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Introduction

We shall prove what a space is an M-space, and what an

M-space is metrizable.

We begin by defining an M-space.

Main Theorems

Definition 1 A space X is an M-space iff there exists a

Theorem 1

Proof

sequence G,, G, -~ of open covers of X such

that

(1) For each n, G_
ment ofGn,

Q) if X, € st(x, Gn), n =1,2, -, then the
sequence X;, Xz, -~ has a cluster point.

It follows from Definition 1 that if instead of

is a point-star refine-

+)

(2) we had x as a cluster point of x,, x5, -,
then { st(x, Gp):n- 1.2, -~-}wou]d be a base at
X, and hence X would be metrizable if X is
a To-space,and every M-space is a W'-space.
Every countably compact metric space is an
M-space

Let X be a countably compact metric space
with a metric d. Let Be(x) ={yeX : d(x,y)
<e,e>0}. Then | B,(x) : xEX, €0} isa
base for the topology. Foreachn=1.23, -,
let G, = (B%_(x) : XEX | then each G isan
open cover of X. So {Gy} pey is a sequence
of open covers of X. Clearly, for each n€N

Theorem 2
Proof
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G,,, is a point-star refinement of Gn. If
x, € st(x, Gp), n = 1,2, -, then xy, x3, -
has a cluster point since X is countably com-
pact. Therefore X is an M-space.

A paracompact T,, W'-space is an M-space.
Let X be a paracompact T,, W*-space. Then
we have a nested sequence | Gn] of open
covers of X such that whenever x € X and
x, € st(x, Gn), X1, Xz, - has a cluster point.
We have known that a T, -space is paracom-
pact iff each open cover has an open point-
star refinement { _2. ]. So each G has a
sequence {Gn k, k=1 Of open covers of X
such that each G, | ., is a point-star refine-
ment of G, . Let H=Gy;,Hy, =Gy N Gy
and for each n > 2, H;, = G, nnGznn
NGy g Hx €X, then st(x, H,,,) €
st(x, Gl n) N..0st(x,G,,, o) CcG, "
. NGy, € H for some G, | €Gy, ..
So each H_,, is a point-star refinement of
Hn' Clearly, if x, € st(x, H.n), then X, €
st(x, Gn), and Xx,, X,, --- has a culster poifit.
Let G,, G;, - be a sequence of opne covers
of a space X satisfying conditions (1) and (2)
in Deﬁgition 1. Foreachx € X, let

Cx = 121 st(x, Gn), then

(a) each C, is 2 closed countably compact



Proof

Lemma 2

Proof

Theorem 3

Proof.

subset.
® {Cx: xex} is a partition of X.

(a) Pick x€X. Letw G—C—x.
H n €N, there exists GEG_,, such that
w € G : G must meet C and so G meets st(x,
rnz) SowEst(St(x, nﬂ)’ sz) < st(x,
G,). Hence w € C, and Cx =C, Therefore
Cy is closed. If x;, X3, -, is a sequence in
C,, then for each n € N, x, € st(x, G), so
X1, X2, -~ has a cluster point. So Cx is coun-
tably compact. Therefore each C, is a closed
countably compact subset.
(b) SupposeC, N Cy =¢.
Then for each n, st(x, Gp) M st(y,G,) = ¢
Letz €C,, then for each n, Z € st(x, G““)
which meets st(y, GM‘ and so st(st(z, Gm‘),
+a) Meets sty, G, o) Since st (st(z,
r‘“) G,.o) C sz, G, ,,) thenst(z, G,..)
meets st(y, G,,,) and z € st(st((y, G,p)
G,.,)) C st(y, G,)- Soz€C,y. Therefore,
C,C C Similarly as before Wwe have
C c C Hence C, = C,. Therefore, [ Cy
xEX} is a partition of X.
A continuous f: X = Y is closed iff whenever
y €Y and U is an open set containing ™ (y),
then there exists an open set V containing
y such that f1 (V) C U.
Suppose a continuous map f: X - Y is closed.
Let y €Y and U an open set contaning f* (y).
Let V = Y — f(X-U), then V is open. Observ-
ing that £'(V) = X - ({(x0)) € X -(XU)
=U completes “only if” part. For the con-
verse, let F be closed in X, and suppose that
f(F) is not closed. Let y €Y -f(F) be a limit
point of f(F). Then f(y) € X -F. So there
exists an open set V containing y such that
f1(V) C XF. Let p € VN §F), then there
exists x € ¥ such that f!(x) = p. Now, f*(x)
€ 1(V) C XF = x ¢ F. We have a contradic-
tion. Therefore f(F) is closed and f is closed.
A space X is an M-space iff there exists a
metric space Y and a closed continuous map
£:X-Y from X onto Y such that f'(y) is
countably compact for each y€Y.
Suppose X is an Mspace. There exists 3
sequence | G} of open covers of X satisfying
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Definition 1. For each x € X, let C, = _ﬁl

