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Eikonal Phase Shift Analysis for O + '°0 Elastic Scattering at Eiab
= 704 MeV by Using a Tangential Velocity Correction

Yong Joo Kim
Department of Physics, Cheju National University

The refractive elastic scatterings of "0 + 180 system at Eiap = 704 MeV have been analyzed based
on the Coulomb-modified eikonal phase shift using a tangential velocity at the distance of closest

approach. The calculated result by introducing
experimental data concerning refractive pattern in

the tangential velocity satisfactorily reproduces

the angular distributions of this system. The

Fraunhéfer oscillations observed in the elastic angular distributions could be explained due to the
interference between the near- and far-side amplitudes. The strongly real and weakly imaginary

. potentials are found to be essential to describe the refractive 160) 4 180 elastic scatterings at Eip
= 704 MeV. The refractive part, dominated by the far-side component of the scattering amplitude,
could be shown to be sensitive to the real heavy-ion optical potential at small radii.

1. INTROCUCTION

The data from the light heavy-ion systems
at intermediate energies show in their angu-
lar distributions refractive features which are
interpreted as the dominance of contributions
from the far side of the scattering center. The
refractive phenomena seen in the elastic scat-
tering angular distributions for light heavy-
ions provide a very valuable information on
the heavy-ion optical potentials. Recent mea-
surements [1-41 of elastic angular distribu-
tions for the 1°0 + 160 system at low and
intermediate energies have attracted consid-
erable interest, since they show a strongly re-
fractive, with the elastic scattering pattern at
large angles determined entirely by the far-
side scattering. Furthermore, the weak ab-
sorption of the system is expected to help to
determine the optical potential at small inter-
nuclear distances. Recently, there are several
efforts [2-5) to describe the %0 + %0 elastic
scattering. Bartnizky et al. (3] have mea-
sured the elastic scattering cross section for
160 jons on %0 targets with high accuracy
over large angular ranges at incident ener-
gies from 250 to 704 MeV, and extracted the
underlying scattering potentials using model-
unrestricted analysis. The experimental data
on this system at incident energies ranging
from 124 to 1120 MeV have been analyzed
[4] within the standard optical model, using
either the phenomenological potential or that
calculated within the double-folding model
for the real part of the optical potential.

For many years, the eikonal approxima-

tion [6-8] has been found to be very effec-
tive approach to the description of the heavy-
ions elastic scattering. There has been a
great deal of effort [9-12] in describing elas-
tic scattering processes between heavy ions
within the framework of the eikonal approx-
imation methods. The Glauber model with
first- and second-order noneikonal corrections
has been applied to elastic nuclear scatter-
ing at intermediate energies by Fildt et al.
[9]. Carstoiu and Lombard {10} investigated
the limitations of the eikonal approximation
in the low-energy regime for the calculation
of total and total reaction cross sections. In
our previous paper(13), we have presented
the first- and second-order corrections to the
zero-order eikonal phase shifts for heavy-ion
elastic scatterings based on Coulomb trajec-
tories of colliding nuclei and it has been ap-
plied satisfactorily to the 10 + 4°Ca and '°0
+ 9%07Zr systems at Eip=1503 MeV. The re-
fractive elastic scatterings of **0 + %0 sys-
tem at Ejap= 480, and 704 MeV are ana-
lyzed [14] within a framework of a second-
order eikonal model.

The elastic cross section data of 160 + 10
scattering at Ejap = 704 MeV show the pres-
ence of refractive effect in the angular dis-
tributions. It is interesting to extend the
Coulomb-modified eikonal model formalism
to take into account a tangential relative ve-
locity at the turning point of the correspond-
ing classical trajectory and apply it to the re-
fractive elastic %0 + 180 scattering at Eap
= 704 MeV. In this paper, we maintain the
Coulomb-modified eikonal form of the phase
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shift and try to replace the asymptotic veloc-
ity by tangential velocity at the point of clos-
est approach. Some investigations on the ma-
jor features of optical potential needed for fit-
ting the observed data of this system are pre-
sented. In section II, we present the theory
related with the eikonal formalism based on
Coulomb trajectories, and tangential velocity
correction at the distance of closest approach.
Section III contains results and discussions.
Finally, concluding remarks are presented in
section IV.

