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ABSTRACT. For various fuzzy numbers, many operations have been calculated. We
generalize about triangular fuzzy number and calculate four operations, addition
A(+)B, subtraction A(—)B, multiplication A(-)B and division A(/) B for two gener-
alized symmetric triangular fuzzy numbers.
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1. Introduction

Let (©,3, P) be a probability space, where Q denotes the sample space, § the
o—algebra on 2, and P a probability measure. A fuzzy set A on Q is called a
fuzzy event. Let pa(-) be the membership function of the fuzzy event A. Then the
probability of the fuzzy event A is defined by Zadeh([5]) as the integral for pa(-)
on 2 with respect to dP.

B(4) = /ﬂ pa) dPW),  paw): Q- [0,1]

The operations of two fuzzy numbers (A,ua) and (B,un) are based on the
Zadeh's extension principle([6], [7], [8])- We consider four operations, addition
A(+)B, subtraction A(—)B, multiplication A(-)B and division A(/)B.

We defined the normal fuzzy probability using the normal distribution and cal-
culated the normal fuzzy probability for quadratic fuzzy number([2]). And then we
had the explicit formula for the normal fuzzy probability for trigonometric fuzzy
number. Furthermore we calculated the normal fuzzy probability for trigonometric
fuzzy numbers driven by the above four operations([3]).

In this paper, we generalize the triangular fuzzy number. There are many gen-
eralized triangular fuzzy numbers. But, we study only symmetric triangular fuzzy
numbers and calculate four operations, addition A(+)B, subtraction A(—)B, multi-
plication A(-)B and division A(/)B for two generalized symmetric triangular fuzzy

numbers.
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2. Preliminaries

Let (22,3, P) be a probability space, and X be a random variable defined on it.
Let g be a real-valued Borel-measurable function on R. Then g(X) is also a random

variable.

Definition 2.1. We say that the mathematical expectation of g(X) exists if

Blg(X)) = /ﬂ 9(X () dP(w) = /ﬂ o(X) dP
is finite.

Example 2.2. ([4]) Let the random variable X have the normal distribution given
by the probability density function

—(x—m)?
flx) = = e‘iF’"L, z €R,

2no

where 6% > 0 and m € R. Then E[|X|"] < oo for every v > 0, and we have

ElX]=m and E[(X -m)? =02
The induced measure Py is called the normal distribution.

Example 2.3. ([4]) Let the random variable X have the exponential distribution
given by the probability density function

f(z) = re™?*
for x > 0 and A > 0. Then we have

1 1 1

The induced measure Py is called the exponential distribution.

A fuzzy set A on Q is called a fuzzy event. Let 14 () be the membership
function of the fuzzy event A. Then the probability of the fuzzy event A is defined
by Zadeh([5]) as

B(4) = /,, pa@) dPW), palw): Q- [0,1].
Definition 2.4. The normal fuzzy probability IB(A) of a fuzzy set A on R is defined
by

P(A) =//,l.,4(:1:) dpx,
R
where Py is the normal distribution.

..58_



SYMMETRIC TRIANGULAR FUZZY NUMBER

Definition 2.5. The exponential fuzzy probability P(A) of a fuzzy set Aon R is
defined by

B() = [ nate) dPx,
where Px is the exponential distribution.

Definition 2.6. The set Ay = {z € X | pa(z) 2 a} is said to be the a-cut of a
fuzzy set A.

The membership function of a fuzzy set A can be expressed in terms of the

characteristic functions of its a-cuts according to the formula

pa(z) = sup min(a, pa. (%)),
«€(0,1]

where

1, z€A,,
0, otherwise.

ra(T) = {

It is easily checked that the following properties hold

(AUB)a = AaUBa, (ANB)a = 4aN Ba.

Definition 2.7. A triangular fuzzy number is a fuzzy number A having member-
ship function

0, z<a;, @3<7,
r—a
pa(@) ={ foes, @ ST <0y

az—%
—L—as_a2, a; <z <as.

The above triangular fuzzy number is denoted by A = (a1,62,a3)-

Definition 2.8. The addition, subtraction, multiplication, and division of two
fuzzy numbers are defined as

1. Addition A(+)B :
pays(z) = sup min{pa(z), ua(¥)}, € Ay €B.
z=z+y

2. Subtraction A(—)B :

payp(z) = sup min{pa(z),usW)}, z€ Ay € B

z=z—Y

3. Multiplication A(-)B :
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pa(ye(z) = sup min{pa(z),us(y)}, z€ A,y B.

z=xy

4. Division A(/)B :

ta(s(z) = sup min{ua(z), up(y)}, ¢ € A,y € B.

z=z/y

Example 2.9. ([1]) For two triangular fuzzy numbers A = (1,2,4) and B =
(2,4,5), we have

1. Addition : A(+)B = (3,6,9).
2. Subtraction : A(-)B = (—4,-2,2).

3. Multiplication :

0, <2, 20<z,
pags(z) = =22 2<z s,

TvO¥2% g < g <20,

Note that A(-)B is not a triangular fuzzy number.

