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The Area of Regular Surfaces Under Inversion

Moon, Young-Bong* - Hyen, Jin-Oh**

Abstract

A mapping f: E® - {(0,0,0)} — E® which sends a point p iuto a point
p' is called an inversion in an Euclidean space E* with respect to a given
circle or sphere which center O and radius R, if OP - OP' = R? and if the
points P, P’ are on the same side of O and O, P, P! are collinear.

This thesis shows that, a bounded region M of a regular surface S in
E? and a parametrization X (u,v) = (z(u,v),y(u,v), z(u v)) of S being giv-

|4\/EG F? dudv,

en, the area of f(A) under inversion is equal to // X

where Q = X~'(M).
Introduction

In this paper, our study of area will be restricted to the regular surface
in the Euclidean space E3.

In Scction 1, we present the basic concepts of a regular surface in E®
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and introduce the first fundamental form, a natural instrument to treat the
area of region on a regular surface. And we also show how to find the area
of a regular surface.

Next, in Section 2, we introduce the definition and some properties of
inversion in E* and show that an inversion f : S — § of two regular surfaces
S,Sin E? is a local conforvnml mapping. That is, the first fundamental forms
of S, S are proportional.

Finally, in Section 3, we present the main theorem ; the area f(M) of

a bounded region M of a regular surface S under an inversion f: S — § is

equal to R? // ! VEG — F%dudvy, where Q = X ~}(M).
Q

x|*

1. The area of a regular surface

We shall introduce the basic concept of regular surface in E3. Regular
surfaces are defined as sets rather than maps. A regular surface in E3 is a

subset of E3,

Definition 1.1. A subsct SC E%isa regular surface if, for each
p € 5 there exits a neighborhood V of p in E3 and a map X :'U -VnsS
of an open set U C E? onto VNS C E? subject to the following three
conditions:
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(1) X is differentiable.
(1) X is a homeomorphism.

(iii) For each q € U, the differential dX, : E? — E3 is one-to-one.

If we write X(u,v) = (z(u,v),y(u,v),2(u,v)),(u,v) € U, then the
functions z(u,v), y‘(u,v),z(u,v) have continuous partial derivatives of all
orders in U. Since X is continuous by condition (i), condition (ii) means that
X has an inverse X~! : VNS — U which is continuous. Let us compute the
matrix of the linear map dX; in the canonical bases e; = (1,0),e; = (0,1)
of E? with coordinates (u,v) and i; = (1,0,0),i; = (0,1,0),i3 = (0,0,1) of

E3, with coordinates (z,y,z). Then, by the definition of differential,

(1.1) dXo(e) = (5. 30 30) = 3a = X
, _ 0z 8y 0= oX
(1.2) aXy(er) = (50, 22, 25y = S = X,

Condition (iii) means that the Jacobian matrix J;(q) of the mapping X at
each ¢ € U has rank 2. This implies that at each ¢ € U thé vector product
%%{ X %}’ # O (regularity condition), where (u,v) € U. Thus the regular
surface S is neither a point nor a curve.

The mapping X is called a parametrization or a system of local coordi-
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nates in a neighborhood of p. The ucighborhood VNS of p € S is called a

coordinate neighborhood.

Example 1.2.  Let the sphere S? = {(z,y,2) € E* 22 +y%+2% = a?}.

Consider the map X; : U = {(z,y) € E%z? + y* < a?} — S? given by

Xi(z,y) = (a:,y; Va - (z + y2)) , where S2 = {(z,y,2) € §%;z > 0}.
Since z2 + y? < a?, the function f3(z,y) = \/a? — (22 + y?) has contin-
uous partial derivatives of all orders. Thus condition (i) holds. Since X is

one-to-one, and X! is the restriction of the projection : (z,y,2) — (z,¥,0),

X! is continuous and satifies condition ii). Condition iii) is easily verified

1 0
since the Jacobian matrix g} of the map X, at each ¢ € U has

015;

rank 2. Thus the map X, is a parametrization of S2.

*

Similarly, we have the parametrizations

Xao(z,y) = (:c,y, —v/a? — (22 + y’)) )

which, together with X, cover $? completely, and show that S? is a regular
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surface.

Definition 1.3. The tangent space of a regular surface S at p € S is

the set T,(S) of all vectors tangent to S at p.

Definition 1.4.  The quadratic form I, on T,(S), defined by I;(w) =
< ww >,= jw|? 2 0, is called the first fundamental form of the regular
surface S C E® at p € S, where w € T(S).