II. THEORY

The elastic differential scattering cross sec-
tion between two identical spinless nuclei is
given by the following formula

Y @+ fa-0F O

where elastic scattering amplitude f() is
given by the equation

16) = RO+ 5 YL+ ) exp(2ion)
L=0
x(SY ~ 1)Pr(cos6) . 2)

Here fr(6) is the usual Rutherford scattering
amplitude, k is the wave number and o the
Coulomb phase shifts. The nuclear S-matrix
elements S}f’ can be expressed by the nuclear
phase shifts §p

SY = exp(2idyL). 3)

In this work, we use the eikonal phase shift
based on the Coulomb trajectories of the col-
liding nuclei. If there is a single turning point
in the radial Schrédinger equation, the WKB
expression for the nuclear elastic phase shifts
SVKB  taking into account the deflection ef-
fect due to Coulomb field, can be written as
[7,15]

SVKB — / ” ky(r) dr — / ” ko(r) dr, (4)

where r; and r, are the turning points cor-
responding to the local wave numbers ki (r)

and k.(r) given by

k) = k1 - (24 2EED HIS;_))]‘(”),
5

and

ke(r) = k1 - (% + -‘L(—;,:,—l))}l/z, (6)

where 7 is the Sommerfeld parameter, and

U(r) the nuclear potential. The distance of
closest approach r, is given by

re= e+ P +LE+DML ()

In the high-energy limit, we can con-
sider the nuclear potential as a perturbation.
Thus, the turning point ; may be taken to
be coincident with . and

2uU(r) 112 ke(r)

k() —kelr) = kO - 37505
pU(r)
T BPke(r)’ ®)

If we substitute Eq.(8) into Eq.(4) and re-
arrange the terms, we can find that the phase
shift in terms of r. instead of L, is given by

atr) = [ " (kL (r) = ke()ldr
u e )

TRk re \JTE-12

Furthermore, we have adopted a cylindrical
coordinate system and decomposed the vec-
tor r as r = r. + zii where the z component
of r lies along fi and r. is perpendicular to i.
We may, therefore, write Eq.(9) as

s <]
- U(V/r? + 2%)dz
0
o0
= _51; / U+ A)dz, (10)
0

where v is the relative velocity of the two scat-
tering partners at infinity. This is a phase
shift for Coulomb-modified eikonal approxi-
mation.

In the semiclassical spirit, in order to as-
sure the conservation of the angular momen-
tum, one can change the asymptotic velocity

dr. (9)
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that is used to calculate the nuclear eikonal
phase shift by the tangential velocity at the
point of closest approach r,

ve(b) = Tiv. (11)

The Coulomb turning point correction in the
eikonal phase shift of Eq.(10) then takes the

form

op(re) = _ﬁ%: A U(/r2 + 22)dz.  (12)

By taking U(r) as the optical Woods-Saxon
squared forms given by

Vo Wo

U(r) =

(13)
with Ry, = Tv,u (Ai/3+A;/3), we can use the
phase shift Eq.(12) in the general expression

for the elastic scattering amplitude, Eqs.(1)
and (2).

III. RESULTS AND DISCUSSIONS

The above Coulomb-modified eikonal
phase shift with and without changing the
asymptotic velocity at the point of closest
approach r. has been used to calculate the
elastic differential cross sections for %O +
180 system at Epp= 704 MeV. Squared
Woods-Saxon potential parameters were
adjusted to obtain the least x*/N fit to
the elastic scattering data. To increase
the weight of data points at large angles
which are especially sensitive to the strength
and shape of the optical potential at small
distances, we have assumed a 10 % uncer-
tainty for all data points. The potential

TABLE I: Parameters of the fitted Woods-Saxon
squared potential from the Coulomb-modified
eikonal model using a tangential velocity at re,
for 80 + 80 system at Ej,p, = 704 MeV.

Vo(MeV) r,(fm) a,(fm) W,(MeV) r,(fm) a,(fm)

242 0.926 1.349 48.7 1.189 0.961

parameters obtained from Coulomb-modified

-1
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TABLE II: Strong absorption radii (R,), reac-
tion cross sections {ogr) and x?/N values from
the Coulomb-modified eikonal model using a tan-
gential velocity at r., for 180 + %0 system at
Ep = 704 MeV. 10 % error bars are adopted to
obtain x?/N values.

