On the General Weighted Orlicz—Sobolev Spaces

—HNE #2X - AET =0 ASto

Lee Se-yuohl

Summary

The space W'Lg .(¢4) is a Banach space.

For ¢.=(¢l] and ¢,={¢2n}. if ¢ dominate ¢ o then WOLp, . (£,)CW™Le(8,) and ¢,
n

dominates @, then WL y,,(84)C W"L ¢, 0 (£42).

Introduction

For a given open set 0} in R" and a given
N-function ¢, W"Lg(0) denotes an
Orlicz—Sobolev space Which consists of those
(equivalence class of) functions u in L#(0)
whose distributional derivatives D” also belong
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to Lg(0) for all « with |al<Sm. W™Lgé(Q) is
a Banach space with respect to the norm

= =lna-x
Iu"m.p lu'nf.ﬂ OSIaISmIDaunﬂ,n

General weighted
Orlicz—Sobolev spaces

Let A be a Banach space with norm | - IA



2 Cheju_National University Journal Vol. 29 (1989)

and le (0 be open in R" If wisale
besgue measurable function on } such that 0
{w(x){eo for x€ 1. We define L, (A), the
space of all functions u: Q—A such that

TulL, (&)=, (FuG) |, 0()Pdx} /(e

Then Lp ,(A) is a Banach space (Triebel,
1978; Turpin, 1978). For an N-~—function &,
the Orlicz—sequence #; is a Banach space
with respect to the norm | - i, , _(4,).

For a sequence ¢=(¢n} of N—functions,
define the class

kg, o(A)={ueA®: T 4 (Ju) | o)
dx { =0}

Clearly K .., (A) is a convex set since all ¢,
are convex but it may not be a vector space.

A sequence @={g,} of N—function is said
to satisfy a A,—uniform condition globally if
there exists a positive constant C such that
for every t=0 and all neN

#,(2)SCs 0

This is equivalent that for every r)l there
exists a positive constant C=C(r) such that
for all t=0 and all n€N,

8,(= Co (1)

LEMMA 1. Ka,m(A) is a vector space if @
satisfies a A,—uniform condition globally.

Proof. Since all ¢, are convex we have;
(i) AueKy, ,(A) provided, we Ky, (&)
and |1}=<] and
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(i) if u€ekKy ,(A) implies Au€Ky ,(A)
for every complex Q, then u, vEKy (A)
implies u+veK¢'w(A).
It follows that Kaﬂ(A) is a vector space if
and only if ue K, .(A) and | 2131 implies 2
uekKgy ,(A).

If @ satisfies a global A,—uniform con-
dition and | A|)1, then there is a constant C
such that #,(| 4| t)=<C] A[p,(t) for all t)0
and all neN
Thus, for ueKau(A).

ZIa,(F 2ulx) | yo(x))dx
=cli |§In¢n( lu() 1 e (x))dx. ///

The general weighted Orlicz space Ly ,(A)
is defined to be the linear hull of the class K@.w
(A). Thus Kp (A L, (A) and these
sets are equal if @ satisfies A,—uniform
condition globally.

We define the functional I - 1, ,(A) on
Ly o(A)

F-tp,.
§In¢n(__" uG) LA“’(") ) ax=1)

(A)=inf{k)0 :

Clearyly, 1 - I, ,(A) is a norm. We have
the following.

THEOREM 2. L, ,(A) is a Banach space
with respect to the norm } - IL‘W(A).

COROLIARY 3. Ly..(¢84) is a Banach
space with respect to the norm
-1 L‘O.-“ ¢)

The general weighted Orlicz—Sobolev space
WL 4., (8,) is defined by

WLy (4,)=(u: D%ueLy (4,). |alSm)

with the norm
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and ¢ (t)=[t|P for each n in our spaces

fal ymp A,m(‘;‘):z..: 1Dl , () (Triebel, 1980)

THEOREM 4. W"L, (¢¢) is a Banach
space with respect to | - | ym 4 o(24).

we consider imbedding between general
weighted Orlicz—Sobolev spaces.
Proof. Since Ly ,(¢,) is a Banach space, THEOREM 5. 1t #,, dominate ¢y, and #,
dominates ¢, then we have the following im-
bedding diagram ¢
W'Lp. o(86) & Wilyp (842G
WL, u(£4)CWly, o(£42)

the vector space W'Lg .(¢8) is complete
with respect to the norm I - | ym; , (¢,)
by Theorem 7.13 in Kufner (1977).

REMARK 1. Triebel (1980) considered the
space L, (#,). This is the case #(t)=|t|?

References
Kufner, A., 1977, Function spaces, Noordhoff Multipliers Littewood— Paley theorems and approximations
International Company. by entire analytic functions in weighted spaces,
Triebel, H, 1978, Interpolation theory, function spaces, Analysis—~Mathematica 6, 87—103.
differential operators, North—Halland Pub. Turpin, P., 1978, Properties of Orliz— Pettis or
Company. Nikodim type and bara elledness conditions, Ann.
Triebel, H, 1980, Maximal inequalities, Fourier Inst. Fourier, Grenocble 28, 67-85.

B>
—BE $Y= - 25T ol A3l

W'Lpw(ly)E vhtagolch @,={g )8t P.={(s,)ol HUA, ol ¢ o] #u¥ A=
WmLm-w(ﬂé)CWmLatﬂ‘ (lﬁ)olc}- E‘l’ n‘!.OJ ¢|°] ¢2"' 2]““%]'@ WmLO,a(‘f')CWmLQ'w(‘ﬂt)olr‘]'-

-23]-



	Summary
	Introduction
	References
	적요



