J. of Basic Sciences, Cheju Nat. Univ. ZxZngHd HEoistn
9(1), 17~28, 1996 9(1), 17~28, 1996

THE CURVATURE OF A REGULAR
CURVE UNDER INVERSION

HyuN, JIN-OH. KM, SOON-CHAN

Department of Mathematics Education
Cheju National University

1. Introduction

In this paper, our study of the curvature will be restrictied to the regular
curve in Euclidean space E® and we derive the formula which is a relation
of the curvature of a regular curve under inversion and the one of the given
regular curve. We show that if x and K are the curvatures of a unit speed
curve a and the inversion curve of a, repectively, then the necessary and

2
sufficient condition for the formula & = "—a%}-”—n is that |la(t)|| = At + B
for some constants A and B with At + B > 0 for all ¢.

2. Definition and Some Properties of an Inversion

Let the sysmbol (O)r denote the sphere with center O and radius R.
Definition 2.1. Two points P and P’ of E® are said to be inverse
with respect to a given sphere (O)g if

OP-OP' = R? (2.1)
where P, P' are on the same side of O and O, P, P' are collinear.

A sphere (O)g is called the sphere of inversion, and the transformation
which sends point P into P’ is called an inversion. As point P moves on
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a curve C, its inverse point P’ moves on a curve C' which is the inverse
curve of C. But the center O of the sphere of inversion has no inverse point
because if P is at the center O then OP = 0, which means that the relation
R? .
OP' = Op meaningless.
From now on, we take the center O as an origin of the coordinate system
in E%, and denote the distance from O to a point X € E3 by [ X||. Then we

have the following properties.

Proposition 2.2.

(1) A line through O inverts into a line through O.

(2) A line not through O inverts into a circle through O.

(3) A circle through O inverts into a line not through O.

(4) A circle not through O inverts into a circle not through O.

Proposition 2.3. Let a : (a,b) — E® be a regular curve. Define a
mapping f : E* — {(0,0,0)} — E® by for all X € E? — {(0,0,0)}

R*X R*X
0= e x = IxP 22)

Then
(1) f is an inversion,
(2) new curve @ = f o « is regular, and
(3) the arc-length 3(t) of a regular curve segment @ of a under inversion
is given by the formula
do

t
1
=F [ %
O=RJ; Tal || @

Proof. (3) Since a(t) # 0 for all ¢ € (a,b), we have

dt. (2.3)

da  df(a)
dt ~  dt
d R%’a
= EW (2.4)
_ R? da 2R? /da _
" Tal?dt  flaf® <E’°‘> %

_18_



The Curvature of a Regular Curve under Inversion

and so

da|l* /da da

] - (5%)
_/ R? da R® da
- <||0¢||2 dt”’ Jlalf? E>

_ R /da da (2.5)

et \ dt’ dt

_ R |daf’

et dt ||

By using of (1.3), we get
_ t || de
| da
=R’ / — |\ dt.

o lleli? || gt

3. The Curvature of a Regular Curve under Inversion

We derive the formula which is a relation of the curvature of a regular
curve under inversion and the one of the given regular curve. We show that
if k and & are the curvatures of a unit speed curve a and the inversion curve
of a, repectively, then the necessary and sufficient condition for the formula

2
K = ﬂa—ggln is that ||a(t)|| = At + B for some constants A and B with

At+ B > 0 for all £.
Lemma 3.1. Let a : I — E? be a regular curve, and let f : E3 —
{(0,0,0)} — E? be an inversion of . Then, for the new curve @ = f(a),

@ £a_ B fa_ 4R [da \ da
& "l & el \ &/ &

e ((da ) a4 i o
e \\ @2 ® A A
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d_az
dt

_R || &a|’, 4Rt d_a*+4m<@a>
e F a2 L Yla® Wt 1l fla® \ a2

_ 8R! [da \ [d’a da
l|||® a*/\az /)

3 <d& dza>_ Rt <da @> 2R*
O\& @) e\ @ ) " ol &

2

(3.2)

<%‘:—,a> . (3.3)

a‘oa
dt?
_R° da o’ 4R |lda®
la®lf dt = de? e Il a2 (3.4)
4R |ldo|*/da \  4R® da da \/da do
lle||*® ]| dt di?’ llee||2O dt’ dt2’ di
4R® * ) da 2
S (&)

Proof. (1) Differentation of (2.4) gives the following ;

ca _ W” al* - 2RY (% )%
att = Je®
2Bl [((S,0) + (% 4)) @+ (S,0) %]
lal®
SR ol (4 )"
lo®

_20..



