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1. Introduction

A simple condition that one may wish to
impose on tests of the hypothesis H:0€Qy
against the composite class of alternatives K:
0€Q  is that for no alternatives in K the pro-
bability of rejection should be less than the
size of the test. In special cases it may of course
turn out that the same test maximizes the power
for all alternatives in K even when there is more
than one. Uniformly most powerful(UMP)
test is a test defined by a uniformly most power-
ful critical region.

A test ¢ for which the above condition holds,
that is, for which the power function ﬁ¢(0) =
E0¢(X) satisfies

ﬁ¢(0)§a if 8 €Qy

(1.1)
BxO)>a if 6€ Qk

for a given level of significance a, 0<o<1, is
said to be unbiased. .

Whenever a UMP test exists, it is unbiased
since its power cannot fall below that of the

®”

test ¢(x)=a. In many important testing pro-
blems, the hypothesis concerns a single real-
valued parameter, but the distribution of ob-
servable random variables depends in addition on
certain nuisance parameters. Specially, in an
exponential family, a class of hypotheses con-
cerns a real-valued parameter, with the remaining
parameters occurring as unspecified nuisance
parameters. In these cases, UMP unbiased tests
exist and can be constructed by means of some
theories,

II. UMP Unbiased Tests for Multiparameter
Exponential Families

Let X be distributed according to
(2.1)  dPg 5(x)=C(,9) exp [HU(X)
k
+ 2 9T du), 0.9)€Q

and let 9= (%, .., 9,) and TXT,, .., T,).
We shall consider the problems of testing the

following hypotheses H, against the alternatives
K,j=1234:

H120g00 K120>6°
Hz: 0§01 0r0202 Kz . 01<0<02 B
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H3 : 01§0S02
Hs : B=0°

K;: 6<@,0r8>0,
K4 : 0*90

We shall assume that the parameter space £ is
convex, and that it has dimension k + 1, that is,
that it is not contained in a linear space of
dimension <k + 1. This is the case in particular
when § is the natural parameter space of the
exponential family. We shall also assume that
there are points in § with 6 both < and >0, 6,
and @, respectively. The following lemma is
well known,

Lemma 1. Let (7.3) and (% % be Euclidean
spaces, and let P:’v be a distribution over the
product space (2.4) = (7x%,Bx86). Suppose
that another distribution P, over (£,%4) is such
that

dPl (t’Y) = a(Y) b(t) dPO (t1Y)7

with a(y) > 0 for all y. Then under P; the
marginal distribution of T and a version of the
conditional distribution of Y given t are given

by
aPr(t) = b(t) [faly) dB"™ ()] dBy (¥)

and

a(y) 4B’ (y)

dP Yit -
v 5520 dB," (y")

Theorem 1. Let X be distributed according
to the exponential family (2.1). Then there
exist measure Ay and probability - measure A
such that

(1) The sufficient statistics (U,T) which have
the joint distribution

uT k
dPg 5 (ut) = C(B,9) expltu + I 8it)

2.2) a(u)

(2) When T = tis given, U is the only remain-
ing variable and the conditional disbution of U
given t constitutes an exponential family

(23) dPy" (u) =C,(0) exp (u) d,().

Proof. Let (4#°, 9°) be a point of the natural
parameter space, and let u* = Pgo 9° -
Then

aPY o(x) = —C%% exp [(6-0°) U(X)

k
+ 2 (8.-97) T,()]dp*(x)
j:] 1 3 ]
and the result follows from Lemma 1, with
dAg(t) = exp(Z9%1) [ Sexp{(ei-ﬂ°)u
Ut
}deo 90 )] dP;o 90 ®
and
v () = dPgG g0 (4)

The following lemma is well known,

Lemma 2. Let 8 be a real parameter, and
let X have probability density with respect to
some measure g

(24) Py(x)=0(6) QXTn(x)

where Q is strictly monotone. Then there exists
a UMP test ¢ for testing H:0<8, against K:¢>8,.
If Q is increasing,

T(x)=C

1 :
Hx) = {7 :
0 : T(x)<C

where C and ¥ are determined by Eeo¢(X) =a
If Q is decreasing, the inequalities are reversed.

