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Summary

This paper considers the extensions of the k-semiring homomorphisms. We prove that each k-semiring

homomorphism f:R = S induces the unique ring homomorphismT:R =S such that f(a) = f(a) for all ag R
and there exists a homomorphism ¢: Hom(R, $) > Hom(R, S) and that f is an isomorphism if and only if

T is an isomorphism and study their some properties.

1. Introduction and preliminaries

One of the more interesting aspects of any
algebraic structure is the study of homomorphisms
of that structure. It is usually interesting to see
what properties of a structure are preserved under
homomorphisms.

Louis Dale [2] was concerned with extending
certain halfring homomorphisms to the homo-
morphisms of the ring of difference of the halfr-
ing. Moreover Y.B. Chun, H.S. Kim, and H.B. Kim
[1] constructed the extension ring of a k-semiring
by adding a set to the k-semiring and giving adequ-
ate operations,

In this paper, we will be concerned with exten-
ding the k-semiring homomorphisms to the homo-
morphisms of the extension ring of the k-semiring
and determining what properties of the k-semiring
homomorphism are preserved under the extension,

We must first introduce the extension ring of
the k-semiring.

Let R be a k-semiring. Let R’ be a set of the
same cardinality with R-{0} such that RMR’ =¢ and
let denote the image of a €R-{0} under a given
bijection by a’. Let @ and @ denote addition and
multiplication respectively on a set R = RUR'
as follows;

a®b=h+b ifa beR

x+y) if a =x', b=y'eR’
c if aeR, b=y'eR’, a=y+c
¢’ if aeR, b=y'eR’, atc=y

where c is the unique element in R such that either
a=y+c or atc=y but not both, and

a@b=fab  ifa, beR
xy if a=x’, b=y'eR’
ay)’ if aeR, b=y'eR’.
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It can be shown that these operations are well
defined.

Theorem(1-1). If R is a k-semiring, then (i,@,@,
is a ring, called the extension ring of R.

Proof, Referto [1].

Remark (1-2). Let ®a denote the additive
inverse of any element aeR and write a® (ob)
simply as a @ b. Then it is clear that a'=—a and
a=0a’ for all aeR.

2. The extensions of the k-semiring homomor-
phisms

In this section, we assume that k-semirings
always have the extension rings,
Theorem (2-1). If f : R-S is a k-semiring homo-
morphism, then there exists the unique ring homo-
morphism f:R- 3 such that f_(a) = f(a) for all aeR.
Proof. Define f : R ~ S by f(a)=f(a) for all
a€e R and f(x') = (f(x))’ for all x'eR".

If a =DbeR,then fla) = fla)= (b= f(b).If a=
b=x'ER’, then -f-(a)z T(x')Z(f(x))' =?(b). Thus
fis well defined.

We claim that f is a homomorphism.

If a, beR, then f(a®b)=f(a+b)=f(a+b)=f(a)+i(b)=
f()BF(b)=f(a)+f(b). 1If a=x’, b=y'eR’, then F(agh)=
fGcty) V= (x+y)) =(£(x)+£(y)) < Fx XD y)) =X x)D
(Y= )M Y)(x) D (f(y)) =f(x )@y )=f(a)ef(b)
If a eR, b=y’ eR’, a=y+c, then T(&Bb)=f(c)=f(c)=
f(a)B(f(y)) =f(a)f(y' )=T@)@E(b) since f(a)=f(y)+
fc). If a €eR b=yeR’, atc=y, then Na@b)=f(c')=
(f(c))'=f(aBf(y))'=T(a)(y")=Fa)Pi(b) since f(a)+
f(c)=f(y). If a, beR, then f(a@b)=f(ab)=f(ab)=
f(a)f(b)=f(2)Of(b)=f(a)Bf(b). If a=x, b=y’ eR/,
then f(a®b)=f(xy)=f(xy)=f(x)f(y)=(f(x))' &({(y))’ =
f(x")Of(y')=f(a)@f(b). If 2¢R, b=y’eR’, then f(a®b)
=H((ay))=(fay)) =(Ra)(y)) =f(@)6(f(y)) =K 2)0T(y)
=f(a)@f(b). Thus f is a homomorphism,

