The Number of Partitions of a set
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Summary

In this paper. we obtained the general formula for the number of partation of a

finite set.

In this paper, we find the number of partitions of a finite set.

The set {1,2,...,m} is denoted by zZ. and the set
of all positive integers is denoted by Z,. For a finite
set A, let #(A) denote the number of elements of A.
A partition 0 of the set Z_ is said to divide Z inton
parts if #(6) = n.

DEFINITION 1.For any m € Z, §(m) denote the
family of all partitionsof Z_ .

DEFINITION 2 For any mmne Z,,
16e§(m): #(6) = n}, and { '} = #($(m,n)).

§(m,n) =

The following is immediate from definitions.
PROPOSITION 1. i)For any m € Z,, {"7I= L
ii) For any n € Z_ with n 2 2,

(21 =o0.

We have the following important formula.

THEOREAM 2. For any m,n € Z,, ("1]] = (7]
+(nel) gyt

proof) Let.d = {6ef (m+1, n+1) :{m+1} €0} and
B=16 € § (m+1, n+1) : {m+1} ¢ 8}. Obviously,
$(m+1, n+1) is the disjoint union of fandRB.

It is easy to see that #() = [','.'] Thus it remains
to show that #(§) = (n+1)[,/7;]. Obviously, {m,n+1)
=¢ if and only if#=¢. Let@#¢, and let §={A,A,..,,
A'” tef(m,n+1). Define 0‘={AI,A2,...,A“, AN
ime1}, Ay, i@y, A,y by forallieZ,,,. Thend,
0,...,0 .. are distinct partitions in®@ Let § and A be

o
distinct partitions in $ (m,m+I). Then it is easy to

sce that 8 #A, forallije Z ,,. Thus we get (n+1)
[74 1 1 distinct partitions in 28 from [} ;] partitions in
$(m,n+1). The fact that any partition in 8 is equal to
0, for some 0 € § (m,n+1) and for some i € Z,,, com-
pletes the proof.

Note that [';:] ’s are completely determined by Pro-
position 1 and Theorem 2.

We define a function f on Z_ x Z,, and prove that

flm,m) = [7].

DEFINITIONS. For any mn» ¢ Z,, f(mn) =
-1t km-l
k<1 (n-k)! (k-1)!

We have the following propositions which corres-
pond to Proposition 1 and Theorem 2.

PROPOSITION 3. i) For any m ¢ Z,, f(m,1) = 1.
ii) For any n € Z, with n > 2,

fin)=0.

. _11\0
proof) i) For any me Z,,fm1) =%l—())—! 1™ =,

i) fla = B 1Rk
DI = 2 mown:

1 2 1) .
1) ko1 _(_é_)_n- ;‘1 (k-1 1k

1 LU X
w2 G e

1 'nk

1 -1
(n-1)1 (-1

= 0,ifn> 2
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PROPOSITION 4. For any m,» ¢ Z o fm+ln+1)
= flm,n) + (n+1)f(m,n+1).

Proof) f(m,n) + (n+1)f(tm,n+1)
n ( l)n -k Km- 1 n;l

z ) "k + (ntl
T k=1 (n-k)! (k-1)! k=1 (n+1-k)! (k-1)!

-1 n+1l-k xm-1

n+] 1

= > _ ) (_1 )n+l—kkm-—l
k=l((n+l—k)! (k-1)! (nk)! (k-1)!

. (n+1)m

oln!

l’l;l (_l)n+l-k km
k=1 (n+1-k)! (k-1)!
= f(m+1, n+1)

By the above propositions we have the following

theorem, one of our main results.
THEOREM 5. Foranym,neZ,, {m}
n (_l)n -k Kkm- 1
k—l (n-k)! (k-1)!

‘(nl)nml

s 1)v - () @™t .

ey,

Proof) By Proposition 1, Theorem 2, Proposition
3, and Porporition 4, we can conclude that for any
positive integer m and n, ["'1'] = f(m,n). The second
equality is obvious.

REMARK. By Proposition 1 and Theorem 2, we
have the following triangular array of positive integ-

ers, which is similar to Pascal’s triange.
m
TABLE OF | nl

n=1 n=2 n-3 n=4 n=5 n=6 -

m=l- 1 ®* 0 0 0 0 - .

m=2-» 1 1 0 0 0 ¢ . .
m=3—- 1 3 1 0 0 o0

m=4— 1% 7 § 1 ¢

m=5—> 1 15 25%k10 1 ¢ . .

EXAMPLE: (%) [51 = 0; [‘1*] = 1 (Proposition 1),

(**) [3] = 7 +3:6 = 25 (Theorem 2).

We have some formulas.

COROLLARY 5. Foranym,neZ,,

i) (m(-)l)mm-l _ (mil)(m-l)m‘l + .+(_1)m-l
= (m'l)!)
li) (n(-)l)nm-l _ (nil) (n_l)m-l +.. .+(-l)m.l

= 0ifm<n.

Proof) i)[] = 1,ii) [B1=0ifm<n.

We now consider the number of all partitions
which divide Z_ into less than or equal to n parts.

DEFINITION 4. For any m,n € Z,, {"
the number of partitions which divide Z_ into less

Z, ™.

DEFINITION 5. For any nonnegative integer n, let

1 1 1
d =1- +—_ 1y L
1-1 ..+(1) nl?

} denote

than or equal to n parts, that is, it =

21
that is, a partial sum of the convergent series

1= \n_l
1_1+2—'-—+ +(-1)“;?+

The following are our main results,

HEOREM . ’ +r i } k
I 6. F or anym, n ¢ A =

n
Proof) (31 =% 1)
- g ;: (_l)i-k km-1
i=l k=1 (i-k)! (k-1)!
- g g kxm-1 [—l)i'k
k=li=k (k-1)! (i- k)'
-1 n-
g Km- nk (-1

"1 kD) 20 T
km-1
2
“1 Geny ok

COROLLARY 6. Foranym e Z,, #($(m)) =2

g‘ gm-1

k=1 (k-1)! Ak
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