The Curvature of a Regular Curve under Inversion

_ R da 2R’ [da \da 2R’ [da
T el 4 et \dt /A T et N/

2R? ||da|® _ 2R? gga>¢_13+sR2 da \*
lalf \dt %/t T\ at %/ *

TR E2

_R2 aﬂa_4R2 <d_aa d_a
“lel® d2 et \dt’ T/ dt

2R ((da \ lda|® 4 [da \?
o \\d2"" la?\a> %/ )¢

(2) From the formula (1), we get

da

dt

2

da
dt

_ [da da

T\ dt’ dt

__R |&a|® 16R! /da >2 da||®

~Tlall® || a2 laf® \at%/ |t

JAR (/fa N dal® 4 gda NV
lel® \ \ a2 ’_°‘ dt el \dt’“ @

_ 8R! <d_a <@ do
Ml \dt’%/ \dez’ dt
lof® \ a2’ a2 oz \ @t

AR (e e (0 ()
Tae \ \ a2’ af " TaE\a” 2’

_ R d2012+16R4 da 2d(12+4R4 _Jz_g 2

“lelfl @ || T TalF \dt® A

@
4R? ia_4+64R4 écla4+8R“f£ da
laf®]ldt | ~ el \ @’ alfe \ @z */ || dt
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da ||?

da 2R / o da 2

<‘d‘ > dt nau8< de?’ ><E’°‘>

da d?a da 16R* /da 2 | B
i E N @ &) i) (@)
6R* da|? 64R* /da \* 4R* /d%a \?
|a||8< > ‘W<E’“> ‘nan6<ﬁ’“>

@
d?a 2_{_16R4 @_ 2 @
uanﬁ a ol \@%/ @

32R*
IIOtll8

da

_ T AR d_a“+4R*<@a>d_a”
||01||4 di? leel® I Jlafl® \ de2 "/ ] dt
8R* da d*a do
||a|| dt?’ dt [/
(3) Differentiating both sides of (2.5), we have
[ da e\ 2R G ol - 4R el 4 0)
dt’ diz ”a”

_ 2R* /da d’a\ 4R |da
et \dt’dt2 /el dt

' (do
dt,a .

Hence we have

CEOWENTEON
a’ @) " el \ bt A ol

-22_

da

? (de
dt,a .




The Curvature of a Regular Curve under Inversion

(4) From the formulas (2.5), (3.2), and (3.3), we obtain

2

da d’a

dt dt?
_| | Lal - (e 2ay’
|| dt dt? dt’ dt?

_ R® ||de|*||a|® | 4R® ||de|® 4R® |da|*/d*a
“lafl @l @] T el a7 el \ae®
8R® ||da||* /da \ [da da\ R [da da\’
||a||1° dt PR ANPTTRIPY la||® \ dt?’ dt

4R° |\da|*/Pa da\ [da \ 4R |lda|/da \]
™l @ || \a @t /\dt el d | \at®
_R |lda || fa)® R [da da\' 4R |da®
et il at | | dt? llall® \ dt?’ dt el i dt
o AR |da|/da N\ 4R |lda|*/da \ /da da
el ae || \az°%/ ~ Ja||at || \at**/\ a2 dt
4R® ||da||* /da \?
_—“a”l2 ‘d_t <E,a> .
__B |do Lol 4R |ida )
Cla®lidt T a0l dt
4R® ||da ' (dPa N 4R® | da)l® /da |\ [ da
el || dt || \ de2’ lafl®| dt || \ dt’ dt?’ dt
4R® ||da Y/ da 2
._—I|a"12 E <_d7,a> .