T(x)>C

Theorem 2. Let U have the conditional

probability density

Uit

dPy (u) = C,(8) exp(fu) dv (u)

Then there exists a UMP test for testing H, with
critical function ¢, satisfying
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1 when u > Co(t)
(2.5) Hut) = {m(t) when u = Co(t)
0 when u < Co(t)

where the function C, and 7y are determined by

(26) Ep, [4:(UD) 11} =e forallt

Proof. This theorem follows from Lemma 2.

Theorem 3. For testing the hypothesis H:
0<6, or 628, against the alternatives K: 6; <8<

0,, there exists a UMP test given by

1 when C;(t)<U(x) < C;(t)
2.7) ¢(u,t) {7 (t) when U(x)=C(t), i=1,2
0 when U(x)<C,(t) or > Cy(t)

where the C’s and v’s are determined by

(28) Ep [$:(UDIt] =Eg [2(UD11] =a.

Proof. One can restrict attention to the suf-
ficient statistic Us=U(X), the distribution is

dPg(u) = C(8) & dv(u),

where 8 is assumed to be strictly increasing. Let
§,<8'<8,, and consider first the problem of
maximizing Eg+¥(U) subject to (2.8) with ¢(x) =
${U(x)]. If M denotes the set of all points
(EGIW(U), Eo Y(U)) as ¢ ranges over the
totality of cntxcal functions, then the point
(a,@) is an inner point of M. This follows from
the fact that the set M contains points (au;)
and (a,y,;) with 2, <a<v;and that it contains
all points (v,v) with 0<v<l. Hence there exist
constants k;, ka and a test Yo(u) such that
$o(x) = Yo [U(x)] satisfies (2.8) and that Yo(u)
=1 when

ks C(01)%Y + k5 C(62 )" < C (87

and therefore when

a,eP1Y% +2,eP29< 1 (b,<0<D,),

" and the hypothesis to be tested is H:p, = p

and Vo(u) = O when the left-hand side is >1.
Here not both a's can be <0 since then the test
would always reject. If one of the 2’s is <0 and
the other one is >0, then the lefi-hand side is
strictly monotone, and the test is of the one-
sided type considered in Lemma 2, which has a
strictly monotone power function and hence
cannot satisfy (2.8). Since therefore both a’s
are positive, the test satisfies (2.7). It also
maximizes Ealw(T) subject to the weaker res-
triction Eg Y(T)<e, i = 1,2. Second to com-
plete the proof that this test is UMP for testing
H, it is necessary to show that it satisfies Ej ¥(T)
<a for 6<, and <8, This follows from the
fast that this test minimizes Eg@(X) subject to
(2.8) for all <8, and >0, by comparison with
the test Y(t)=a.

IIl. Example; The Sign Test

Suppose that to test consumer preference
between two products A and B, each subject of
n samples is recorded as plus or minus as it
favors product A or B.

1. The total number Y of plus signs has
binomial distribution b(p,n). Consider the
problem of testing the hypothesis p=1/2 of no
difference against the alternatives p # 1/2. The
appropriate test is the two-sided sign test, which
rejects when Y- ;—n | is too large, this is
UMP unbiased.

2. Suppose that the subjects are also given
the possibility of declaring themselves as un-
decided. If p,, p_and po denote the probabili-
ties of preference A, B,and of no preference
respectively, the number X, Y and Z of decisions
in favor are distributed by muitinomial distribu-
tion

G.D Xy 2, (xtytz=n)

x! yv 2!

The distribution (3.1) can be written as
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obtained by considering z as fixed and deter-

) n! P+ Po 2 o _p M mining the best unbiased conditional test of H
G-2) x!y! z!( l-p,-p, )y(l-Po-P+) ¢ Po Py given Z =z, Since the conditional distribution
of Y given z is a binomial distribution b(p, n-z)
with p = p,/(p,+p_),the problem reduces to
that of testing the hypothesis p = 1/2 in a bino-
and (3.2) constitutes an exponential family mial distribution with n-z trials, for which the
U=Y, T=Z, 6 = log[p4/(1-py-py)], & =log[po/ rejection region is Y- %(n-z)l)C(z). The
(1-py-p4)]. Rewriting the hypothesis H as p, = UMP unbiased test is obtaned by disregarding

1 —po—p4 it is equivalent to ¥=0. There exists

the number of cases in which no preference is
therefore a UMP unbiased test of H, which is

expressed, and applying the sign test to the
remaining data.
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