We shall now express the first fundamental form in the basis {Xu, Xv}
associated to a parametrization X (u,v) at p. Since a tangent vector w €
T,(S) is the tangent vector to a parametrized curve a(t) = X (u(?),v(t)),

t € (—¢,¢), with p = a(0) = X(uo, vo), we obtain
1,(e(0)) =< a’(0),0'(0) >
=< X, u' + X‘,v',.\’uu' + X, v >p
=< Xy, Xu>p (u')2 +2<Xu,Xv>p u'v'+ < Xu, Xy >p (v')2

= E(u')? + 2Fu'v' + G(v')?,

where
(13) E(UO,Uo) =< Xu,Xu >ps
(14) F(‘UQ,‘U()) =< Xu,Xv >p
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(15) G(UO,UQ) =< -‘Yv,-)(u >

are the coefficients of the first fundamental form in the basis {X,, X,} of
T,(S). By letting p run in the coordinate neighborhood corresponding to
X (u,v) we obtain functions E(u,v), F(u,v), G(u,v) which are differentiable
in that neighborhood.

Definition 1.5. Let M C S be a bounded region of a regular surface
contained in the coordinate neigliborhood corresponding to the parametriza-

tion X : U C E? — S. The positive number
(1.6) / | Xu x X, | dudv = A(M), Q=X"1(M),

Q

is called the arca of M.

The function | X, x X, |, defined in U, measures the area of the paral-

lelogram generated by the vectors X, and X,.

Proposition 1.6. In the coordinate neighborhood corresponding to

the parametrization X (u,v),
(1.7) A(]\I):—-// VEG — Ftdudv, Q=X"'(M).
Q

Proof. Let 8 be the angle between X, and X,. Then

I -\—u X -\’v |2 = |‘¥u|2l.\—v2 Sill2 6
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= | X1 X2 (1 = cos® 6)
< Xy, X, >?
XX - ———
= XX < Xu, X, >
= EG - F*.

Corollary 1.7.  The parametrization X (u, v) has the regularity con-

dition if and only if EG — F? is never zero, that is, EG — F? > 0.

Example 1.8. Let S be a sphere with radius r and center O and let

U= {(u,v)€E2;0<u<27r,—g<v< g} If X : U — E® is given by

X(u,v) = (rcosvcos u,r cosvsinu,rsinv), then
E=r%cos’v,F=0,G= r2.

Now, consider the region S, obtained as the image by X of the region Q.
. ™ ™
given by Q. = {(u,v);0+£ <u SQ?‘I’—E,—E—S <v< —2-+e}, e>0.

Using (1.4), we obtain

+e -

2x—e¢ ;—z
2
= / / r* cosvdv du
U+4e —;—+e

= 4r?(m —€) cose.

2r—e T—e
A(S.) = / / EG — Fidvdu
0 Fte

_53_



8 BHRMTT 1135 (1954.12)

Letting € — 0,

A(S) = 4nr?.

2. The conformal map of two regular surfaces

under inversion

Let the symbol (O)r denote the circle (sphere) with center O and radius

Definition 2.1. Two points P and P’ of E?(E?) are said to be inverse

with respect to a given (O)r, if
(2.1) OP-OP' = R?
and if P, P' arc on the same side of O and the points O, P, P are collincar.

A (O)Rg is called the circle(sphere) of inversion, and the transformation
which sends a point P into P’ is called an inversion.

The center O of the circle(sphere) of inversion has no inverse point.

The center O put the origin in the coordinate system. Denote the dis-

tance to the origin O of a point X € E* by | X |.

Proposition 2.2. An inversion in a space E3 is a mapping f : E® -
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{(0,0,0)} — E? such that

N R*X R*X
(2:2) f(X) = <X, X>  |X|*

Proof. For some positive real number k, f(X)=kX,
because the points O, P, P' are collinear.

Since f(X) is the inverse of X, by means of (2.1),

| X || £(X) |= R,
k}X |*= R%.
2
Since | X |0, k= I—%

Hence (2.2) holds.

2 v
The inversion f(X) = IR—X-)T‘f is the vector of length R?| X |™! on the
ray of X, and is not defined for X = O nor is Y = O the image point of any

X € E3.

Proposition 2.3.
(1) A line through O inverts into a line through O.

(2) A line not through O inverts into a circle through O.

(3) A circle through O inverts into a line not through O.

-)5-
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(4) A circle not through O inverts into a circle not through O.
When the words line and circle are interchanged with the words plane

and sphere, respectively, Proposition 2.3 is stated in the next Theorem 2.4.

Theorem 2.4.
(1) A plane through O inverts into a plane through O.
(2) A plane not through O inverse into a sphere through O.
(3) A sphere through O inverts into a plane not through Q.
(4) A sphere not through O inverts into a sphere not through O.
Proof. Let B be any vector in E* and consider the equation
(2.3) al X |2+ < B, X > +4c¢ =0, where a, ¢ are rcal numbers.

Then the equation (2.3) represents a sphere for a # 0,c¢ # 0, and a plane for

a=0,B # 0.
R2
For | X |# 0, multiplying both sides of (2.3) by W,
R*<B X R
(2.4.a) Rlat 222 €
| X | | X |
2y
Let Y = i?’_.\i_ Then
| X |
(2.4.0) %| Y P+ < B,Y >+ RPa=0.

