A NOTE ON STRATIFKABLE SPACES AND N-SPACES

by Sang Hun Rhee,

Contents
1. Introduction
2. Definitions and elementary properties
3. Main theorems
4, Properties by mappings
5. Conclusions

1, Introduction

Stratifiable spaces have been introduced by Borges [1] and [4] CEDER proved
that any §-space is k-semistratifiable spaces, In this note, we give a simple
characterization of N -space, We show that the image of Nagata space under a clo-
sed pseudo-open finite to one compact mapping is stratifiable and that the image
of a compact and N-space under a £-mapping is an ¥ -space. In the end we inv-
estigates the properties of the image of N -spaces and stratifiable spaces under

N -mapping,

2. Definitions and elementary properties

DEFINITION 2.1. [1]. A topological space X is a stratifiable space if X is T,

and, to each open UTX, one can assign a sequence {U,.}S2, of open subsets of X

such that
(a) U,cU,

M U U. =U,
n=1

(¢) U. CV. whenever U C V,,
This correspondence U—{U.})$2, is a stratification of X whenever the U, sati-
sfy (a), (b) and (c) of DEFINITION 2.1.
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DEFINITION 2,2, [5]. A topological space X is a semi-stratifiable space if, to
each open set UCX, one can assign a saquence {U.}.2% of closed subsat of X such

that

@ U U. =U,
n=1

M U.CV, whenever U C V,
The correspondence U—{U.}S2, is called a semi-siratification for the space X,
M. Henry showed, in [5], that stratifiable spaces are semi-stratifiable spaces, but

these implication cannot be reversed,

DEFINITION 2.3, [2]. A regular T, space with a g-locally finite A-network is

called an N-space,

DEFINITION 2,4, [2]. A knetwork P for a space X is a family of subsets of
X such that if CclU, with C compact and 7 open in X, then there is a finite
uion R of mambers of &P such that CC R CU,

A network P for a space X is a family of subsets of X such that if x<U,
with U open. then there is a P € P such that x€PcCU,

DEFINITION 2.5, [2]. A k-semistratification of a space X is a semistratifiable
U—{U.}33 for the space X such that given any compact subszt K with KCU,

there is a natural number n with KCU ..
M. Henry. [5], obtained the following,

LEMMA 2.5, A space X is k- semistratifiable if and only if to each closed set
FCX, one can assign a sequence {(U.)2, of open subsets of X such that

(a) oﬁ’ U.=F

n=1

B U, CV, whenever U — V,
() If FNK=¢ with K compact in X,
then there is open set U. with U.NK=¢,
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Clearly stratifiable spaces are &-semistratifiable and k-semistratifiable spaces
are semi-stratifiable, but these implications cannot be reversed,

Notation and terminology will follow that of J.L. Kelley [11] and all mappings
will be continuous and subjective, and N is the set of natural numbers. we denote
the interior of a subset 4 of a topological space by Int (A),

3. Main theorems

For this section, we consider the following terminologies. A collection B of
subsets of X is said to be @ psendo base if for each compact subset K of X and
each open subset U/ of X containing X there is a BeE & such that KCBCy. Let
&7 be a subbase for a space X and let £P be a s-locally finite family of subsets

[oge)
of X such that if CCU& G with C compact, then AR= U P, € SP such that
n=1

CCKRCU. We call such a family & (after Michael’s &”-£-pseudo base) an
S -k-network,

THEOREM 3,1, Let X be a regular T,-space and 7 be a subbase for X,
Then X is WN-space iff it has a g-locally finite &F ~k-network,

PROOF, The necessity is trivial. To prove the condition bsufficient. Suppos=

that &7 = ng] G is a o-locally finite SF-k-network for X,

Let _g7 be the class of all finite subsets of N and for each E=_g put & (E>
is the class of all finite intersections of members of U{ &2 : #n=E}. Since
U{ A : n&E} is a subset of F (E) and each S& is locally finite. - Then each
F (E) is locally finite so that F =U{ F(E): EE_M} is o-locally {inite. We
shall show that & is a &-network for X, First suppose that CcUu= B, where
C is compact & is a base for X consisting of all finite intersections of members
of & Thenu= 0 (S, : S.€ G} and for each i (i=1,2,--n), there is a finite-

n=l ’ ’ n n
union R; of members of &2 such that CCR,CS,. Then C C iQIRi CU= i£1 S
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”
and N R. can be expressed as a finite union of members of & For by constract
=1

and <P is a og-locally finite F-k-network for X, Now let U be an arbitrary

”
open set, and CCU=UB; (B, @) (C is compact). Then CC U B, =U(B.€ &)

