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1. Introduction

The purpose of this paper is to study the
aysmptotic behavior of solutions of a Volterra

integro~differential system of the form x’(t)=

A(t)x(t)+Sl C(t, s)x(s)ds-(A) where A(t) is

a continuous nXn matrix on (0,c) and C is
an nXn matrix continuous for 0<s< t{eo.
Equations of this type were studied by sev-
eral authours in [(1,3). Most of them
considered the equations of the form x’(t)=
ax®+ | CLox(E)s-®) or x (H=Ax(D+
S: D(t-s)x(s)ds—(C) where A is a constant n
Xn matrix, C(t,s) is an nXn matrix con-

tinuous for 0< s<t{(eo and D(t) is an nXn
matrix continuous for t20. In case A is a
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stable matrix, there exists a symmetric positive
definite matrix B such that ATB+BA=-1, and
we can use the function V=X"BX as a
Liapunov function to investigate asymptotic
behavior of solutions of (B)(c.f. 3). For the
equation (C) there is another method, that is,
we can use a nice resalvent Z(t) for (C) (c.
f. 1). Burtan (3) contructed a number of
Liapunov functionals to study the asymptotic
behavior of the solutions of form (B) or (C).

In this paper, we try to find the stability
criteria by using the variation of parameter
formula and the integral inequality, and the
Gronwall's inequality.

2. Definitions and preliminaries

Let R® denote the Euclidean n-space. For x
€R®?, let |x| be a suitable norm of x. For an
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nXn matrix A, define the norm [Al of A by
|Al=sup,,, . ,|Ax|. Let R* be the half line 0<
t< o, For ¢€C(R’) and tER’, define l¢ | =
max{|#(t)| : 0ss<t). :

Consider the equation (A). The solution of
(A) with initial values (t,, #) will be denoted
by x(t; t,, #) where t,20 and #: (0, t)—R®
is a continuous function. We give the
definitions of various kinds of stability.

Definition 2.1 The zero solution of (A) is
stable, if for every ¢ )0 and any t2 0, there
exists 80 such that I¢ |, <& and t2 ¢, imply
Ix(t: to, #)I<e

Definition 2.2 The zero solution of (A) is
uniformly stable (US), if it stable and the
above & is independent of t,.

Definition 2.3 The zero solution of (A) is
attractive, if for any t,> 0 there exists &2 0
such that 1¢ 1,(& implies [x(t; t, $)—0
as t—oo. The zero solution of (A)
asymptotically stable (AS), if it is stable and
attractive. If, in addition, all solutions tend to
zero, then the zero solution of (A) is globally
asymptotically stable.

Definition 2.4 The zero solution of (A) is
uniformly asymptoticlly stable (UAS), if it is
US, the above &,
independent of t, and for every ¢ >0 there
exists T)0 such that ¢ 1, (8 and t>te+T
imply |x(t ts, ) [<e .

Definition 2.5 The zero solution of (A) is
exponentially asymptotically stable (Ex AS), if
there exists A0 and for every ¢ )0 there
exists )0 such that t,2 0, 1¢ 1,¢& and t2t,
imply |x(t; to, #)[<¢ e,

At the end of this section, we present a

is

in Definition 2.3 is

lemma for integral inequalities and the
Grownwall's inequality.

Lemma 2.1 (2,p.315) Let the following
condition (1) or (2) hold for functions f(t), g

-84~

t)E ((t,, ), R} and F(t, u)€C((t, «°)XR", R
v] :

W - Fe.fe)as<g®- Fis,g(s)

ds, t2t, and F(s,u) is strictly increasing in u
for each fixed s2 0,

W 10-] Fe.fe)asen-{ Fe.g6)

ds, t2t, and F(s,u)
nondecreasing in U for each fixed s> 0. If f(t;)
{g(ty), then f(t)<g(t). &t
Lemma 2.2 (Gronwall's Inequality) Let f, g :
(0, )—(0, =} be continuous and let ¢ be a

is monotone

t
nonnegative number. If f(t)< c+ So g(s)f(s)

t
ds, 0< t{a, then f(t)< expS0 g(s)ds, 05 a.

