Proof. Let F converge to (z;) in [[gX; and ([[gX:)NF # @ for all F € F.
Then for each i € I,

@ ;é ﬂi(nB‘X’i ﬂf) Q ﬂi(HBX‘i) (] 71’1(?-) g (Xi)b ﬂni(F).
For each i € I, since m;(F) converges to z; and since X; is fibrewise regular,
{(X:)s N 7:(F)| F € F} converges to z;. Since F C [[m:(F), F C [[m:(F) =

[I7:(F) and thus ([TpX:)e 0 F C ([1pXa)s N [Im:(F) = T1((Xa)e N m:(F)).
Therefore

{TI(X:)e nm(F))| F € FY C {(I1p X:)e NF| F € F}.

Thus {([[zX:)s N F| F € F} converges to (z;). Hence [[gX; is fibrewise
regular.

COROLLARY 2.9. Let { X;|i € I} be a class of convergence spaces. Then the
product space [[,.; X; is regular if and only if X; is regular for all i € I.

Proof. The if part is immediate from the above proposition. For the only if
part, we note that X; is homeomorphic to a subspace of [, ;X; for all i € I.
Since any subspace of a regular convergence space is regular, X; is regular for
allz € 1.

PROPOSITION 2.10. Let X and Y be convergence spaces over B and f :
X — Y be an initial. Suppose f is surjective. Then if X is fibrewise regular,
Y is fibrewise regular.

Proof. Let G converge to y in Y and GNY, # 0 for all G € G. Note
that f~1(G) converges to x for some z € f~1(y) in X, since f is initial and
surjective. We want to show that f~1(G) C f-1(G). Let p € f~1(G), then
f(p) € G. Thus there exists an ultrafilter & containing G converging to f(p).
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Let V be an ultrafilter containing f~!(&). Then V converges to p in X and
contains f~1(G). Thus p € f~1(G), and hence

01 GnY) = UGN (%) C G N X,

Since X is fibrewise regular, {f-1(G) N X,;| G € G} converges to = in X.
Moreover, since f is continuous, {f(f~1(G)NX,)| G € G} converges to y in Y.
So we have

GNY, = f(fH(CNY) = F(FH(C) N (W) C FFHG) N Xy),

and hence

{f(F7UG)NXp)I Ge G C{GNY,| GeG).
Therefore {GNYs| G € G} converges to y € Y. In all, Y is fibrewise regular.

COROLLARY 2.11. Let f : X — Y be an initial. Suppose f is surjective.
Then if X is regular, then Y is regular.

PROPOSITION 2.12. Let X and Y be convergence spaces over B and f :
X — Y be a final injection. Then if Y is fibrewise regular, X is fibrewise
regular.

Proof. Let F converge to z in X and FN X, # 0 for all F € F. Then

J(F) converges to f(z) in Y. Note that f(F)NY, # @ for all F € F. Since
Y is fibrewise regular, {f(F) NY,| F € F} converges to f(z) in Y. Since
f is a final injection, there exists a filter G on X converging to z such that

f(G) C{f(F)NYy| F € F}. So, for each G € G there exists an F € F such

that f(F)NY, C f(G). Thus
FnXy=f"YfFNX)C fHFF)NY) C FYf(G) =G.

Hence G C {FN X, F € F}. Since G converges to z, {F N X,| F € F}
converges to z in X. Therefore X is fibrewise regular.

COROLLARY 2.13. Let f : X — Y be a final injection. Then ifY is regular,
X is regular.

3. Fibrewise continuous convergence structure

In this section, we introduce the fibrewise continuous convergence structure
on Cp(X,Y) and obtain a condition for the fibrewise regularity of the function
space Cp(X,Y).
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Let X and Y be convergence spaces over B and Cg(X,Y) = Upec gC(Xs, Ys)
as a set, where C(X},Y3) is the set of all continuous functions from X to Y.
Define a filter F converges to f in Cg(X,Y), where f € C(X3,Ys) if and only
if

(1) for any filter A in X which converges to z € X, (FNf)(ANE) converges
to f(z) in Y and '

(2) p(F) converges to p(f) in B, where p : Cg(X,Y) — B is defined by
p(g) = bif g € C(Xy, Ys).

Then it is well known that Cg(X,Y) with this structure is a convergence
space and this structure is called the fibrewise continuous convergence structure
on CB(X, Y) [5]

PROPOSITION 3.1. Let X and Y be convergence spaces over B. If Y is
fibrewise regular, then Cg(X,Y) is fibrewise regular.