R.(fm) ag,(mb) ar(mb)® ar(mb) x**/N x*/N
6.76 1437 1476 1482 9.12 6.67

% Results from the Coulomb-modified eikonal
model using a asymptotic velocity at rc

eikonal model fit to the data are listed in
table I. The calculated differential cross
sections for the elastic scattering of ®0 +
180 system at Ejap= 704 MeV are presented
in Fig. 1 together with the observed data
[3]. In this figure, the solid and dashed
curves are the calculated results by the
nuclear eikonal phase shift with the relative
tangential velocity and asymptotic velocity
at r¢, respectively. We can see in this figure
that two calculated angular distributions are
nearly identical at forward angles but are
qualitatively different at large angles. From
the descriptions of the elastic scattering
data by the Coulomb-modified eikonal model
using the tangential velocity at r. shown in
Fig.1, we found that our calculation provide
reasonable fits to the refractive structure of
the cross section at large angles compared
with one by using asymptotic velocity. The
reasonable x?/N value is obtained as listed
in table II. It can further be seen in table II
that the reaction cross section obtained from
the phase shift using tangential velocity at
r = r. give some larger value compared to
the result using asymptotic velocity, due to
the tangential velocity correction at r..

In figure 2, we plot the real (Sgg) and
imaginary (Sinm) parts of the terms, (L +
1) exp(2iaL)(SY — 1), as a function of angu-
lar momentum L, along with the partial reac-
tion cross section or. The Sge and Srur, in
Fig.2(a), present the partial wave contribu-
tions to the cross sections in terms of orbital
angular momentum L. In Fig. 2(b), we found
that the value of the partial wave reaction
cross section increases linearly up to L= 66.
Beyond this L value, the partial reaction cross
section decrease quardratically. The strong
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FIG. 1. Elastic scattering angular distributions
for 80 + 'O system at Ej., = 704 MeV. The
solid circles denote the observed data taken from
Bartnizky et al. [3). The dashed curve is the
calculated result obtained from the Coulomb-
modified eikonal model using a asymptotic ve-
locity at r = r., while the solid curve is the one
using a tangential velocity at r = r.

absorption radius R, in table I is defined as
the distance for which [SY|? = 1/2, i.e. the
distance where the incident particle has the
same probability to be absorbed as to be re-
flected. We can see that the strong absorp-
tion radius provides a good measurement of
reaction cross section in terms of og, = 7R2.

In order to understand the nature of an-
gular distributions for *0 + %0 system
at FEpp= 704 MeV, the near- and far-side
decompositions of the scattering amplitudes
with the Coulomb-modified eikonal model us-
ing a tangential velocity at r, were performed
by following the Fuller’s formalism {16]). The
near-side amplitude represents contributions
from waves deflected to the direction of 8
on the near-side of the scattering center and
the far-side amplitude represents contribu-
tions from the opposite, far-side of the scat-
tering center to the same angle 8. The con-
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FIG. 2: (a) The real (Sge) (solid curve) and
imaginary (Sra) (dashed curve) parts of the
terms, }(L + §) exp(2ioL)(SY - 1), and (b) the
partial reaction cross section or.

tribution of the near- and far-side compo-
nents to the elastic scattering cross sections
is shown in Fig.3 along with the differential
cross sections. The differential cross section
is not just a sum of the near- and far-side
cross sections but contains the interference
between the near- and far-side amplitudes
as shown in Fig.3. This figure show near-
side dominance from the long-range repulsive
Coulomb interaction at forward angles and
far-side dominance from the short-ranged at-
tractive nuclear interaction at large angles.
The Fraunhofer diffraction pattern at inter-
mediate angles in the elastic scattering cross
section of 180 + 80 system at Ejp= 704
MeV is due to the interferences between the
near- and far-side components. The magni-
tudes of the near- and far-side contributions
are equal, crossing point, at § = 4.7°. How-
ever, the elastic scattering pattern at large
angles is dominated by the refraction of the
far-side trajectories.

