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INTRODUCTION AND
PRELIMINARIES

When A is a semiring and J is an ideal of A,
the collection {x+J]) e, of sets x+ J= (x+j
| J€J } need not be a partition of A. P. J. Allen
[1) defined Q-ideal and maximal homomorphism
and established the Fundamental Theorem of
Homomorphisms in a large class of semirings.

- Moreover, [2] builds the quotient structure in
nxn matrix semirings. This paper is to prove an
analogue of results for row finite matrix
semirings.

The definitions of semiring, Q-ideal and
maximal homomorphism used in [1] will be used
throughout this paper. These definitions and
theorems are given as follows.

Definition 1. A non-empty set A together with

two associative binary operations called addition
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and multiplication ( denoted by + and -,
respectively) will be called a semiring
provided;
(1) addition is a commutative operation,
(2) there exists OEA such that x+ O= x and
x0= Ox= O for all xEA and
(3) multiplication distributes over addition
both from the left and from the right.

Definition 2. A non-empty subset J of a
semiring A will be called an ideal if a,b€J and
r€A implies a+ bEJ, ra€J and arc]. '

Definition 3. A mapping ¢ from the semiring
A into the semiring A’ will be called a
homomorphism if ¢( a+ b) = ¢( a) + ¢(b) and
¢( ab) =¢(a)¢(b) for each a,bEA. 4n
isomorphism is an one-to-one homomorphism.
The semirings A and A’ will be called iso-
morphic ( denoted by A=~A’) if there exists an
isomorphism from A onto A’.
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Definition 4. An ideal J in the semiring A will
be called a @-ideal if there exists a subset Q
of A satisfying the following conditions;

(1) (a+ Jhqexq is a partition of A and
( 2) if q,,9:€Q such that q, %q,, then
(et D@t D=3%.

Definition 5. A homomorphism ¢ from the
semiring A onto the semiring A’ is said to be
maximal if for each aEA’ there exists c.€¢'( {a))
such that x+ ker¢Cc.+ ker¢ for each
x€E¢7'({a)), where kerg= {xEA|¢( x)=0}.

Lemma 6. Let J be a Q-ideal in the semiring
A. If xEA, then there exists a unique g¢€Q such
that x+ J C q+ ]

Theorem 7. If J is a Q-ideal in the semiring
A, then A/J=({a+ ]l cq’ Pa» ©q) isa

semiring.

Theorem 8. If ¢ is a maximal homomorphism
from the semiring A onto the semiring A’, then
A/ker¢=A’",

THE QUOTIENT OF ROW FINITE
MATRIX SEMIRING

Consider a semiring A and nonempty
countable index set 1. Mappings M : Ix]—A are
called matrices over A. The values of M are
denoted by m.;, where i,jE I. The values m,, are
also referred to as the entries of the matrix. In
particular, m., is called the (i,j)-entry of M.
The matrix M is denoted by [m.] and the
collection of all matrices M over A as defined
above is denoted by [A]“[ .

For each M=[m,;] € [A]"" and each i€l

consider the set of indices Rw( i) = {J€I|m,;* O).
Then M is called a row finite matrix iff Ru( 1)
is finite for all i€EL. The collection of all row
finite matrices over A as defined above is
denoted by [ A1R:".

Theorem 9. If A is a semiring, then [A] L;l

is also.

Proof. For M=[m,;}, N=[n,]E [A]llz;l, we

define the addition and the multiplication by
M+ N=[m,;+n,;JE for all i, j € I and
MN=[J£] m., ny) for all ik € L

Then the addition and the multiplication are

well-defined operations on [A],'“’fl

Rmyn ()T RM() J Ryfd) for all i € 1,

since

2 mijnje =3 m,;n;p and
j€l JERNi)

rRan(i) L

JZ=Ry (D

Ry (/)

Now we introduce the zero matrix denoted by
O that the entries of O are O. Then O is an
additive zero.

