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Analysis of *C+"C Elastic Scattering at E, =240 MeV
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The elastic scattering of 2C+!2C system st Ej,,= 240 MeV have been analyzed by using the
first-order eikonal phase shift based on Coulomb trajectories of coliding nuclei and squared
Woods-Saxon potential. The calculated results lead to a reasonable agreements with the ob-
served data of this system. The Fraunhofer oscillations observed in the elastic angular distri-
butions of the ?C+!2C system at Ej.,=240 MeV could be explained due to the interference
between the near- and far-side scattering amplitudes. The presence of nuclear rainbow is ev-
idenced through the classical deflection function. The refractive pattern, dominated by the
far-side component of the scattering amplitude, could be shown to be sensitive to the real part
of optical potential at small radii. We have found that the first-order eikonal effect on the
imaginary pctential is important when the real potential is strong and the imaginary potential

is weak.

I. INTRODUCTION

The elastic scattering between heavy-ions has been
studied by a number of people using a variety of the-
oretical methods [1-8]. The heavy-ion elastic scattering
is generally dominated by the strong absorption, which
the implication that the data are only sensitive to the
surface of the interaction region. Therefore, the optical
potential required to describe the measurements is not
uniquely determined. However, the angular distribution
for lighter heavy-ion elastic scattering such as '2C + 2C
and '80 + 90 systems has shown the presence of strong
refractive effects with a clear signature of a nuclear rain-
bow phenomena [1,2]. Such a behavior was identified as
being a typical refraction effect generated by the nuclear
rainbow. The nuclear rainbows seen in the elastic scat-
tering angular distributions of lighter heavy-ion systems
unambignously determine the major features of the op-
tical potential.

In recent, there has been a great deal of studies to
describe the lighter heavy-ion elastic scattering. Shallow
imaginary potentials are found to be essential to describe
various sets of elastic scattering data for 2C + !2C and
80 + '2C at intcrmediate energies {1). Brandan and
McVoy (5] made a systematic study of the optical poten-
tials for lighter heavy-ions. They made several interesting
observations, especially on the characteristics of the ra-
tios of the imaginary to real parts of the potentials and
of the imaginary to real parts of the phase shifts. The
experimental data on elastic 0 + %0 scattering at in-
cident energies ranging from 124 to 1120 MeV have been
analyzed within the standard optical model, using either
the phenomenological potential or that calculated within
the double-folding model for the real part of the optical
potential [8].

Over the past several years, the eikonal approxima-

tion {9] has been a useful tool to describe the heavy-ion
elastic scattering. A number of studies {10-14] have been
made to describe the elastic scattering processes between
heavy ions within the framework of the eikonal model.
In a recent paper[15], we have presented the first- and
second-order corrections to the zero-order eikonal phase
shifts for heavy-ion elastic scatterings based on Coulomb
trajectories of colliding nuclei and it has been applied
satisfactorily to the 160 + 4Ca and 90 + %Zr systems
at Ej,,=1503 MeV. Eliseev and Hanna [6] have devel-
oped first- and third-order non-eikonal corrections to the
Glanber model to know the possibility of observing a
bright interior in the nucleus “viewed” by intermediate
energy alpha particles (E,=172.5 MeV), as a probe for
the 58Ni nucleus. Aguiar et al. [14] have discussed differ-
ent schemes devised to extend the eikonal approximation
to the regime of low bombarding energies in heavy-ion
collisons. The elastic scatterings of 12C + 12C system at
Eiap = 240, 360 and 1016 MeV are analyzed using the
first-order eikonal model (16].

In this work, we analyze the elastic scattering angular
distributions of the 2C + '2C system at Ej,;,=240 MeV
by using the first-order eikonal phase shift and Woods-
Saxon squared potential. The presence of nuclear rain-
bow is examined. We also investigate some features of
the effective optical potential and phase shift. In section
11, we present the theory related with first-order eikonal
model. Section III contains the results and discussions.
Finally, conclusions are presented in section V.