3. Main Theorems

Theorem 3.1 Let the following conditions

hold for the differential equations x’{(t)=A(t)x

®+ g; Clt, $)x(s)ds—(1) and x (D) =s()x(t)-

2 :

(i) the zero solution of (2) is US, that is,
there exists a constant K2 1 such that |Y(t)Y"'
(s)I€ K, t2s>0, where Y(t) is a fundamental
matrix of (2),

(i) there exists FEC(R"XR",R") such that F
(t,0)=0 and F(t.w
nondecreasing with respect to u for each fixed

is monotone

20, and || cwxdulsFe Ix@D,

(iii) the zero solution of x’ (t)=KF(t, x(t)) is
US. Then the zero solution of (1) is US.

Proof. Let ¢ be the initial solution ¢ of (1)
on (0,t). Then the solution of (1) is given by

xt b ) =YOT s+ Yor@f c



Stability Theorems of Volterra Integro-Differential Equations 3

(s, u)x(u)duds by the variation of parameters
formula. Thus we obtain from conditions (i)

and () that |x(t)[< Kl¢(to)|+8; KF (s, |x(s)

Das, that s, |x(®)1—§ KFG. Ix(e)as< Kl

(te)|. Next let y(t)=y(t; t. y,) be the so-
lution of x’'(t)=KF(t,x(t)) passing through (t

v30) and let KI#(t) [, Then [x(®|-{  KF

(s, 1x(s) )ds<y (£) — S:ﬂ KF(s,y(s))ds. There-

fore applying lemma 1, we obtain that |x(t)|
{y(t), t=t,. Since the zero solution of x’(t)=
KF(t, x(t)) is US, for any ¢ )0 there exists a
&(¢ ))0 such that if |y,[{(&(c), then |y(t)i<e
for all t2t,. Thus set &(e¢)=5{)K. If [x(t,)
{{&(¢), then take a y,)0 such that K|#(t)|
{yo{s(¢ ). Therefore we have that |x(t)|<e
for all t>t,, which completes the proof of the
theorem.

Theorem 3.2 Let the following conﬁitions

hold for the differential equations x’ (t)=A(t)x

0+ ctoxEds— 1) and x O=AOXW
—(2):
M1 cluxwdla®ix©l,

(i) A(DEL(R.RINCIR,R). If the zero
solution of (2) is UAS, then the zero solution
of (1) is also UAS.

Proof. Since the equation (2) can be
considered a perturbed linear ordinary
differential equations, the proof is similar to
that of ordinary differential equation (cf. 6,

Thm 3.)

Example 3.1

Consider the equation x’¢)=C3% 28)x®)

+ (it @O EBIas—®. where acCER',
R) and a(t)2 A for all t2 0 and some A)), and
bECR'R. Il { e x(u)dul x ) and ({’

e, (u)du|< [x.(s)|.
of (E) is UAS.

Then the zero solution

Proof. Consider x’(t) = ':532{3)(:;53)+S:
e (19 EH)—(A). Then a fun- damental

matrix of (A) is given by Y =r(t)

(YIS ). where r(h=exp(-{ a(s)as)
and 0(t)=S; b(s)ds. Therefore, letting |x| be
the Euclidean norm of x R? we have [Y(t)Y"
'(s)|< exp(-S: a(r)dr) for t> s2 0. Since a(t)

t
> A for all £ 0, 1YY" (s)I< exp (-S.'a(u)du)
< e-&(t—s)'

UAS.

that is, the zero solution of (A) is

Now| S o+ 319) @ )dul< e®Ix(s)|. This

implies [S; C(s,u)x(u)dul< a(s)|x(s)|, where

a(s)= eS. Since a(s)= eS€L'(R" R)NC(R",
R"), the zero solution of (1) is UAS by Thm
3.2

Theorem 3.3 Let the following conditions

hold for the differential equation x"¢)=AtXx
O+] ct9xEas-) and v O=AOx®- @

(i) the zero solution of“(2) is UAS, that is,
Y)Y ' (s) | Ke=s) for some K> 1 and a)0
and t>s20,

(ii) |So C(s. wx(u)dul< Mx(u)] with MK

{a. Then the zero solution of (1) is exponen
tially stable.
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Proof. For any €0 let &(¢ ){¢/K and max,
Sty 1) [(8(e ).
By the variation of parameters formula, we

t
have 1x(®1S YO @) 181+ § 1YOY
(s)}{< KeaW g+ KM S: e(ts)[x(s)|ds. Thus

t
et x(t) |< Ke“‘-b‘+KMS" e=|x(s)| ds.
By the Gronwall's inequality, we have e*|x
(1) IS Ko hetteXMtt) and |x(t)|S Kge =W
ekM(t-t), [x(t) I{e eleBD(t-t),

which completes the proof.

Therefore,
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