A Note on Reimann-Stieltjes Integral
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(1) Introduction
Definition(1)
Let a(x) be Monotonic increas-ing function
and continuous function on(a.b).
Corresponding to each partition; p (a=x,
<x<s =+« <Xn=b) of (a.b), We form

the sum S(p, f, a>=§ £ @Ia(X) ~a(Xi)]

(te(X;-, X,)), If the sum S(p, f, a) tends to a
limit as u(p)—0, then this limit is Reimann
stieltjes Integral of f with respect to a(x) on
(a,bl.

In this case, we denote by f:f(x)d(x) or f :fd.
and we say that f(x) is Reimann stieltjes
Integrable with respect to a(x) on (a,b) and
write feR(a).

Definition(2)
Let us, f (a,b) into R%.
if p= {Xo, Xi, . . .. X is a partion of

(a,b) and 4f,=f(X))—f(Xi-), we define V (f,
a,b)=lub % 14£.| the lub being taken over all

partition of (a,b), and call V(f,a, b)the total
variation of f on (a,b).
The function is said to be bounded variation

on (a,b) if and only if V (f,a, b)<oo.

The class of function of bounded variation
is closed with respect to operation of addition
and Multiplication.

Theorem 1)
A function f; I -»R is of bounded variation

if and only if it is the difference of two non

decreasing function.
Proof) The proof of sufficient condition is

trivial.

Let us prove the necessity condition

Define two function g,h: I—R by taking
gO=Vf
h(x)=V:f ~f(x) for every xel=(a,b). Then
f=g—h.

The function g is clearly non decreasing.

On the other hand, for only two real num-
ber X andy in I with x<y, We have ACy) k(x>
=V (N =F0I-VD-fRI=V (D ~ (5
—fx)ZVI (- V(=0

Hence h is also non decreasing function.
(Lemma)

Let us put U(p, f,a)=3 lub f(x) (aCX)—a

(Xi-0)) Xe(XiXi-1)
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L(p, fo)=3, glbf(x) (a(X)-a(Xi-1))

JeR(a) on (a,b) if and only if for every £<0.
There exist a partitition p,such that u(p,
f,a)-L(p, f, a)<e
Theorem 2)

If f is continuous, and « is monotonic on
(a,b), then feR(a).

Theorem 3)

If f is monotonic on (a,b) and « is Cont-
inuous on (a,b), then feR (a).

Theorem 4)

If f is bounded variation on {a,b) and « is
continuous on(a, b), then feR ().
Definition 5)

If f=fi +ifa ,a=a, +ia, and the one of he
following condition; (a) f is continuous and
o is of bounded variation (b) f,« is of bou-
nded variation, and is satisfied, we define
[rda=[fda, - [fdoy +i[fdot +i[fuder,

as for Reimann stieltjes Integral of the co-
mplex function.

In this paper, we consider the following
facts; If f is continous real function and bo-
unded variation and « is only bounded real
functions, the following hold

[fae=f®ra)-f@) at@r~ [P dt.

We also intend to define the complex Rel-
mann-— stieltjes Integral for another method.
Theorem 6)

If f is continuous and bounded real function
on(a, b) and « is bounded real function, then

[ir= 1®a®)- f@a@~ [a di.
Proof) If f is continuous, f :fa’ =lim Stp,

/"'(p)-bo
Zf) alX)
[(Xo X1 . ..

»c)—“(p)

Choosz a partition p= Xn} of

(a,b), Choose ¢, #;. . . . Zy such that put ¢f,=a
ty41=b and let @ be the partition {tof,. . .Zxs1)
of (a,b)

b, _limp _
S =84 JEf @sa =0 Faci)

LfD) —fti-))
=B ~f@a@- 18 Facxi)

E'(t,)—f(tf-,)]=f(b)a(b)—f(a)a(a)—
w2 &)= fhrat)~f@ate) - [ adf,
if u(p)—>0 w(@->0.

In the end, this theorem is able to define
another extension of Reiman —Stieltjes Inte-
gral; namely if f is bounded and « is contin-

uous bounded variation, then fis Reimann—
Stieltjes Integrable.

Definttion 7)
Let us f =fi+ ifi= a=a,+ia,
We define [ fda= [fallall+i [ fidlll

where IlalI=J azz +a2
1 2
When f.f; is Reimann Stieltjes Integrable

with respect to llall, fis Reimann Stieltjes
Integrable.

Theorem 8)
a) If feR(a) and geR(a),
and [ f+gde= [ fdo+ [ gd.
b) If feR( &) and C is constant, then c feR(a)
and | cfd.=c | fd. -
Proof) ((f+)d.= [(fitifs+aitigdde= [ (4,
+g0dllall+i [+ gddlell= [ fidledl+i [ fidlal

+ [ el +i [ gadlall= [ fdo+ [ gd, Since, fe

R(@), geR(a). f,f2eR(lalD) gigeRAlal), fi+fweR
Ulal), gi+geRatl), f+geRCllall)

Perhaps we will easily check the other pro-
perties of complex Reimann-—Stieltjes Integral

then f+geR(a)
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