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Summary

Given a definition of the w4-space, we have proved what a w4-space 1is, and a metrization of the

w-space with some conditions.

Furthermore, we will have an open problem:

Is a collectionwise normal w-space with a Gy-diagonal metrizable?

Introduction

In this paper, we will show the following.

{a) What space is a w-space?

(b) What is the property of a wé-space with
somespace?

(c) What w*-space is metrizable?

To do this we will introduce the following

Ppropositions,

propositions:

(1) Every collectionwise normal Moore space
is metrizable.

{2) A Tp-space X is paracompact iff X is
subparacompact and collectionwise normal.

{3) A compact Tp-space with a G,-diagonal is
metrizable.

‘(4) If X is a Tp-space, then X is compact iff

X is countably compact and subparacompact.
{5) Every developable space is subparacompact.

6) A regular subparacompact space with a
G,-diagonal has a G,*-diagonl.

Main Theorems
Definition

A space X is a w/-space iff there exists a sequence

G,, Gy, ... of open covers of X such that if x&X
and x.Est(x,Gy), n=1,2,..., then the sequence
Xy, X2, ... has a cluster point,

It follows from Definition that developable
spaces and countably compact spaces are wi-
spaces.

Theorem 1

A locally compact subparacompact space is a
wi-space.

Proof:Let X be a locally compact subpara-
compact space. Then for each xX, there
exists an open set Oy such that x€0, and O: is
compact. So, {Os: x&X} is an open cover of X,

Let A;, A2, ... be open covers of X such that
A,={0s: x&X} and for each », A,,, refines Ay
and given # and x, there exists m such that
St(x, Ax)C VaEA,.

Let x&X and Oy, A4, such that 0,Dst(x, Aw)
DOst(x, Aw+1). LetxyEst(x, Ag).

Then Xw, Xm+1.— O, and hence x,,xz,..
cluster point. Therefore, X is a w4-space.

. has a

Theorem 2

Every w-space with a Gy*-dlagonal is develo-

pable.

— 243 —



2 = ¥ 4

Proof: Let X be a wi-space with a Gg*-
diagonal. Then there exists G, Ga, ..
of X such if :=X and for each 7, x.Est(x, Gyx)

., 0pen covers
then the sequence x;, Xz,... has a cluster point.
Furthermore, there exists a sequence H,, Ha,...
open covers of X such that x#2y<X, then there
exists z such that

yetst(x, Hy).

Let K.={g,. Nk, : &4€G,, heH,) and for each
n22, let Kuoy = (€01 Nlari NVky: Eut1ECanE
Hyir, knSKal.

Then K, Ko, ...is a sequence of open covers of
X.

Let xX and U an open set of x.

Suppose for each n, st (x, Ky)—U+¢.

Let x,=st(x, Ky)—Ufor each n. Then x.Est(x,
G,) for each =,

Let y be a cluster point of the sequence x,,
X3,... and y#x.

Then there exists #& N such that yest(x, Hy).

So, y&st(x,K»). On the other hand, y&X-
st(x, Ky) andX-st(x, K,) is open.

Since st (x, Kx) N(X-st(x, K,.))=§S, we have a
contradiction.

Hence, st(x, K,)CU. Therefore, X is develo-
pable.

Theorem 3

A regular countably compact space with a G¥
-diagonal is metrizable.

Proof: Let X be a regular countably compact
space with a G¥ -diagonal.

Since X is countably compact, then X is a w4
-space and so by Theorem 2, X is developdble.
From proposition (8), X is subparatompact.

From proposition (8), X is compact. Since X
has a GF -diagonal, then X has a G,—diagonal.
From proposition (3), X is metrizable,

Theorem 4

The following are equivalent for a regular

space X.

(1) X is a Moore space.

(2) X is a w*-space with a G,*—diagonal.

(3) X is a subparacompact w4-space with a G,

-diagonal.

Proof: (1)=2(2)

Let G, G, ...
X such that if xU open, then there exists »
such st(x, Gy)cU.

Supposse x#y.

, be a sequence of open covers of

Since X is regular, there exists an open U
such that xeU/ TcX—{y) and there exists # such
that st(x, Gy)cU

So, yESt(x, Gn.

Hence X has a G,¥-diagonal.

For each n,let xsEst(x, Ga).

Since st(x, Gx), #=1,2,...
has x as a cluster point.

is a base at x, then
X1, X3, ...

Therefore, X is a w4 -space.

2)=2(3)

From Theorem (2), X is developable and so X
is subparacopact by proposition (5).

Since X has a G¥ -diagonal, then X has a Gi
-diagonal. )

Therefore, X is a subparacompact w! -space-
with a G, -diagonal.

@)=

From Proposition (6), X has a G¥ -diagonal.

Hence, X is developable from Theorfm 2.
Therefore, X is a Moore space.

Theorem §

A T,-space X is metrizable iff X is a paraco--
mpact w? -space with a &, -diagonal.

Proof : Suppose X is metrizable.

Then X is paracompact and so by Proposition:
(2), X is subparacompact aad collectionwise
normal. Furtherrmore, X is normal and regular..

Since X is metrizable, then X is a Moore:
space.
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From Theorem 4, X is a subparacompact w?
-space with a G, -diagonal.

But then X is paracompact.

Therefore X is a paracompact w4 -space with
a G, -diagonal.

For the converse, suppose X is a paracompact
wé -space with a G,-diagonal.

From Proposition (2) and Theorem 4, X is
subparacompact and collectionwisenormal, and
X is a Moore space.

From proposition (1), X is metrizable.

Conclusion.

From Definition, if we required x to be a

<E ®
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cluster poiut of the sequence x,xs,...,then st
(x,Gy) would be a base at x and we would have
defined a developable space.
This paper ends by giving an open problem.
Is a collectionwise normal w4 -space Jrith a G,

-diagonal metrizable?
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