Proof. Suppose F converges to f € C(X5,Ys) and C(X,,Ys) NF # 0 for all
F € F. Then we have to show that G = {C(X},Y;) N F| F € F} converges
to fin Cp(X,Y). Let A converge to z € X, then it is enough to show that
(G N f)(AN i) converges to f(z) in Y. Since F converges to f in Cp(X,Y),
(FNf)(ANg) converges to f(z) € Ys. Hence f(z) € (FU {f}(AU {z}) for all
FeFand Aec A SoYVy,N(FU{f})(AU{z}) #0forall F € F and A € A
Therefore {YoN(F U {f})(AU{z})| F € F, A € A} converges to f(x), sinceY
is fibrewise regular. We note that (FU{f}) C FU{f} and (AU{z}) C AU {z}.
Thus {Y; N (FU{f})(AU{z})| F € F,A € A} is contained in {Y; N (F U
{fD(Au{z))| F € F, A € A}, and hence {Y,N(FU{f})(Au{z})| Fe F,A€
A} converges to f(z). We want to show that {Y, N (FU{f})(AU{z})| F €
F,A € A} is contained in {(C(X,, Yo )NF)U{f}| F € F}(ANz). It is equivalent
to show that ((C(Xs,Ys) NF)U{fN(AU{z}) C Vs N(FU{f}H)(AU{zx}) for
all F € Fand A€ A In fact, if g € C(Xs,Y3) N F, then g(AU {z}) C Y} and
g(AU{z}) € (EU{f})(AU{x}). So {Y,N(FU{f})(AU{z})]| F€ F,A€ A} C
{(C(Xp, Yo)NF)U{f}| F € F}(ANZ), and hence {(C(Xp, Ys)NF)U{f}| F €
FHANz) converges to f(z). But,

{(C(Xe, Ys)NFYU{f}| F€ F} = {C(Xp, Y,)NF| Fe F}N f.
In all, Cp(X,Y) is fibrewise regular.

It is also well known that the category Convp is catesian closed [5]. So,
for any convergence space Z over B and a function f : Z — Cg(X,Y), f
is continuous if and only if ev o (1x xg f) : X xp Z — Y is continuous,
where ev : X xg Cp(X,Y) — Y is an evaluation map which is defined by

C’U(:E, f) = f(:l))

_21-



JIN WON PARK AND RYANG GYU HARM

PROPOSITION 3.2. Let X and Y be convergence spaces over B and sup-
pose the projection p : X — B is surjective. Let K = {f € Cp(X,Y)| f :
constant map}. Then K is homeomorphic to Y.

Proof. Define ¢ : Y — Cp(X,Y) by, for y € Y3, ¢(y) = ¢, where ¢, is
the constant map from X, to Y}, with value y € Y. Clearly, ¢ is well-defined
and injective. Note that ¢(Y) = K. Let ¢ : Y — K be the corestriction of ¢.
Consider the following diagram

Xx5Cp(X,Y) —2 s vy

idx X3¢ ™2

XXBY

Note that m = ev o (idx x po), since m2(z,y) = y = cy(z) = ev(z, ¢,). Since
w2 is continuous, ev o (idx X p@) is continuous. Hence ¢ is continuous, by the
cartesian closedness of the category of convergence spaces over B. Therefore,
¥ 'Y — K is continuous. Now, pick an z;, € X, for all b € B and let
A = {zp| b € B}. Then we know that

evlax gk

b1 K —— Axg K

where j(f) = (xp, f) for f € C(X3,Ys). Since j and ev are continuous, ¥~! is
continuous. In all, K is isomorphic to Y.

By the above proposition, we have the following proposition which is the
partial converse of the proposition 3.1.

PROPOSITION 3.3. Let X and Y be convergence spaces over B and suppose
the projection p: X — B is surjective. Then if Cg(X,Y) is fibrewise regular,
Y is fibrewise regular.

Proof. By the above proposition and corollary 2.7, the proof follows imme-
diately.

It is easily proved that the subspace structure on C(X},Y;) with respect to
Cp(X,Y) is the same as the continuous convergence structure on C(Xp,Ys).
Hence we have the following corollary.

COROLLARY 3.4. Let X and Y be convergence spaces. ThenY is regular if
and only if C(X,Y) is regular.
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