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On the Metrization and Completion for the Filteration Topology

Kun-Sik Ryu, Jin-Oh Hyun

Summary

In this paper, we treat to the problem of metrization for filteration topology and find to the condition for the completion

of the filteration topology.

Preliminary

One of the classical problems of topology involves finding
condition on a topological space (E, E) such that one can
define a metric d on E x E such that the metric -Ed induced
on E by d identically E.

In this paper, we treat to the problem of metrization for
the filterization for the completion of the fiterization to-
pology.

In this section, we establish basic teminology and recall
certain known results relevant to our discussion. Let Nbe a
set of all natural numbers and R is a ring. Let E be a left
R-module.

DEFINITION (1.1) A family (E, |nEN}is called the filtera-
tion on E, if E’s are submodule of E such that E OF | 1
for nEN, that is, a filteration on E is a decreasing sequence of
submodules of E.

Using the above definition, we have

PROPOSITION (1.2) Let [ E | be a given filteration on
E, E is a set of subset V of E where for vEV there exists a
mtural.number np such that ‘”'Ena is a subset of V. Here E
is called the filteration topology.

The following consequence of the above proposition
reflects a basic properties of the filteration topology.

PROPOSITION (1.3)  In the above proposition, | v+E, |
nEN, v€E | form a base for the filteration topology (E, E).

COROLLARY (1.4)  The filteration topology is a first
countable space.

PROPOSITION (1.5) Let K be a submodule of E. Then
E is open in E if and only if E CK for some n€N. Further-
more, if a submodule is open then it is also closed.

COROLLARY (1.6) In the above proposition (1.5),

each of the submodules E are both open and closed in E.

Here, we introduce the important property of the filters-
tion topology.

PROPOSITION (1.7) Let E be a left R-module with
filteration | E |- Then E is a Hausdorff space if and only if

N _E =0,
neN !

DEFINITION (1.8) Lef E be a left R-module with the
filteration E . A sequence { P ) in E is said to converge if
there is a p€E with the following property: For each natural
number k, there is a natural number n, such that n>n,
implies that p-p €E;..

And we write {p > = p. A sequence (py) in E is called a
Cauchy sequence if given any natural number k, there is
a natural number no such that m,nn, implies that p-p,€
Ey.

PROPOSITION (1.9) If a sequence {p, ) of E be a con-
vergent sequence, then it is also a Cauchy sequence.

Let Z be the set of all integers. Then Z is a left Z-module.
Let ( p,, } be the sequence of all prime numbers such that
PP for D4, Z, = ( - ppZ and x; = Xp. ThenZ is
a submodule of E and F‘nDF‘nu for nEN. Moreover, a
sequence { x,  is a Cauchy sequence but not convergent
sequence. Hence, the converse to the above proposition is
not true.

DEFINITION (1.10) A left R-module E with the filtera-
tion {E | is said to complete if E is a Hausdorff space and
every Cauchy sequence converges to some element of E.
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In this section, we find that the filteration topology is 2
pseudometric space and that the filteration topology is a
metric space if it is a Hausdorff space.

DEFINITION (2.1) Let E be a left R-module with the

filteration { E;}. For each non-empty finite subset H of N, .

we defined the subspace Ey ofEbyBH=néNEnandthe
real number p,; = néNz-n' Here, for nEN, n<H means that

n<k for all kEN.

By the above definition, we have directly following lem-
mas.

LEMMA (2.2) Let H be a non-empty finite subset of N
andn€N. Ifp, <2Mthenn <H, thenEy CE,.

LEMMA (23) LetK, andK, be non-empty finite subset
of N with Py, + Py, < 1. Then there exists a non-empty
finite subset K of N such that Pk, +Py, =Pk

Using the above lemma, we have

THEOREM (2.4) Let E be aleft R-module with a filtera-
tion E_ . Thena filteration topology E is a pseudo-metric
space.