Theorem 3.2. Let a: I — E3 be a regular curve with curvature «,
and let f: E3 — {(0,0,0)} — E? be an inversion of a. Then the curvature
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k of @ = f(a) under inversion is computed by the following formula

2 _lad® 5 4le)® 4 2 _[de \*
K R4 + R4 +R4" ”2 " II t2’ dt’a

_ ol /da \ [ da
R\ N d ]

Proof. By using of the formulas (1.6), (2.5), and Lemma 3.1, we have

2
L lExa
K =
N
- Rk W kA - s kAR &)
- 'Rn R"
[k | de®
4R5 2 4R® o do
W’” 2! (%2, 0)" + ko | " (42, o) (B, %)
R12
e o
2
||a|| l‘“ x G +4||a||2+4||0‘|| <7m‘, > (d",a>2
R |4 ” R RY||%2 || e ”
ol (%o >(%¢;,%)
B %

el o el 4 () _[de N
R TR TR dt2 o)~ \ar
folf(da ) (o in)
R4||%%||4 dt’ dt2’ dt /-

Corollary 3.3. Let a be a unit speed curve with curvature x. Then
the curvature k of @ under inversion is computed by the following;

2o lal® o 4lel® _ 4 [da \?
K= R4 + R ” ” tz’ R4 dt!a . (36)
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2
Proof. Let a be a unit speed curve. Then %%— =1; so (;—‘: =1.
2
Hence @, d_a = 0 by differentiation of d_a = 1. From the formula
dt?’ dt dt

(3.5), we get the formula (3.6).

Theorem 3.4. Let a: (a,b) — E? be a unit speed curve with curva-
ture « and let f : E* — {(0,0,0)} — E3 be an inversion. Also, let & be the
curvature of @ = f o . Then, for any t € (a,b),

t)|| : :
K= @n if and only if  |le(t)]| = At+ B

for some constants A, B with At + B > 0 for all ¢.

2
Proof. Let & " “ ———&«. Then, by Corollary 3.3,
da da 2

el + lal? { Zva) - (e =0 (37)

Put g(t) = {(a(t),a(t)). Then g is a differentiable real-valued function and
g(t) > 0 for all t. Differentiating both sides of the formula

(a(t), a(?)) = 9(t),

da 1,
<E{,a> = ‘2'g s (38)

where ¢’ denotes the derivative of g with respect to t. Since a is a unit speed
curve, differentiating both sides of (3.8), we have

o 1,
<dt2’a> 59 -1 (3.9)

Substituting the formulas (3.8) and (3.9) to the formula (3.7), we get the
differential equation

we have

299" - (¢')* = 0. (3.10)
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Case 1 : If ¢’ = 0, then there exists a positive constant B such that
g(t) = B since g(t) > 0 for all t.
Case 2: If ¢' #0, then, from the formula (3.10),

9" _ ¢
g 9
Hence
(2In|g'])" = (In|g])’;
and so

In(¢')> =InCiy,

where C) is a positive constant. Therefore we obtain

(9')* = Cyg.

Simplifying this equation, we get
gl
— = ++/C}.
V9 1

By integrating both sides of this equation, we obtain

where C, is a constant. To get ||a(t)|| = /¢9(t) = At + B, we choose
Va1 C.

:i:T = A and 5 = B which are satisfied the inequality At + B > 0 for

all t. Then we are done.
Conversely, let ||a(t)|| = At + B; so |la(t)||> = (At + B)?2. Then, by
differentiating both sides of the above equation, we get

<‘f1—‘:,a> = A(At + B).

By differentiating both sides of the above equation, we have
o da do 2
(@) (@)=~
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Since

dt

o
—” = 1, we have

<%2{g,a> =A?-1.

By Corollary 3.3, we obtain

2 le? 4)la)> 4 4
g = 12 Aol ) (e 1) - o
_ lolt

Hence our proof is completed.
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