II. THEORY

If there is a single turning point in the radial
Schrédinger equation, 8 WKB expression for the nuclear
elastic phase shifts §;, taking into account the deflection
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where 7 and r¢ are the turning points corresponding to
the local wave numbers k. (r) and kc(r) given by

(L+§)"+g@)]uzy @

k() = k1= (g + g+

ke(r) = k[l - (@ n M)]l/z,

kr k2r2 ®)

where 7 is the Sommerfeld parameter, and U(r) the nu-
clear potential. If we consider the nuclear potential as
a perturbation, the turning point r; may be taken to be

coincident with the distance of closest approach r¢ given
by

1/2
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Thus, the nuclear phase shift §;, in Eq.(1) can be rewrit-
ten
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where r = \/"c! + z2, u is the reduced mass.

The first term in Eq.(5) is the ordinary Coulomb-
modified eikonal phase shift function, while the second
term is the first-order corrections correspond to non-
eikonal effects. The expressions of each terms in Eq.(5)
are explicitly(15]

dr  (5)
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The first-order eikonal correction term of the phase shift,
81(rc) in Eq.(7), can further be expressed as following
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The closed expression of the effective phase shift function
including up to the first-order correction term may be
written as

u(re) = o [ Var)az, ©)
where Ucq(r) is the effective optical potential given by

Uea(r) = U{l + r?“k_z [Uw%] } (10)

We can see that the phase shift calculation including non-
eikonal corrections up to the first-order is equivalent to a
zeroth-order calculation with effective potential U.g(r).

By taking U(r) as the squared Woods-Saxon forms
given by
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with Ry, = r,,‘.,,(A}/3 + Aé/s), we can use the phase
shift, Eq.(9) in the general expression for the elastic dif-
ferential scattering cross section. The elastic differential
cross section between two identical spinless nuclei can be
obtained from the following formula

do 2
= O+ S - o), (12)
where elastic scattering amplitude f(6) is given by the
equation

16) = fa(®)+ 5 Y (L+3) exp(2ion)(S} - 1) Pieoss).
L=0

(13)
Here fr(6) is the usual Rutherford scattering amplitude
and o5 the Coulomb phase shifts. The nuclear S-matrix
elements S in this equation can be expressed by the
nuclear phase shifts 4,

SY = exp(2i6y). (14)

IIl. RESULTS AND DISCUSSIONS

The elastic differential cross sections for 12C + 12C
system at Ej,= 240 MeV are calculated by using the
Coulomb-modified eikonal phase shifts 69 and §}. Ta-
ble 1 shows the parameters of the fitted Woods-Saxon
squared potential. The six potential parameters are ad-
justed so as to minimize the x*/N given by
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In Eq.(15), 0¢,, ( 0,) and Acf,, are the experimen-
tal (calculated) cross sections and uncertainties, respec-
tively, and N is the number of data used in the fitting.
The calculated results of the differential cross sections for
the elastic scattering of '2C + '2C system at Ej,p= 240
MeV is presented in Fig.1 together with those measured
experimentally {18]. In this figure, the dashed curve is
the result for zero-order eikonal phase shift, while the
solid curve is the one of first-order eikonal phase shift.
As seen in this Rgure, the differences between the dotted
and solid curves are substantial when compared with the
experimental data. As the figure shows, the results of
the first-order correction are more reasonable and give
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TABLE I: Parameters of the fitted Woods-Saxon squared potential by using the first-order eikonal model analysis for
the 2C + 12C elastic scattering at Ej,,= 240 MeV. 10 % error bars are adopted to obtain x2/N value.
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FIG. 1: Elastic scattering angular distributions for !2C +
12C gystem at Ej,,= 240 MeV. The solid circles denote
the observed data taken from Ref.[18]. The solid and
dashed curves are the results for first- and zeroth-order
eikonal corrections, respectively.

better fits with the observed data than the results from
the zeroth-order correction. Also, the reasonable x*/N
values is obtained in the 2C + '2C system at Ej,=
240 MeV as listed in table 1. In the Table 1, Rg is the
strong absorption radius. The strong absorption radius
is defined as the distance for which T, 1/2, i.e., the
distance where the incident particle has the same prob-
ability to be absorbed as to be reflected. The strong ab-
sorption radius provides a good estimate of the reaction
cross section, og; = 1rR§.

