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1. Introduction

General definition of a Lie ring is a ring¥ L,
except that there is no assumption of associativity
or of a substitute for associativity, satisfying the
following two axioms (for all a, b. ¢. e in L): (1)
a"=0 (anti-commutativity). (2) ab.c4+bc.a+cab=
O (Jacobi identity). The definition of an algebra
over a field F is a ring A which is simultaneous-
ly a vector space over F in such a way as to
satisfy 1.ab=2ab=a Ab for all 4 in F and a.
b in A- A Lie ring which is simultaneously an
algebra is called a Lie algebra.

There 15 as yet not much of a coherent theory
of general Lie rings or infinite dimensional Lie
algebras. In this paper. the most part is discus-
sing finite-dimensional Lie algebras. but of course
there is no point in making this assumption when
it 15 not needed. So there will be a blanket

assumption of finite-dimensionality.

LN . SIS cid

The basic example of a Lie ring is obtained as
follows. Let A be any associative ring and intro-
duce in A new multiplication [ab) =ab—ba: this
operation we call commutation. The importance of
this example is so immense that in the literature
on Lie algebras it is customary to use brackets
for the operation. evey when the object under
discussion is an abstract Lie ring and no associa-
tive ring is in sight.

A denvation of a ring A is an additive mapping
D of A into itself satisfying (ab) D=aD.b+a.bD
for all a. be A. The product of two derivations is
useless in this paper. But the commutator of two
derivations turns out to be a derivation. Hence the
derivations of any ring form a Lie ring. The
property of the derivation of the ring A is similar
to the one of the tangent vector on a manifold. In
this motivation. some algebraic properties (e.g..
power series with matrix coefficients) on Lie

algebra could be applied to characterize the prop-

erty of the tangent vector on a manifold.
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The purpose of this paper, therefore. describes
the extension properties of representatins on Lie
algebras of power series rings over the commuta-

tive rings.
2. Basic Facts.

Determination of the Lie Algebras of Low

Dimensionalities.

The proof of following facts are in the N.
Jacobson book [1962]

If le,. es- - -%=€, ! is a basis for a Lie
algebra L. then [ee]=0 and [ee,] =—[eje.].
Hence in giving the multiplicatin table for the
basis, it suffices to give the product [ee;] for 14

(A) dim L=1. Clearly. L is abelian (in Lie
algebra version all Lie product of two elements 1s
zero).

(B) dim L=2. Let lef} be the basis of L.

(Subcase 1). If L®=0. then L is abelian.

(Subcase 2). Let L?#0. Let fedl be the basis
of L. Then [e f]=e=-(f e]

(C) dim L=3. Let le. {. gi be the basis of L.

(Subcase 1). I L?=0. then L is abelian

(Subcase 2). Let dim L?=1 and L% be con-
tained in the center of L. Then the multiplicable
table is. (if assume [f g]=e)[f g] =e, [e f]=0,
and [e g]=0.

(Subcase 3). Let dim L“=1 and L? be not
contained in the center of L. If we assume [e f]#
O, then the multiplicable table is:

[e fl=e. [e g]=0 and [f g]=0

(Sucase 4). Let dim L*=2. Then L? cannot be
the non-abelian two-dimensional Lie algebra. let
L2=Ke+Kf, where K is the field. Then the multi-
plicable table is

e 1=0. [e gl=ae+ 3f and [f g]=7Ye+ ol
where a. 8. 7. & € K and e d—a g0

3. The Extension Properties.

Let K be an algebraically closed field. Mn(K)

the ring of n x n matrices over K. and K[t]=
{ i§0 a;tt| a; €K}
the power series ring. Consider the set
M (K[t ] ={ _EoAitil A; €M, (K) }
i=

with the usual addition, multiplication and scalar

multiplication over K. it is an algebra. Using the

commutation :
[$ A S8;0]=C5 At EBit)
i=0 ;=0 i=0 i=0
—( E Bjtj) ( § Aitj)
i=o =0

Mn(K[t]) becomes the Lie algebra. We also con-
sider the sub—Lie algebra Loo =

{ At ] A€My 001= eMy K[1D)

of Mn(K[t]). That Leo is important may be equal
to have the similar properties of tangent space on

a manifold. We can thing another sub—Lie algebra

M KD = E At | A€M (0}

on Mn(K[t]). Clearly, t*Mn (K[t]) is a sub—Lie
alebra of Loo. Let EMn (K[t]) be the quotient of
L® under t*Mn (K[t]). Then EMn (K[t]) becom-

es a Lie algebra and abelian.
The Main Question

Let L be a Lie algebra. and let 2 be a
representation from L into EMn (K[t]). When can
P be extended to the representation @ which

maps L to Loo. such that 7 = =p, where 7 is
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the natural homomorphism from Loo into EMn (K
[th. i e.
L

EMn (K[t])

The following result is the criterian for the
extension of the representation £ on the abelian
Lie algebra.