st(x, Gn), then Ex =C, by Lemma 1. We first
show that if p € X and UDCpisopeninX,
there exists an n € N such that st(p, Gn)C u.
Suppose that for each n €N, st(p, Gn) q Vu.
For each n €N, let Pn € st(p, Gn) -U, then
Py, P, - has a cluster point q. Letn €N.
For each m 3> n, let Hp, € G, such that

st(Pm. G,,,) CHpy . Let m>nsuch that
P E stg, G,,,) Thenp €st(P,, Gy €<
st(Pm. GMI) and hence p, g € Hp, . Thus
qEst(p, Gy and q € Cp. We have a con-
tradiction. Therefore if p€ X and UD Cp is
open in X there exists an n € N such that st(p,
6)CU LetY= { Cx : x€X]. Define
f: X = Y by foreachx € X, x) =C, . Then
f is onto and * (C,) = C, foreachx € X. By
Lemmal, each f*(C,) is countably compact
for each C, € Y. Define the topdogy on Y
as an identification topology determined by f.
Clearly, f is continuous. Therefore, f is con-
tinuous, closed and whenever Cp €Yand U
is an open set containing f™ (CP) then there
exists an open set V containing Cp such that
(V) C U. Next we want to prove that Y is
metrizable. We have known that a To space Y
is metrizable iff there exists a sequence { Hn]
of open covers of Y with the property: for
each y € Y and nbd W of y there exists a
nbd V of y and an n € N such that st (V, H,)
C W [2]. We first show that Y is To. Let Cy,
CZEYandC -‘#C ThenC NC,=¢by
Lemma 1. Now. C CX—C andX—-C is
open by Lemma 1. By Lemma 2, there exists
a nbdV of Cy such that f1(V) C X ~C,. So
Y is To. Foreachn €N, let Hn=[UCY: U
is open and f(U) is contained in some set of
n} Clearly, (Hn}is a sequence of open
covers of Y. Let n €N and C €Y. Since
Cy= “ sy, Gp), then C, cst(y. Gh.)Cey
for some gn € Gy,. Since f is closed, there exists
anbd'V of such that (V) Cgy. SoV
€ H,,. Therefore each H, is an open cover of
Y. And {HJ|_) is a sequence of open
covers of Y. Let Cy € Yand W a nbd of C,.
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Thencycr'(w)md there exists an m € N
such that st(y, G)) C ' (W).

Let C, € st(V,H,). By Lemma 2,
there exists an open set V containing Cy
such that £(V) C st(y, G,). Let C, €st(V,
H,;)) and choose H € H; such that C eV
and H and C, €H. But C,, C, C f'(H) C g,
€ Gy, Since C, C £ (V), then C; Cst(y, Gpp)
and hence C, C st(y, G,)). So C, € W.

Therefore st(V, Hy,) C W. Therefore X is
metrizable. For the converse, let { G | be a

sequence of open covers of Y such that
(1) each G,
G, and
(2) if y €Y and for eachn €N, Y € st(y,
Gn) then y;, y,, - has a cluster point y.
FormhnEN,IetHn=(f‘(gn):gnEGn}.
Then { Hp, | is a sequence of open covers of X.