1=
and B,CU for each i. Since C is normal, Let 2/ ={B.: :i=1,2.3,--n}, Then Z¢
is a point finite open cover of a normal C. Then it is possible to select an open
set C, for each B, in 2/ in such a way that C, CB, and the family of all sets
C, is a cover of C. Hence for each i we have C; C C:CB;-. Therefore C,CR,CB,

for each i, Applying the result of the previous parggraph. we can find R,, R,, R;,-**

”n
R, in % such that C; CR; < B, for all i, Now if R= U R,, thenR& “# and
t=]

CCRCU.

DEFINITION 3.2, [91. Let (X, ) be topological space and let : NxX— F

ssuch that x < (ﬁ g (n,x) for each x&X if y.€g(n,x) for each n EN implies
n=1

that the sequence <y.)> has x as a cluster point. Then (X, F ) is called a first

<countable space,

DEFINITION 3.3. (9]. Let (X, .7~ ) be a topological space and let g: NxX— F
such that (1) x= OFT g&(n,x) for each x€X,

n=1

(2) If y.€g(n,x) and P.cg(n,y.) for each n<N, implies that

+he sequence {p.) has x as a cluster point. Then (X, I ) is called a r-space,

DEFINITION 3.4, Let (X, 9) be topological space, let g:NxX—_ Z such
that (1) x&= 1 g(n,x) for each xEX,
n=1

(2) If x,=g(n,x) for each &N, implies that the sequence {x.) has a clus-

ter point, Then (X, & ) is called a g-space,

LEMMA 3.5, Let (X, F ) be a regular space in which points are G,o,, Then
(X, T )isa first countable space iff (X, F ) is a g-space,

PROOF : The necessity is trivial,
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To converse, let X is a regular g-space and let a point x&<X is a G,-subset of

X, Then there is a function & : NxX— & such that {x}= oﬁ g(n,x) and x.&
n=1

g(n,x) for each n&< N, Then the sequence (x.» has a cluster point in X, It foll-
ows that if x.€g(n,x) for each n&N, then every subsequence of <{x.)> has x

[ ]
as its unigue cluster point, since 1 g(#,x)={x}. Hence the sequence {x.> has a
n=1

cluster point x,
The following LEMMA is obvious from the DEFINITIONS,

LEMMA 3.6. Suppose a topological space X has a semi-stratification
U-{U.}= with the property that if U is an open in X and PEU, then PG

Int(U,) for some n<=N, Then X is a stratifiable,

By (4] LEMMA 3.5, and LEMMA 3,6, we obtain the following COROLLARY.

COROLLARY 3.7. Let X be a k-semistratifiable q-space in which points are

G,,. Then X is siratifiable,

PROOF. Let U be an open set in a k-semistratifiable and g-space X and U~
{U.} <, is an increasing k-semistratification for the space X, and P&=U, Assume
that P=X —Int(U.) for each »N. Since X is g-space, there exists decreas'ng
sequence {V (. ) of neighborhoods of P such that if x&V (. for each 2N, then
{x,> has a cluster point iﬁ X. We may assume that each point' x. 1s in the open.

st U and {P}= N V. It follows that if x(m €V (m for each z&N, then every
n=1

subsequence of {x.> has .P as its unique cluster point, so {x (» » Convcrges to P,
Thus {x. : 2ENJU[P} is compact subset of U. Therefore exists a positive integer
m such that {x, :sEN}U{P}CU, for each n=m, which is contradict to choic ng:

x,.. Thus by‘ LEMMA 3.6, X is a stratifiable,
4, Properties by mappings

DEFINITION, 4.1, [3] A mapping f: X—Y is compact if f~'(¥) is compact for
each yEY, ‘
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DEFINITION. 4.2, [3] A mapping f: XY is aka-mpping if f*(X) is a com-

pact subset of X whenever K is compact sat in Y,

DEFINITION. 4.3, A mapping f: X—Y is called compact covering if every ca~

mpact subszt of Y is the image of some campact subset of X,

EDWIN HALFAR (3] showed that if a mapping f: X—Y is clos2d and compact,
then f is £-mapping,

DEFINITION 4.4. A mapping f: XY is pseado-open if for each y€Y and any
neighbourhood U of f~'(y). it follows that y= Int[ f(U)].