4. Division :
0, z<i, 2<g,
5z—1 1 1
pa)slz) = i 55z <g3,
—r42 1
FHE i<z

Note that A(/)B is not a triangular fuzzy number.

3. Main results

We generalize the triangular fuzzy number. A generalized triangular fuzzy num-
ber is symmetric and may not have value 1.

Definition 3.1. A symmetric triangular fuzzy number is a fuzzy set A having
membership function

0, r<a, ap <z,
2¢(z—ay) aj+ay
/LA(I) = a;—a; ' a1 £z < 2

—2¢(z—az) a;+a
e, 0 m2<z<a,
where a;,a, € Rand 0 < ¢ < 1.

The above symmetric triangular fuzzy number is denoted by A = ((a1,¢,a3)).
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Theorem 3.2. For two symmetric triangular fuzzy numbers
A= ((a1,¢1,a2)) and B = ((b1, c2, b2)), we have

c1C2(a2 —a1+ b —bl)
62(02 - al) + (b2 - b1)’

0162(02 —ap +by — bl)
Cz(az —_ (11) + C](b2 — b])’

1. A(+)B = ((a1 + b,

az + b2)).

2. A(-)B = ((a1 — b2,

as — bl))

3. A()B is a fuzzy set on (a1b1,az2b2), but need not to be symmetric triangular
fuzzy number.

4. A(/)B is a fuzzy set on (31, 32), but need not to be symmetric triangular

1
fuzzy number.

Proof. Note that

0, z<a, 62 <,
2C1!3—012 ajtaz
[,LA((E) = az—a; a S z < 2
__2""11@"42!, a]:tzaz S T < as,
2—a3
and

0, T < b], b2 S z,

2¢a(z—b1) bi+bg

[I,B(x) = ba—b; bl .<_ r < 2

_E%z:'ﬁﬁ’ ‘_)ljé_él S < b2a

we calculate exactly the above four operations using a— cuts.
Let A, and B, be the a-cuts of A and B, respectively. Let Ay = [aﬁ"‘), aga)]

and B, = [b(la), bga)]. Since a = ﬁ%i;)a—jﬂ—) and a = —%"—;&:—:“’—), we have
() _
A, = [a§°),a§°"] = [“—22—;—“1a+a1,22€131a+a2]. Since a = 2—“’—(,)—621_761—) and o =
(e) _
~20a87b) e have B = [b{%), b)) = M+ by, BRa+ bal.
1. Addition :
By the above facts, Aq(+)Ba = [a(1°) + b&"),ag"’ + 6] = (%422 + %;—f*)a +

a1 + by, (B2 + hﬁ?)a + ag + by). Thus pa(4)s(z) = 0 on the interval [a) +

c —ay+by—b
bi,az + b2)° and payyB(T) = ;‘;ﬁ";(f:l)i‘:(;z_% at ¢ = @thiteztbz By the

routine calculation, we have

0, z<a+b, aa+b2 <,
2¢cicz(z—ay—b1) a;+bytazt+by
pana(@) = SmagTatomy wthsz< o,
_ 2¢cyc2(x—az—bz2) ay+bitagztby
cz(az—ar)+c1{ba—b1)’ * 12 <z <ag+bs,

aica(az — ay + bz — bi1)
62(02 - a1) + C](b2 - b])’
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2. Subtraction :
By the above facts, Aa(—)B, = {ala) - b(a) (") - b(")] = [(92za — bzba)g 4

2C1 262
a — bg,(ﬂi—l"2 — é2‘—"1~)oz +az ~ by]. Thus py_ )B( z) = 0 on the interval [a; —
cic +b2—-b a;—b;jta,—b
b2,az = bi]° and pacy)p(z) = ZEeIathambl) 5y 5 = aizhibe=h By ghe

routine calculation, we have

0, z<a—by, ap—b <z,
2ci1c2(x—ay+b2) _ aj—bjtaz—b;
pa-)B(T) =< Glaz—ate ba-5)’ m—by<z< 2 !

2c1c2(x—az+b1) aj~bytaz—b; _
cz(ag—a1)+c1(bg—b1)’ 2 =7 < az bl’

C1C2(a2 —ay+ b —bl)

ie, A(=)B = ((a1 - b, c2(a2 — ar1) + c1(by — by)’

2 — b1)).

3. Multiplication :
Since An()Ba = [asa) . bﬁ"),ag"’ . bg’)] = [lezzan)Cazbi)f2 4 (g 4 b)) +

4C1C2
ayhy, ﬁ%jﬁ‘ﬂza2+(ag+b2)a+agbg], #acye(x) = 0 on the interval [a; b, azbs°.

Thus A(-)B is a fuzzy set on (a1b1, az2b;), but need not to be symmetric triangular
fuzzy number by Example 3.3.

