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EXISTENCE OF THE TRANSVERSE SPIN STRUCTURE
ON FOLIATED RIEMANNIAN MANIFOLD

SEOUNG DAL Jung

ABSTRACT. We prove that a transversally oriented Riemannian foliation M
admits a transverse spin structure if and only if the second Stiefel-Whitney
class on the normal bundle is trivial

1. Introduction

A spin structure on any vector bundle E over a Riemannian manifold M
is one of the important structures. Its existence is expressed by characteristic
class wo(E) € H*(M; Z,), called the second Stiefel-Whitney class of E; unlike
the Euler, Chern, and Pontrjagin characteristic class, the Stiefel-Whitney
classes of E are not de-Rham cohomology classes of A, and hence are not
represented in terms of the curvature operator of a connection in F. As an
example of the sort of information carried by the Stiefel-Whitney classes, a
vector bundle E is orientable if and only if wi(E) € HY(M; Z3) is trivial
([Mi]) and an oriented Riemannian vector bundle E over M admits a spin
structure if and only if we(E) € H?(M; Z;) is trivial ([BH]).

In this paper, we prove that a transversally oriented Riemannian foliation
M admits a transverse spin structure if and only if wo(Q) is trivial. The
proof is similar to the case of Riemannian manifold.

2. Preliminaries

Let (M,gm,F) be an n(= p + q) dimensional Riemannian manifold with
the bundle-like metric gps and foliation F with codimension ¢. Let Q =
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TM/L be the normal bundle of F, where L is an integrable subbundle of
TM which defining the foliation F. Let Cl(q) be the Clifford algebra of R?

with the standard inner product. Put

Pin(q)={3€Cllq)|§g=ur-ur, |uj|=1},
Spin(q) = {g € Pin(q) | § = u1---uar},

where “-” denotes the Clifford multiplication. These are called the Pin group
and Spin group respectively. It is well known that Pin(q) and Spin(q) are
Lie groups([LM]). We define a homomorphism 7 : Pin(q) — GL(R?) by,
for § € Pin(q) and v € RY,
T(§u = §-u-§,
where §' = uj---uy for g =uy - uj.
Then there is an exact sequence

(2.1) 0 — Z; — Spin(q) = SO(q) — 0,

where 7o = T|spin(g)- It is well known that Spin(g)(¢ > 2) is simply con-
nected and the universal cover of SO(q)([G],[LM]). Let 7 : Pso(Q) — M
be the foliated principal SO(q)-bundle of (oriented) transverse orthonormal
frames. Note that if M is transversally orientable, then choosing an ori-
entation on @ is equivalent to choosing a foliated principal SO(g¢)-bundle
Pso(Q) C Po(Q). This embedding is, of course, compatible with the ac-
tion of SO(q) C O(q). Having thereby made the structure group of @ 0-
connected, one might ask whether it is possible to make the struture group
simply connected. This leads us to the concept of a transverse spin structure.

Definition. Suppose ¢ > 3. Then a transverse spin structure on foliated
Riemannian manifold M is a foliated principal Spin(q)-bundle Ps,;,,(Q) to-
gether with a 2-sheeted covering

(22) 6 : PSpin(Q) — PSO(Q)

such that £(p-§) = £(p)-70(g) for all p € Pypin(Q) and all § € Spin(q). When
g = 2, a transverse spin structure on M is defined analogously, with Spin(q)
replaced by SO(2) and 7 : SO(2) — SO(2) the connected 2-fold covering.
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When ¢ =1, Psp(Q) = M and a transverse spin structure is simply defined
to be a 2-fold covering of M.

Let {Ua,} be a distinguished open cover of M so Pso(Q) is local trivial
over U, and let s, be a local transverse orthonormal frames over U,. On the
overlap, we express s, = gaBSa, Where gop : UoNUs — SO(q) is basic (that
is, locally constant along the leaves). These satisfy the cocycle condition:

9aB98+v9va =1 and gae = 1.