LEMMA 4.5 If f: XY is a pseudo-open finite-to-one mapping and X is a

first countable space, then Y is first countable,

PROOQF. Since f is finite to one, we put f*(»)={x1,x.,>*x.} for every y&Y,

Then for each x;, there exists a countable dscreasing open neighborhood base

m
{U’(‘ ) 122,. Let U= U U%,;y Then {Int[f(U*)]]} is a countable base of y. For,
X i=]

let U be aa open neighborhood of y. Then f~*(U) is an open neighborhood of f-*
{y). Henc: there exists an integer &, such that U'/.,, Cf 1 (U). Let £=max
{k:, k,,c+£.), It follows that y € Int [f(UH]ICU,

Using an analogue to proof Theorem 2 3. in[5] tne following LEMMA 4, 6, may
be proved,
LEMMA 4.6, If a mapping {: XY is a psendo-open closed compact mapping

and X is a k-semistifiable space, then Y is k-semistratifiable,

PROOF. If FCY be a closed, then f~1(F) is clos2d in X, For each closed set
F of Y and each natural number #, let F.=Int[f(f~* (F).)] where ft(F)—f*
(F). is a dual 4-semistratification for X, we will show that th= corresdondence
F—{F.} is a dual k-semistratification for Y, Since f*(F)Cf 1 (F). for each ni=N,
Y (F), is an open neighborhood of f'(y) for each y<F, and f is a pszudo-open

Tapping, therefore, we have FC n Int[f(f1(F))]= n F.. For the reverse
n=1 n=1
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directicn, assume z¢F. Then f1)Nf 1 (F)=¢ with f~*(z) compact in X, and
therfore there exists a natural number #z such that f '(2)Nf*(F).=¢. Then z¢F,

oo
for some 7 consequently, we have F= (1 F., Next, if F and G are closed sub-
n=1

sets of Y such that FCG, then clearly Int([f(f*(F).)ICInt[f(f*(G).)]. Finally,
et KNF=¢ in Y with K compact and F closed in Y, Then f(K)Nf1(F)=¢,
§1(K) is compact and f~(F) is closed in X, Hence, {*(K)Nf*(F).=¢ for some
n, Therefore, KNInt[f(f*(F)J)]=¢. By LEMMAk 2.5., Y is k-semistratifiable,

THEOREM 4.7. Let X be a Nagata space, If f: XY is closed pseudo-open

finite to one compact mapping, Then Y is stratifiable,

PROOF. By [41. Since Nagata space are equivalent to the space is first counta-
ble and stratifiable, Since first countable and k- semistratifiable is stratifiabie,

Hence by LEMMA 4.5, and LEMMA 4, 6., Y is stratifiable,

COROLLARY 4.8, Let X be k-semistratifiable and zf f is psendo-open k-map-
ping and Y is first countable. Then Y is a Nagata space,
THEOREM. 4.9. If f: XY is a strongly continuous function, Then | is com-

pact covering mapping,

!

PROOF. ‘It is sufficient to show that image of any compact subset of X is com
pact, Let A be a compact subset of X, Since f is stronly continuous, therefore
' (») is open for every ¥ in Y, then clearly {f'(3): y&f(4)} in an open covering
of A, Hence there are the family many points .,7:,*>*¥.&f(4) such that ACU
(1 (y) 1 i=1,2,+n), If f(AD not compact, there is zEf(4) such ‘that zy, for
every i=1,2,---n, therefore there is a element x€&A such that f(x)=z, Therefore

x¢Uf("*(y,) s i=1,--n}, it is contradict. Hence .f(4) is compact.

S.MACDONALD AND S.WILLARD in [10] sﬁowed the following TEEOREM 4.10.

THEOREM 4.10. X is compact if and only if every funtion image of X is

regular,

T HEOREM 4.11. If f: X—Y és k-mapping and X is compact and §-space,
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Then Y is N-space.