, Is a point-star refinement of

We claim H_ 4+, to be a point-star refinement
ofH.n. Let x € X and y € Y such that y=
fix). Letg, €G, such thatst(y,G,, 1) C 8y
To show st(x, H_, ) C f! (8 let p € st(x,
H ) Let hm €H such that p,

1 nel
Xx€h . Letg  €G suchthath =

n+1 n+1l
! (3,,4,1)' Then f(p), f(x) € Broy- Thus
flp) € st(y, G,,,) and so f(p) € g, Hence
pE () So H_ ., is a point-star refine-
ment of Hy. Next suppose Xy € st(x, Hp),
n=12, ... ForeachnEN,]etgnEGnsuch
that x, x €' @g)). Theny = f(x), f(x;) €y,
and f(x)) € st(y, Gn)' n=12 --. Sof(x,),
f(x;), - has a cluster point y. Suppose no
point of £ (y) is a cluster point of{x,, x,, ---|,

For each x € ! (y), let U, beanbd of xand

anchhthatifm>nx,meUx-. For
mhnEN,letUn=U[Ux:x€Xand
n, = n}. Then Uy, U, - Up, be a finite
subcover of ‘(Cy). Let V be a nhd of y such

m
that (V) C kyl Upy. Let n € N such that

if m >n then f(xn)e V. Choose ¢ € N such
that 1 > max (n, -, n,). Thenfix)€EV =

xEf(V)C k‘gx Upy. Let k < m such that
% € Uny. Let x € X such that n, =mny and
X € Ux' Since 2 > n, then x € Ux contra-

dition. So x,, x;, -~ has a cluster point in
f* (y). Therefore, X is an M-space.

Definition 2

Lemma 3

Proof

Theorem 4

Proof
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A continuous map f: X oM v i quasi-

perfect iff f is closed and ! (y) is countably

compact for each y € Y. It follows from

Theorem 3 and Definition 2 that an M-space

is a quasi-perfect preimage of a metric space.

Note that a perfect map is quasi-perfect.

Suppose X and Y are T; spaces. If f: x oo

Y is perfect, then X is paracompact iff Y is

paracompact.

It follows from [2] that X is paracompact iff

Y is paracompact.

For T, space, the following are equivalent.

(1) Xiis a perfect preimage of a metric space.

(2) Xisa paracompact M-space.

(3) X is subpsracompact or metacompact
M-space.

(4) Xisa parscompact W* space.

M=)

It follows from [2] that every metric space

is paracompact. So X is paracompact by

Lemma 3 and an M-pace by the notice of

Definition 3.

Q=>0):

It follows from [2] that X is metacompact

We have known that every paracompact

space is subparacompact.

=9

It follows from Definition 1 that X is a W* .

space Let f: X -+ Y be quasiperfect and Y a

metric ~ace. Then foreschy €Y, f(y) is

countat., ompact. Since X is metacompact

or subparacompact, then f'(y) is compact.

So f is perfect.

Note that Y is paracompact.

It follows from Lemma 3 that X is paracom-

pact. Therefore X is a paracompact W&-spnce

@ >(0):

It follows from Theorem 2 that M is a para-

compact M-space.

Let f: X - Y be quasi-perfect and Y a metric

space. For esch y €Y, f'(y) is countably

compact and also paracompect, hence me-

tacompact.

It follows from [2] that ! (y) is compact.

So f is perfect.

Therefore X is a perfect preimage of a metric
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Theorem 5.
Proof

space.

An M-space with a2 G2-diagonal is metrizable.
Let X be an M-space with a Gg-di:gonal.
Let f: X = Y be quasi-perfect and Y a metric
space. Then for eachy €Y, f* (y) is coun-
tably compact. It follows from [1] that X
has a Gg-diagonal. We have known that if
X has a Gg-diagonal, then { (y) has a G3-dia-
gonal and hence ' (y) has a Gy-diagonal.
Let [Gn } be a sequence of open covers of
f(y) such that

whenever p, q €1 (y) with p#q, there exists
an n € N and nbds Up, Vqof p and q, res-
pectively, such that no member of G, meets
both Upand V%. Let {U, : @€ A} bean
open cover of f (y), and for a fixed n, let
Hy,={Uy, NG :ae/\,GeGni ,then{H_}
is an open refinement of { U, }-
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Conclusion

B XDk

For p € f! (y) with p#y there exist nbds,
Up and Uy of p and y, respectively, such that
no member of Gn meets both Up and Uy.
So {H,} is locally finite.

Therefore £ (y) is paracompact and hence
metacompact. It follows from {2] that
! (y) is compact.

So f is perfect.

Therefore X is a perfect preimage of metric
space and hence a paracompact WA-space.
It follows from [1] and [2] that X is me-
trizable.

In our paper we have proved an exact condi-
tion to be an M-space, and also we gener-
alized theorem 5, [1], that is, X is metrizable
iff X is paracompact T,, W--space has a Gg-
diagonal.
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