More insight into the diffractive and refractive phe-
nomena can be provide by the representation of the elas-
tic scattering amplitude in terms of the near-side and far-
side component. The near- and far-side decompositions
of scattering amplitudes with the first-order correction
to the eikonal phase shifts are performed by following
Fuller’s formalism [19]. The contributions of the near-
and far-side components to the elastic scattering cross
sections are shown in Fig. 2 along with the differen-
tial cross section. The differential cross section is not
just a sum of the near- and far-side cross sections but
contains the interference between the near- and far-side
amplitudes as shown in Fig. 2. The refractive oscillation
observed on the elastic scattering angular distribution of
12C + 12C system at Ejp,=240 MeV is due to the in-
terference between the near- and far-side components.

FIG. 2: Differential cross section (solid curves), near-side
contribution (dotted curves), and far-side contribution
(dashed curves) obtained by the Fuller’s formalism (19
using the first-order eikonal model for 12C + !2C system
at Fya,= 240 MeV.

The magnitude of the near- and far-side contributions is
equal, crossing point, at § = 8.1° for this reaction. This
figure shows the near-side dominance at angles less than
this value due to the long-range repulsive Coulomb in-
teraction. However, the far-side scattering has become
dominant at the regions greater than the crossing angle
due to the short-range attractive nuclear interaction.
The transmission function Ty, = 1—|S}? is plotted ver-
sus the orbital angular momentum in Fig.3, along with
the deflection function. The transmission function can
be explained using the imaginary part of the effective
optical potential. As shown Fig. 3(a), the lower partial
waves are totally absorbed and the T, is decrcased very
rapidly in a narrow localized angular momenta zone. The
strongly refractive- and weakly absorptive-potential val-
ues are enough to support nuclear rainbow. As shown
in table 1, the absorption in '2C + !2C system is weak
enough to allow refracted projectiles to populate the elas-
tic channel and typical nuclear effects could be observed
in the angular distribution. The presence of nuclear rain-
bow can be proved by investigating the deflection func-
tion given by 8, = 23“7(01, + Re 6.). In a rainbow sit-
uation, the strong nuclear force attracts the projectiles
towards the scattering center and deflects them to nega-
tive angle, which correspond to the region of the rainbow
maximum. In Fig. 3(b), we can find the nuclear rainbow
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FIG. 3: (a) Transmission function Ty, and (b) deflection
function for 12C + 12¢ system at Fj,;,= 240 MeV plotted
versus the orbital angular momentum L in the first-order
eikonal model. The dashed curve represents the deflec-
tion function for the Coulomb phase shift.

angle value 8,, = —60.6°, which evidently prove a pres-
ence of the nuclear rainbow with unambiguous clarity in
this system.

In Fig.4, we plot the real and imaginary parts of ef-
fective potential in Eq.(10) and nominal potential in
Eq.(11), and examine the effect of first-order non-eikonal
correction. Figure 4(a) and 4(b) present the real and
imaginary part of optical potential, respectively. The
solid curves are the first-order effective potentials Ueg (1)
given by Eq.(10), while the dashed curves are the re-
sults of nominal potential U(r). As shown in this figure,
there is a dramatic difference between the two poten-
tials, especially for the imaginary part. We can see in
Eq.(10) that the effective imaginary potential with the
first-order eikonal correction depends on the product of
the real and imaginary potentials and their derivatives.
Thus the effective imaginary potentials rapidly increase
until they reach maximum value in the central region of
the nucleus, and then they reach minimuim in the surface
region. A drastic increase of the imaginary potential for
small values of r corresponding to increased transmission
is mainly due to the correction term in Eq.(10). In the
traditional optical model, it is assumed that the imagi-
nary part of the potential is responsible for the absorp-
tion process in the nuclear reaction and its shape should
not be affected by the real part. Nevertheless, in the
present eikonal model with the first-order correction, we
can find that the drastic increase on the absorptive po-
tential in the small r region are due to the larger real
potential compared with imaginary one. In the small r
region, the effective imaginary potential of the first-order
eikonal model is small compared with the effective real
potential. As a result the projectile ion can penetrate the
nuclear surface barrier of the target, and the cross sec-