PROOF. Since X is M-spacz, let 2 = U < be a g-locally finite k-network
n=1

for X. We shall prove that " = U %, where . ={f(V):Ve I ), is
n=1

a g-locally finite k-network for Y. Since f is continuous, each 9 will be locally
finite in Y. To prove that ¥  is a k-network for Y, let K bz a compact subset
of Y and U be an open subset of Y énh that KCU. Sinc: f is k-mapping, f~'(K)
Cf 1 (U), therefore f*(K) is compact and f-*(U) is open set. Let R be a finite
union of members of such that f~*(K) CR<f1(U). Hence K=f(R)CU and f(R)
is a finite union of member of . since X is compact, by THEOREM 4.10. Y

is regular. Y is N -space.

COROLLARY 4.12. If f: X—Y is k-mapping and X is compact and §-space

aud Y is first countable, Then Y is stratifiable,

PROOF : By THEOPEM 4.11, Y is N-space and since N-spaca is E-semistrati-

‘fiable and Y is first countable, Y .is stratifiable,

DEFINITION 4.13. [9] Let X and Y be topolozical space, let ¥ : X—Y De a
mapping, and let £ be a COC-function for X. Thin ¥ is an N-map ping relative
to g if given any y<Y. and neighborhood W of y, there is a neighborhood V of ¥
-and a positive integer # such that if g (#, x) ¥ (V)%¢ then F(x)EW.

DEFINITION 4.14. [9], Let (X, ) be topolagical space and let g be a fun-
tion from Nx & into . Then g is called 4 COC-function for X if it satisfies

thesz two conditions : (1) x& n g (n,x) for all x=X,
n=1 '

(2) g(n+1, x) =gn,x) for all nEN and =X,
By KENNETH ABERNEHY [9], we havg the THEO REM.

LEMMA. 4.15. If Y is a regular space in which points are Gy, Then Y is
q-space if and only if there is' @ metrizable space X and a open mapping from
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X onto Y,
P ROOF : By THEOREM 2.1 [9] and LEMMA 3.5. is obvious.

LEMMA 4.16. Let (X, F ) and Y be topological spaces. If f:(X, F )-Y
is mapping and Y is q-space and W-space in which points are G,»,. Then { is

an N-mapping.

PROOF, By LEMMA 3.5, Y is first countable and by [41, Y is &-semistrati- |
fiable. Therefore Y is stratifiable. Let % be a stratifiable func.tion for Y, and
define g: Nx 9 — 7 by gn,x)=f1[h(n,¥(x))]. Since & is COC-function for
X, therefore f(x)E&A [n, f(x)] for every ». Hence xEf' f(x)Tf*[h(n, f(x))] for
every n, therefore x<=g(=n,x) for every =, and another condition is trivial. There
-fore g is a COC-function for X. Now let ¥€Y, and let W be an open set conta-
ining y. Then Y =W is closed and y¢Y —W, hence there exists an #,&N such that

yeU {hGn,p): pEY—W).Let V=Y=U (hn,,p): peY-W). Now if g (z.,x)
Nf'()=x¢, then b (n,, F (x))NVx¢. But this means that F (x)¢Y —W'.,

THEOREM : 4.17. Let X and Y be topological spaces. If there is an open
N-mapping from X onto Y. Then Y is stratifiable,

PROOF, Let g be a COC-function for X reltive to which f is an N-mapping.
Let y€Y, n&N. Then choose any s€f'(y) and define k(xn,y)=flg(n.5)7 for
every n. We claim that % is a stratifiable for Y. Let H be closed in Y, and sup-
pose that p €U{k(n,z) : zEH]), for each n EN. Suppose peHithen pEY—H=W_
which is open. Thus there exists a neighborhood ¥ of # and an n#, &N such that
if g(n,,x)Nf'(V)x¢ then f(x)EW. Now since V is a neighborhood of p, VN (U
{h(n,2): 2E€H])%¢ for each nEN, Thus there is a zEH such that A(n,, 2) V¢
Therefore, if ¢ is such that & (n,,2)=f[g(=n,,8)], we have & (n, )N f (V)4

But this implies that f ()=z&W, an obvious contradition.

5, Conclusions

In a regular T,-space and if G is a subbase for the space, we are investigated
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that the space is ¥ -space iff it has a g-locally finite G -k-network. Also obta-

ined that if a k-semistratifiable ¢-space in which points are G,s,, then the space

is stratifiable, and that if a regular space in which points are G,r,, then g-space

is a first countable spaces. It is shown that the image of a £-semistratifiable sp-

ace under a pseudo-open closed compact mapping is A-semistratifiable space and

that if X and Y are two space and if there is an open N-mapping from X onto Y,

then Y is stratifiable.
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