If g:R>§ is another homomorphsm such that
g(a)=f(a) for all aeR, then g(x")=g(Ox)=Ce(x)=

?f(x)=(f(x))'=?(x') for all x'eR’. Thus g=f. Hence

f is the unique homomorphism,

Definition (2-2). If f:R—> S is a k-semiring
homomorphism, then the map TR -»5S given in
theorem (2-1) is called the extension of f to ﬁ

By theorem (2-1), each k-semiring homomor-
phism f:R—> S induces the unique ring homomor-
phism 'R —S. It is clear that Hom(R,S) is a
commutative monoid under addition defined by
(f+g)(a)=f(a)+g(a) for each aeR. Likewise Hom
(ﬁ,g) is an abelian group.

Theorem (2-3). If R and S are k-semirings,
then the map y: Hom(R,S) — Hom(l_i,g) given by
¢(9=f is a homomorphism.

Proof. By the uniqueness of f in theorem 2-1),
it is clear that ¢ is well defined. If f and g are
in Hom(R,S), then @(f+g)=f+g and ¥ (f)+y(g)=f+g.
Since (f+g)(a)=(f+g)a)=Hal+g(a)=T(a)+&a)=(F+gXa)
for all aeR and (Frg)(x)=((f+g)(x))'=({(x)}+g(x))'=
(£x)) +(8())'=E(x'y+g(x)=(F+g)(x') foy all x'eR’,
fﬁ=f_+gT Thus ¢ is a homomorphism.

Theorem (24). If f:R -8 is a k-semiring homo-
morphism, then f is an isomorphism if and only if
fis an isomorphism.

Proof, If Fis_injective, it is clear that f is injec-
tive since f(a)=f(a) for all acR. Suppose that f is
injective and F(a)=?( b).

If -a, beR, then it is clear that a=b,
b=y'eR’, then f(x")=f(y") implies (f(x))'<(f(y))'.
So, f(x)=f(y). ie. x=y. Thus a=x"=y'=b. If aeR,
b=y'eR, then f(a)=f(y')=(f(y))’ implies f(aty)=f(a)+
f(y)=0. Since f is injective, a+y=0.

Thus a=y'=b,

Now if f is surjective and f is not surjective,
then S-f(R)%#¢. If seS-f(R)CS, then there exists
x'eR’ such that f(x)=s since T is surjective, Thus
(f(x))'=f(x")=s. So, 5€§'NS.
This is contradict to S'ﬂS=¢.
tive. Suppose that f is surjective and y' is an ele-

If a=x',

Hence f is surjec-

ment in S'. Then y is an element in S. Since f is
surjective, there exists xeR such that f(x)=y. So,
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x'eR’ Cl_l and f—(x')=(f(x))'=y'

Theorem (2-5). Let f:R—>S and g:S—L be the
k-semiring homomorphisms. Then gf=gf

Proof. If xeR, then (gN(x)=(gN(x)=g(f(x))=
TEO)=g(f(x))=(gN(x). If x'eR’ then (gN(x)=
((&N(x))"=(&(f(x))' =g(((x)) )=g(f(x ) =(gfH x').

Corollary (2-6). If f:R—> R is a k-semiring
homomorphism, then

(l)lelﬁ’ and

(2) (B =(FV)if £ exists.

Proof. (1) if xeR, then TR(x)=lR(x)=x=1§(x).
If x'eR’ thenTR(x')=(1R(x))'=x'=lR(xl o

(2) By (1) and_theorem (2-5), f(£1 )=t )=lgp
=1y and (1) T=(? D=TR=1§. It follows that
(O if £ exists.
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