Since the foliated principal bundle Pso(Q) of (oriented) transverse orthonor-
mal frames has transition functions gop acting on SO(gq) from the left, a
transverse spin structure on M can be considered as lifting of the transition
functions to Spin(q) preserving the cocycle condition. Hence the existence
of the transverse spin structure on M is equivanlent to the existence of the
lifting gag of gap satisfying the cocycle condition. That is,

(23) To(ﬁaﬂ) = JafB, §a/3§ﬁ~,§~m = I and &aa = I

To do our work, we introduce a Cech-cohomology theory. Now we fix {Uq}
a distinguished simple cover of (M, gpr, F) and let Z; be the multiplicative
group {—1,1}. A transverse Cech j-cochain is a basic function f : Ug,N---N
Ua; — Z2 defined for (j+1)-tuples of indices on Uq, N+ - NUq; # ¢, which
is totally symmetric, that is,

flagwy, - »aejy) = flag, -+ ,aj )

for any permutation o. If Ctjr(]\/f » Z2) denotes the multiplicative group of
all the transversal Cech j-cochains, the coboundary & : C}(M,Z;) —

CTY (M, Z3) is defined by:

j+1

(2.4) () o, -+ ,a541) = Hf(ao,'“ y Gyt 0Gi).

The multiplicative identity of C7 (M, Z,) is the function 1 and clearly 82 f =
1. Hence we can define a cohomology group Hl (M;Z;) = Ker § [Im é
which are independent of the particular distinguished simple cover chosen.
This is called the j-th transversal Cech cohomology group.
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3. Main results

Consider the vector bundle @ = TM/L — M, not necessarily orientable.
Let s, be a transverse orthonormal frame on @ over U,. On U, NUpg #

b, Sa = gapsp, wWhere gop is the transition functions. Now, we define a
1-cochain f as
(3.1) fla,B) = det(gap) = £1.

This is well-defined since U, NUj is contractible and hence connected. Since
f(a,B) = f(B,a), this defines an element of C} (M, Z;). If the transition

functions g,g satisfy the cocycle condition, then from (3.1),

(3.2) (6f)e,8,7) = f(B,7)f(,7)f(e, B) = det(gapgp9a) = 1.

Hence f defines an element of H} (M;Z;). If we replace so by s, = haSa,
the new transition functions become g, 3 = hc,gmgh.;l. If fola) = det(hy),
then

(3.3)  f(e,B) = det(g,y) = det(ha)det(gag)det(hg) = ((§f0) f)(a, B)-

This proves that the element in cohomology defined by f is independent
of the particular frame chosen and we will denote this by (f] = w1(Q) €
Hl (M;Z,), called the first Stiefel- Whitney class. Hence if M is transversally
orientable, we can choose a transverse frames such that det(go3) = 1. This
implies that w,(Q) is trivial. Conversely, if wi(Q) is trivial, then f = 6 fo for
some fo € CY (M, Z;y). If we choose hy with det(hs) = fo(a), then the new
frames s, = hqs, will have transition functions g ; with det(g,z) = 1 and
define an orientation of (). Hence we have

Theorem 3.1. Let (M, gar, F) be the Riemannian foliation of codimension
q with bundle-like metric gar. Then M is a transversally orientable if and
only if w1(Q) € H}.(M; Z,), is trivial.

Now, let (M, gar,F) be the transversally oriented Riemannian manifold
with bundle-like metric gpr and foliation F with codimension ¢ and let g5 €
SO(q) the transition functions of Pso(Q). We choose any lifting gap to
Spin(q) by 7o in (2.1) such that

(3.4) 70(§apg) = 9ap and  Gapfpa = I.
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Since the U,y is contractible, such lifts always exist. Since gopgg gva =
I, 170(§apdp~Gvya) = I. Hence §opgds~Gva = £I. Now, define the transverse
2-cochain f as

(3'5) f(a, ﬂ,')’)I = gaﬂf]ﬁvg‘ya-

Clearly f(a,B,7) € Z;. Furthermore, f is symmetric and §f = 1. Hence
if we change the choice of the transverse frame s, or change the choice of
lifts, then f changes by a coboundary. This implies f defines an element in
H} (M; Z;), which is independent of the choices made. We will denote this
by [f] = w2(Q) € H}(M; Z,), called the second Stiefel- Whitney class. Since
from (3.5), M admits a transverse spin structure if and only if we can choose
the lifting such that f(«,,7) = 1, we have

Theorem 3.2. Let (M,gar,F) be the transversally oriented Riemannian
foliation with codimension q and with bundle-like metric gps. Then M admits
a transverse spin structure if and only if wo(Q) € H2(M; Z3) is trivial.
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