Theorem 1. Let [x'. x°+ + - . x" be the basis

of L. and let

pxd =3 x;ti, (1<i<n)
=1

) -
the bar means the equivalence class for 3 x'¢!
=1

in L*® Then £ can

if and only if the subset {x!; x* . .

be extended to p*
- x" 1t of
Mn(K) is commutative with respect to the matrix
multiplication.

Proof. Suppose that P can be extended to p=.
le. p=m p=. Let p=(Xi) = _E_'}IY: t for 1<icn.
Then = p°°(X‘)=P(Xi) and slo

ErX;tj = 3 Y!Ij for 1<a<n.
j= =1 - -

. g I | & o i

Since '21 th - .Zl th € t2 M (K[t ],
i= i=
so X4 = vi for.
. 0r i — ) L |
1< i < n. Therefore. PP )—Xlt‘f‘ _Ezyjt .
i=

To show that the set |x';.x“,.+ « « x")] is com-
mutative. we choose any two matrices x"; and
x9 1n the set. Since L 1s abelian, [X"X"] =0. By

the hypothesis, o> is a Lie homomorphism. and

SO we note

0=p=([x*x9]) = [p=(xP) p=(X9)]
=p=(XP) p2(X1) —p=(X9) p=(XP).

By computing the product of power series, we
obtain

0= X —XIXP) ¢? + i;fjaz,-t".
where Z, ¢ Mn(K). Hence XBX] =X7Xf ie
commutative.

On the other hand, suppose that the set
Ix',. x*.+ + -+ x"} is commutative under the
matrix multiplication. Let us define g~ by p=
(x)= x'"1t for 1¢<n. Then we can extend lLinearly
p= as a function on L, and then clearly = p*
=p. To show that £= is an extension of £, we
must prove that 2 is a Lie homomorphism.
Clearly the addition is preserved by 2. so we
need to check the preserving of the Lie product
about 2= Let X. YeL. and let

. . n . .
X = a'X' and Y=Y b'X,

A s

where a'. b' & K (field). Since L is abelian, so
[XY]=0, and so p= ([XY])=0 by the defini-

tion of 2% Now

[ 0= 00p=()] = p=(X)P=¥) —p=(V)p>X)
n no
=¥ (¥ a'b!x'x) n?
ji=1 =l 11
n n . . - .
— S (X bla'xxHt?,
i=1 j=1 11
Since |x'|.x7. - - - x")l is a commutative set
with respect to the matrix multiplicatin, so [ p*
(X) P2=(Y)]=0. Therefore. 2= ([XY])=[#£=(X)
2=(Y)]: 1e. p>= is a Lie homomorphism from
L into L™ which sansfies = p==p
The following theorem is the criterian for the
extension of the representation £ on the non-

abelian Lie algebra with 2 dimensions.

Theorem 2. Let L be non-abelian Lie algebra
and 2 dimensional. and let { X, Y} be the basis of
L such that [XY]=Y. Then in order to exist an
extention P oo of P, the sufficient and necessary

condition is that 2(Y)=0 in EMn(K[t]).
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Proof. Suppose that there is an extension p =

of £. and let

p=E xpt,  p= F vei

and

PO = Art, pmn) = b

Since # #¥ =p ., as the proof of Theorem 1. we

can conclude that

LX) = Xt + 'gz Aiti
and =

P =Yt + ,ngit‘

Since  p=(Y) = p>([XY]) = [p=(X)p=(Y)]
=0 P )— o2 ) p=(X),

e .
Yt + ¥ B! = (XY, —Y, X, )2
i=2

+ (X1By+ XY, — Y X,—B, X )t3 + ...

and so Y,=0. Hence

D= .§Yit‘—=0 in EM, (k[t])
i=2

On the other hand,_as’_uﬁse P(Y)=0 in EMn(K
[t]), and let p(X)= i§l X' If we define p= by
PEX)=Xt and p=(Y)=0. then it becomes
immediately a function on L. since L has the
basis {X. Y}. and also 7 2= =p. Since P=(Y)
=P,7([XY])=0 and 2=(X) P(Y)-p=(Y)p™=
(X)=0, so the function P> is clearly a Lie
homomorphism on L.

In Theorem 2, if we take the Lie algebra which
satisfies [XY]=X. then we can replace p(Y)=0
by £(X)=0.

The following result is the necessary and suffi-
cient condition for the extension of the representa-
tion on the non abelian Lie algebra with 3 dimen-
sions. The result also has immediately corollaries
on certain condition of the Lie algebra.