4. Division :
. _ (az—a;)a+2a1c; ¢ ay—ajz)at2azc
Since Aa(/)Ba = [33?7’ b(")] (& - Brihjatziee & - ((bi—bf):wac;]
pa(yB(z) =0 on the mterval (3%, 32]°. Thus A(/)B is a fuzzy set on (3, §), but
need not to be symmetric triangular fuzzy number by Example 3.3. 0

Example 3.3. Let A = ((1,%,5)) and B = ((2,2,8)) be symmetric triangular

fuzzy numbers, i.e.,

0, r<l, 5Lz,
paz) =4 z-1), 1<z<3,
~3(x-5), 3<z<5,

and

0, r<?2 8<uz,
pp(z) =4 glzx-2), 2<z<s5,
-Hz-8), 5<z<8,

we calculate exactly the above four operations using a— cuts.

Let A, and B, be the a-cuts of A4 and B, respectively. Let A, [a("), ag")]
and B, = [b(o‘) (a)] Since a = 5(a§°’ —1)and a = ——(aga) — 5), we have
Ay = 2ol = [Ba+1,—2a+5]. Since a = é(bga) —2)and a = —é(bga) - 8),

= 6!, 6] = [6a + 2, —6x + 8]
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1. Addition :
By the above facts, Aa(+)Ba = —a{® +,a (@ 4 b)) = |"a +3,-Ya+13]
Thus pa+)s(z) = 0 on the interval (3, 13| and uA(+)B(m) 10 at z = 8. By the

routine calculation, we have

0, r<3, 13<z,
panp@) =4 #H@-3), 3sz< 8,
~Z(z—13), 85z <13

ie., A(+)B = ((3, l.,,13))

2. Subtraction :

Since Aa(—)Ba = ol — b ol — ¥ = (Yo — 7,—4a+ 3], we have
pa(-)p(z) =0on the interval [—7,3]¢ and pa(-)B(T) = 10 at z = -2. By the
routine calculation, we have

0, rz< -7, 3Lz,
payp(@) =4 #wE+7, —“Tsz< -2,
~Z(z-3), —28<z<3,

ie., A(-)B = ((-7,13,3)).

3. Multiplication :

Since Aa()Ba = [a{ - 5,0t - b7 = [150% + 1l + 2, 1502 — 50a + 40),
pacys(z) = 0 on the interval 2,40]° and pacyB(T) = 8 at ¢ = F57. By the

routine calculation, we have

0, r<?2, 40<z,
—114/1560z 54600
30 , 252<5mn>

25—+/28+15z 54600
15 v Fm =T< 40.

paB(z) =

Thus A(-)B is not a symmetric triangular fuzzy number.

4. Division :
Since A4(/)B H—; —?—y] [-_7(—“'_—47,7(55(:?1‘%] pa(yp(z) = 0 on the inter-
val [%, € and pa()) B(:z) — at z = — . By the routine calculation, we have
00 =z<3} 3<z,
pagye(@) =3 19558 P<e<i
ig—zi—g, % <z< %

Thus A(/)B is not a symmetric triangular fuzzy number.
- 63 -



Yong Sik Yun and Jung Hyo Kim

[1]

(2l

3]

4]

(5]
(6]
7]
8]
(9l

(10]

References

J.C. Song and Y.S. Yun, On the normal Juzzy probability, Journal of Basic
Sciences Vol.17, No.2 (2004), 17-27.

Y.S. Yun, J.C. Song and J.W. Park, Normal fuzzy probability for quadratic
fuzzy number, Journal of fuzzy logic and intelligent systems Vol.15, No.3
(2005), 277-281.

Y.S. Yun, J.C. Song and S.U. Ryu, Normal fuzzy probability for trigonometric
fuzzy number, Journal of applied mathematics and computing Vol.19, No.1-2
(2005), 513-520.

Y.S. Yun, J.C. Song and S.U. Ryu, On the exponential fuzzy probability, Com-
munications of the Korean Mathematical Society Vol.21, No.2 (2006), 385-
395.

L.A. Zadeh, Probability measures of fuzzy events, J. Math. Anal. Appl. Vol.23
(1968), 421-427.

L.A. Zadeh, The concept of a linguistic variable and its application to approz-
imate reasoning - I, Information Sciences Vol.8 (1975), 199-249.

L.A. Zadeh, The concept of a linguistic variable and its application to approz-
tmate reasoning - II, Information Sciences Vol.8 (1975), 301-357.

L.A. Zadeh, The concept of a linguistic variable and its application to approz-
tmate reasoning - I11, Information Sciences Vol.9 (1975), 43-80.

L.A. Zadeh, Puzzy sets as a basis for a theory of passibility, Fuzzy sets and
system Vol.1 (1978), 3-28.

H.J. Zimmermann, Puzzy Set Theory - and Its Applications, Kluwer-Nijhoff
Publishing (1985).