Furthermore, the addition is commutative and
associative and the multiplication is associative
and distributes over addition both from the left
and from the right. Hence [A] X'

is also a semiring.

Corollary 10. If A is a semiring and J is a
Q-ideal of A, then {A/J1L' is a semiring.

Proof. It is obvious by Theorem 7 and Theorem
9. In this corollary, the binary operations are
defined as follows;

(D [gu+]1+ (¢ T =[a,+]]

where q'.,+q".+ JCqi; +] for all i,j€l
(2) [qdu+ ] {d"t J]=['{l-x+ J)
where 25 @ ieQ® x5+ .+ J for all i,jEL
s ki + JCq+ J for ij
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Since M=[qi;+ J] is row finite, the range of k
in (2) is Rv(¢). So the range of k is finite.

Theorem 11. If A is a semiring and J is a
Q-ideal in A, then [J13X' is a [Q] < \ideal in
[Alg'.

Proof. It is clear that {J) px' is an ideal in

(Alpe' .

(1) Suppose [m.,]JE[A] gx'. Since my €A
for all ¢, j€I and J is a Q-ideal in A, m, €
U {q+ for all i,j€I. i.e. for all i,j€1, m.,=q,,+
qeq(q J) for J ij a4

n,, for some q.,£Q and some n,,€]. Thus [m,;]=

[g.+n,)=[q.,]+[n,] EP+ [J1 1!

=[a,JEIQ] ;'
Ix}

H J]E€ P I
ence [m.;] PeE[Lu_f}zFl { IrF

(2) Let[p,]and[q.] be in [Q]‘:{;l and let
[p.;)%[2.;]. Then there exist i,j€I such that p.;3q..

for some P

Since Jis a Q-ideal in A, (p.,+]) Y q:ij+ J) = ¢.
So, py+ m% qi,+ n for all m,nE].
Consequently, the ( i,j) -entry of every matrices
in [p,]+ [_I],'Q;l is different from the
(1.J) -entry of every matrices in [q.,]+ []] ,li;'.

Thus ({2 1+ (3] i) N(Lau LTI L) = .

Hence [J]:z;flis a[Q] é;l-ideal in [A]}Iz;'_

Corollary 12. If A is a semiring and Jisa

Q-ideal in A, then [A]LX /[JJL'=

Il v o xlyio” x1, .
UPHLI DR perQiy " tQbs™  [e1he ™ is
a semiring.

Proof. This corollary is the immediate result

of Theorem 11 and Theorem 7.

The eperations are as follows;

() @yt UIRED e (P + LIIRED)
{QlrF

P[]

where Py + P, + [JIRp' C P + [Jlas'  and

R SIELIN Pyt (I =
2) (¢, + e ) [Q]i[“_l( 2+ [JlrF D

1xl
P+ [J]é?l where P P, + [JIrF CP +

s

Theorem 13. If A is a semiring and J is a
Qrideal in A, then [A] X'/ [J]1x!
morphic to [A / J]AX'

is iso-

Proof. For each m.,€ A, there exists a unique
q.;€Q such that m.+ J—q.;+ J by Lemma 6.
Define the map ¢:[A] px' —[A/J]L¢' by
¢ ([mu]) = [a. + J] for each {m,)e[A] X,
where m; + J C q,; + J for each i, jE L
Then it is clear that ¢ is a homomorphism from
[A] ,[1;[ onto [A/J],l;;] and ker¢= [J],l{F<I
by proposition 14 in {2). For each [q., + J] €
(a/11); " lau] €6l(Ta + J)). If (aglEsl(la, +
J1 . then ai+ JCq.,+ Jforall i, jEl. Thus [a,]+
kers= {a, 1+ 1J] o' 01+ 131 =[qu 1+ Kers.

Hence ¢ is a maximal homomorphism from the
1x1

[A] RF onto the semiring

semiring

[a/ing:"

Therefore [A] ;;l /111 :(:l ~ [A/J],:;l

by Theorem 8.
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