PROOF. We define the real-valued function d: ExE + R
by d(x,y) = 1 if x-y is not containned in any Ey and by
d(x,y) = i::f{ pulixy€ EH] otherwise. Let x,y,z € E. Then

since xy € E; implies y-x € En d(x,y) = d(yx) and by the
definition, d(xy) > O is obious. Now, we must be show
that d(x,2) < d(xy) + d(y,2). If d(x,y) + d(y,z) > 1 then the
given inequlity is trivial. Hence suppose that d(x.y) + d(y,2)
< 1. Then there exists a positive real number ¢ such that
d(x,y) + &(y,2) + 2¢ <1. By the definition, there exists non-
empty finite subsets K,, K; of N such that xy € E’k, )
y-zelik2 al\dpkl <d(x,y)+e,pk2 < d(yz) + €. Since
P, * P, < 1, by the lemma (2.3), the exists a unique
finite subset K of N for which py = Py, + Py,- And since
Ep t Emj CE, for n,ij € N, by the lemma (2.2), E’k. +
F’kz C Ey. It follows that x-z = (x-y) + (y-2) €E; and hence
d(xz) <py = Pk, * Py, < d(xy) + d(yzz) + 2e <1. Since
€ was arbitrary, we have d(x,2) < d(xy) + d(y;z). This
completes the proof.

Let us write x *y if and only if d(xy) =0. It is clear that
this is an equivalence reration in E which partitiong E into
equivalence classes. moreover, d(x,y) = 0 if and only if
0= iﬁf[ P, | Xy EEy ]ifandonlyifx-yeEnfon!lnEN

ifmdonlylfx-y&nenN E,. Simon&Eniltmbmodule

of E, we obtain a quotiant module E / n&En' Moreover,

we have E/ngNEn=E/‘. Here,ifa-x+nQNEn.b=y+
O Eq define d*(ab) = d(xy), then (B / ,O\E,, %) is a

metric space.
THEOREM (2.5) Let E be aleft R-module with a filtera-
tionE,. IfEisa Hausdorff space.

PROOF. Since E is a pseudo-metric space, we must show
that for xy € E, d(xy) =0 implies x = y. Hence suppose
that d(x,y) =0. ThenO= iﬁf[pﬂ | Xy € EH} which implies
that for 21, there exists a non-empty finite subset H of N
such that py, < 2™. By the lemma (2.2),n <Hand xy €

EyC En‘ Hence for n € N, xy €E, that is x-y En&En.
Since O\, =0, x =y which implies that d is a metric on E.

Compactness, Completion and Quotientness

In this section, we find to the some properties of the
compactness, completion and quotientness for the filteration
topology.

DEFINITION (3.1).  Let E be a filteration topology.
Associate to each a E and to each non-zero element r of R
the translation Ta and the multiplication operator My, by
the formulas Ty(x) = a+x, Md{x) = rx (x€E).

A useful property of the filteration topology is as follows:

THEOREM (3.2). Let E be a filteratjon topology. Then
T,isa homeomorphism and My a continuous function. In
particular, if 1 is invertible, then My is a homeomorphism.

PROOF. The R-module axioms implies that T, is bijec-
tive and (T,7' = Tq. Let V be open with atx € V. If
y € (Ta7' (V) then y € V4, i.e, y+a € V. Hence there exists
np € N such that (y+a) + Eny C V. Then y+Ep, C (TqJ" (V)
which implies that (TgY"' (V) is open. Therefore T, is a con-
tinuous function. Similarly, we have (T;T'(.V) is continu-
ous. This prove that Ty is a homeomorphism. Now, let W
be open with rx € V. If y €(M[J" (V) then ry € V. Hence
there exists n; € N such that ry+Ep, C V. Here, y+Eq is
open and y € y+Ep. Since M{(y+En,) = ry+En C V, y+Ep,
C (Me J'* (V) which implies that (M J!(V) is open. There-
fore, M is continuous. Suppose that r is invertible. Then
M is bijective and (M¢}' = M,-1. Hence, M is 3 homeomor-
phism. k

In the above results, we have easily following property.

COROLLARY (3.3) In the filteration topology, the

module operations are continuous.
LEMMA (3.4) Let E be a filteration topology and A open
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