FIG. 4: (a) Real and (b) imaginary parts of the effective
potential for the '2C + 12C system at E),,= 240 McV.
The solid and dashed curves are the results for the first-
and zeroth-order eikonal corrections, respectively.

tion becomes sensitive to the value of the real potential
in the central region.

As is well-known, a behavior of the effective potential
in the small r region is reflected in the phase shift func-
tion. Figure 5 shows angular momentum dependence of
the real and imaginary parts of the eikonal phase shifts.
The solid curves are the first-order eikonal model, while
the dashed curves are the results of the ordinary eikonal
model. The real phase shift vanishes nearly quadratically
as the L increases. The real phase shift of the first-order
eikonal corrections is less values than the result of zcroth-
order eikonal phase shift at L < 7 and, however, is greater
ones than one of zeroth-order case at L > 7. On the other
hand, we can find the dramatic variations of the imagi-
nary phase shifts for this system, as expected. The strong
absorption in the nuclear surface plays a dominant role
to the scattering amplitude and thus to the characteristic
diffraction pattern of the angular distribution. The large
angle behavior is sensitive to the details of the real opti-
cal potential over a wide radial region from the nuclear
surface towards the interior.

IV. CONCLUSIONS

In this work, we have analyzed the elastic scattering
of 12C+ '2C system at E;,, =240 MeV by using the first-
order eikonal model based on the Coulomb trajectories
of colliding nuclei and squared Woods-Saxon potential.
We have found that the calculated results using the first-
order eikonal model are in reasonable agreement with
the observed data. Through near- and far-side decompo-
sitions of the cross section, we have shown that near-side
dominates at forward angles, and the refractive oscilla-
tion of this system is due to the interference between the
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FI1G. 5: (a) Real and (b) imaginary part of the effective
phase shift for the '2C + '2C system at Ej,p,= 240 MeV.
The solid and dashed curves are the results for the first-
and zeroth-order eikonal corrections, respectively.

near- and far-side amplitude. The elastic scattering pat-
tern at large angles was dominated by the refraction of
the far-side trajectories. The presence of a nuclear rain-
bow is also evidenced by the classical deflection function.

The strongly real and weakly imaginary optical poten-
tials are found and they support the presence of nuclear
rainbows in the angular distribution of this system. We
have also found that the effect of first-order eikonal cor-
rection on the imaginary potential is important in this
case. The strong real potential give a drastic effect on
the effective imaginary potential for '2C + !2C system
at Ejp= 240 MeV. The refractive part, dominated by
the far-side component of the scattering amplitude, is
sensitive to the real heavy-ion optical potential at small
radii. The imaginary effective potential of first-order
eikonal model have pronounced minimum between cen-
tral and surface regions of nucleus, while the nominal
imaginary potential increase monotonically. Such a ef-
fective potential is reflected in the phase shift function.
The strongly real potential gives a drastic effect on the
imaginary phase shift for 12C + 12C system at Ej,p= 240
MeV. We can also see in the imaginary phase shift calcu-
lated with the real potential that an absorption of partial
waves for large angular momentum increases, whereas the
absorption decreases for small angular momentum, com-
pared to the result without the real potential. The strong

absorption in the nuclear surface plays a dominant role
to the scattering amplitude and thus to the characteris-
tic diffraction pattern of the angular distribution. The
large-angle behavior is sensitive to the details of the real
optical potential over a wide radial region from the nu-
clear surface towards the interior.
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