Fig.4(a) show the real and imaginary parts
of optical potential for 10 + 160 system
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FIG. 3: Differential cross section (solid curve),
near-side contribution (dotted curve), and far-
side contribution (dashed curve) following the
Fuller’'s formalism [16] from the Coulomb-
modified eikonal model using a tangential veloc-
ity at r = r..

at Ejap,= 704 MeV. The solid and dashed
curves in Fig. 4(a) are the real and imaginary
parts of optical potentials U(r), respectively.
As shown in this figure, the real potential is
very strong compared to imaginary one. The
strong real potential deflect internal trajec-
tories to large negative angles, therefore, is
required to describe the large angle behav-
ior of cross sections corresponding to far-side
scattering. The imaginary part of potential
itself provides the radial weighting of flux re-
moval from the entrance channel, and is con-
sequently responsible for the absorption pro-
cess in the nuclear reaction. The optical po-
tential featuring a deep real one and a rather
weak imaginary one leads to observe the con-
tributions to the scattering from the interior
region and allow refracted projectiles to pop-
ulate the elastic channel and typical refractive
phenomena could be observed in the angular
distribution.

To investigate the features of optical po-
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FIG. 4: (a) Real (solid curve) and imaginary
(dashed curve) parts and (b) ratio of imaginary
to real parts of optical potential for %0 + 0
system at Ej,p, = 704 MeV, respectively.

tential systematically, we plot in Fig.4(b)
the "reduced imaginary potential”, w(r) =
W (r}/V(r), i.e., the ratio of the imaginary to
real parts of the optical potential. The w(r)
curve shows remarkable for three character-
istics. For small r values, W(r) is very weak
compared to V(r) over the small r range,
particularly, W(0)/V(0) ~ 0.21. This im-
plies deep, elastic interpenetration of the tar-
get and projectile, and a feature unambigu-
ously required by the appearance of refrac-
tive phenomena in the angular distributions.
The large angle behavior of cross section is
sensitive to the real optical potential over a
wide radial region from the nuclear surface to-
wards the interior. As a result the projectile
ion can penetrate the nuclear surface barrier
of the target, and the cross section becomes
sensitive to the value of the real potential in
the central region. In the large r range, both
V(r} and W(r) have exponential tails, with
quite different decay lengths with ay, > ay.
On the other hand, in the near surface, the
pronounced maximum in w(r) with a peak

- 15 -



Yong Joo Kim

value ~ 0.68 occurs. The location of maxi-
mum seems to exist less than the "strong ab-
sorption radius”, R,, larger than R,,.

IV. CONCLUDING REMARKS

In this paper, we have analyzed the elastic
scatterings of 180 + %0 system at Ejpp= 704
MeV by the Coulomb-modified eikonal phase
shift using a tangential velocity at the point
of closest approach, r.. The calculations gave
a reasonably good agreements with observed
data in this system. The value of the partial
wave reaction cross section increases linearly
up to L= 66. Beyond this L value, the par-
tial reaction cross section decreases quardrat-
ically. It can be seen that the total reaction
cross section calculated from the Coulomb-
modified eikonal phase using a tangential ve-
locity at r, gave a some large value compared
to the result using the asymptotic velocity.
Through near- and far-side decompositions of
the cross section for 4O + 180 system, we
have shown that near-side dominate at for-
ward angles, and the Fraunhdfer oscillations

at intermediate angles are due to the inter-
ference between the near- and far-side ampli-
tude. The elastic scattering pattern at large
angles was dominated by the refraction of the
far-side trajectories.

The present analysis for the 40 + 10 sys-
tem at Ejgp= 704 MeV has resulted in the op-
tical potential featuring a deep real potential
associated with a rather weak imaginary one.
These strongly real and weakly imaginary po-
tential values lead to near-transparency for
the contributions to the scattering from the
interior region and allow refracted projectiles
to populate the elastic channel and typical re-
fractive phenomena could be observed in the
angular distribution. The ratio of imaginary
to real parts of the potential, W(r)/V (r), is
found to be 0.21 at r=0. As a result, the
projectile ion can penetrate the nuclear sur-
face barrier of the target and the cross section
becomes sensitive to the value of the real po-
tential in the central region. We can see that
the refractive part, dominated by the far-side
component of the scattering amplitude, are
sensitive to the real heavy-ion optical poten-
tial at small radii.
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