Theorem 3. Let L be a 3-dimensional Lie

algebra with the basis |X. Y. Z| which satisfies
[XY]=Z. [XZ]=[YZ]=O0. Then.there is the ex-
tension = of P if and only if £(Z)=0. X,Y,-
Y, X;=C, X;C=CX,. and Y,C=CY, for some C
in Mn(K). Where

POO = .i}xiti, P = i_":l Yo,

and P(Z2) = 5 Zilti
i=1

Proof. Suppose that there is an extension p =

of £ such that # p®=p Let

p“’(x)=.§."iti» P> = 8 B;ti,

i= i=1
and P=(@2) = 3 ;i
i=1

We can conclude that X,=A,. Y,=B,. and Z,=
C,. since 71 ¥ =p,

X =Xt + 5 Al p=¥)=Y,t+ 3 B;ti
and = =

PE@=Zit+ 3, Gt
12

Since 2> is a Lie homomorphism, we can obtain
PEL)=P2([XY])=[P=(X), £=(Y)]=pr=(X)

PEY)-P (YY) Po(X).

And so

g .
Zyt + 'Z—':zcitl = (XY, =Y X ) t2 eeeene
iz

Hence. Z,=0 and C.,=X,Y,~Y,X,. This implies
that

pZ)= i Ziti=0-'
i=2

To show that X,C.=C.X, and Y,C.=C.Y,, we
first obtain the following identities:
O= PZI[XY]) =P =(X) P =(Z)- P Z) P (X)
=(X,C,-C X'+ - -
and, similary.
O= p=([YZD)=(Y,C,=Coy)th - -
On the other hand. suppose that £(Z)=0 and
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there is the matnix C € Mn(K) such that
XY, -Y X,=C. X,C=CX,. Y,C=CY,.
Define #7(X)=Xit. p>(Y)=Y,t. and p>(Z)=
(X,Y,=Y X)) t% then. clearly 7 poc(Y)=p(Y)
and 7 p=(Z)=p(Z2)=0. We can also linearly
extend #~on the whole L. Then 70~ = pand p°
is linear on L. Toshow £* is a Lie homomorph-
ism from L into L™, we choose A. BeL such
that
A=a,X+a.Y+ agZV and B=b,X+b.Y+b.Z,
where a. b, € K (1=1. 2. 3). Since L has the
anti-commutative property.
[AB] =a b, [XY] +a,b[XZ] +a.b, [YX] +asb.
[ZY) +a,bs[ZX] +a.bs[YZ)
Since [XY]=Z and [XZ]=[YZ])=0. we have the
following equality :
[AB]=(a,by—a.b,) Z.
Hence p=< ([AB])=(a,b,—a.b))
(ayby—azb XX, Y=Y X)t%
By computation we get the following result:
P=(A) P=(B)-,P=(B) £7(A)
=ab, (XlYl_lel)t3+albIS[XI(XIYI_Y]Xl)Xl]

p= ()=

t.'l

+axb [V, X0 =X, Y 1P+ asb, [Y (XY, =Y, X ))-
X)Y,-Y, X))Y, )

+asb [(X, Y, =Y X)X, =X (X, Y =Y, X, ]t
Claim :

XX Y, =Y X)X, Y, =Y, X)X, =0 and

Yi(X) Y, =Y, X)=-(X,Y,-Y,X))Y,=0
[f we assume that the claim is true. then
P[AB])=P>=(A) P™(B)-p,(B) p=(A)

This implies that p= is a Lie homomorphism.

To prove the above claim. let us consider the
following identity:
) (XY X =Y X X=X X Y =X, Y X))+
(Y, X0 X=X, Y, X )=(X, Y X, =X, X, Y )=0
Since X,Y,-Y,X;=C. we get two identities.
Y X -V, XX, =CX, and X, X,Y,-X,YV,X,=

X, C
Hence. the equation (*) changes as

CXi=X,C+(Y X)X, =X, Y X )=(X, Y, N, -
X X\Y)=0
Since CX,;=X,C by hypothesis. we have

NOGY =Y X=X, Y, -Y X)X, =0
Similarly. using (‘Y,:iY,(‘. we can show the
other’s identity. This completes the proof

Corollary 1. Let L have the propertics as in
Theorem 3. except [XY]=X. [NZ]=[YZ]}=0.
There is the extension #* of ¢ if and onlv if p
(X)=0 and Y,Z,=2,Y,.

Proof. The method of the proof is almost all
the same g the one of Theorem 3" except taking
PrX)=0. 2 (Y)=Yt. and ke ™ (Z)=Z,t.

Corollary 2 Let L have the properties as in
except [XY]=0. [XZ]=aX+3Y
and [ZY]=7X+8Y. where ag-7 3#£0.
Then there is the extension'p ™ of £ if and onlv
i p(X)=0=p ()

Proof The method of the proof is also similar

Theorem 3.

to the one of Theorem 3.

In the case of the Lie algebra heing Nilpotent.
I am trying to solve the extension problem. but I
do not have any concrete solution of the problem.
I have only partial solution of it. The solution is
that: Let L be a n-dimensional Nilpotent Lie
algebra with maximal nilpotent index m and with
the basis |X. Y. - - .. Z|. Let

POO= ¥ X1, py= 3 v,
=

p(Zy= X 7,1

171
If P can be extended to . then any m-times
Lie product of elements of X Y, ceenn 2y s
zero. I am not sure whether the converse is frue

or not.
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