Thus (2.3) under inversion is transformed into (2.4.0).

=56~
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(1) When a = 0,B # O,c = 0, (2.3) and (2.4.b) represent a plane
through O.

(2) When a = 0,B # O,c # 0, (2.3) represents a plane not through O
and (2.4.b) represents a sphere through O.

(3) When a # 0, B # O,c = 0, (2.3) represents a sphere through O and
(2.4.b) represents a plane not through O.

(4) When a # 0,B # O,c # 0, (2.3) and (2.4.) represent a sphere not

through O.

Definition 2.5. A conformal mapping f : S — S of two regular sur-
faces S, S in E? is a bijective differentiable mapping that preserves the angle
between any two intersecting curves on the régular surface S.

A mapping f : V — § of a neighborhood V of a point p on a regular
surface S into S is a local conformal mapping at p if there exists a neigh-
borhood V of f(p) € S such that f : V — V is a conformal mapping. If
there exists a local conformal mapping at each p € S, the regular surface S

is locally conformal to the regular surface S.

Theorem 2.6. A mapping f : S — S of two regular surfaces S, Sisa
local conformal mapping at p € S if the first fundamental forms of S, S at

P, f(p), respectively, are proportional, that is, E=)\EF= A’F,G‘ = \2G,
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A(u,v) > 0.

Proof. Let X(u,v) be a parametrization of the regular surface S, and
f(X(u,v)) = X(u,v) be that of §. Let C;,C; be two curves on the reg-
ular surface S intersecting at a point p = X(u,v) given by the coordinate

functions, respectively,
(2.5) u=u(81),v = vi(s1);u = uz(s2),v = va(s2),

where s, s; are the arc length of C), C,.

Then the unit tangent vectors of C;, C, at p are, respectively,

du, , dU]

2 = — —_—
(-.-G) tl Xu dsl Udsl )
- d‘UQ dvg
(27) 'tz —Aud—sz'-i-x.,dsz.

From (2.5) the angle 8 between ¢,,¢; is therefore given by

cosf = <t,,6&; >

[Edlt]dllz + F(duldvg + d‘U.2d‘U|) + del d‘Ug],

ds ds,

provided that the sign of sin@ is properly chosen.Thus we have

sin?8 =1 — cos? 6

- ds?ds? [Eduidus + F(duydvz + dugdvy) + Gdv,dv,}?
1

1
ds?ds?

(EG - F2)(duldv2 - d'U.2dvl )2,

-J58-
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where

ds? = Edu} + 2Fdu,dv, + Gdv},
dsg = Edug + 2Fduqdvg + Gdg.

Let 8 be the angle between the curves corresponding to C;,C; under f at
the corresponding point f(p) on the surface S. Then by replacing E, F, G,
respectively, by E,F,G, the coefficients of the first fundamental form on S,

using

vVEG -

(2.9) sinf = 35.d5

(duldvg — duzdwy),

and putting E = \?E, F = AF,G = A?G, where A? is an arbitrary nonzero

function of u, v, and the positive square root is to be taken for A, we have

cosf = T 2d — ———|Edu;dus + F(duydvz + duadvy) + Gdv, dv,]

1

= ——-—A2ds]d32 Az[EduldUZ + F(dUId‘Ug + du2dvl) + del dv2]

= cos ¥,

V EG Fz(duldvg - dU2dU|)
\/ EG — F?(du,dv; — duadvy)

sinf = —
ds,ds;

A2d31d32

= siné,
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where

d:f = Eduf + 2Fdu,dv; + de,z,
dég = Edu% + 2Fduydv, + édv%~
Thus 8 = 6, and f is a local conformal mapping.

Theorem 2.7. An inversion f : S — S is a local conformal mapping
of two regular surfaces, that is, S is locally conformal to S.

Proof. Let E,F,G and E, F, G be, respectively, the cocfficients of the
first fundamental form of a regular surface S and its image regular surface
S = £(S).

By using of (2.2),

Of(X) _ paXu <X, X > -X(< Xuy X > + < X, X >)

du <X, X >?
_ RQX" <X, X>-2X<X,,X>
<X,X >? '

af(X) R""X" <X, X>-2X<X,,X >

)

dv <X, X >?
(2.10) E =< afa(f), aféf) >= Ij\:‘ ,
_ R4
(2.11) F= T
— 4
(2.12) G = X7

_60_
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The first fundamental forms of S, S are proportional. Thus the regular sur-

face S is locally conformal to the regular surface S.

Remark. In the Theorem 2.7, if EG — F? > 0, then EG - F? > 0.

In an inversion f : § — S, two surfaces 5, S are regular.

3. The area under inversion

Theorem 3.1. Let M C S be the bounded region of a regular surface
S in E?* - {(0,0,0)} and let X : U — S be a map given by X(u,v) =
(z(u,v), y(u,v), (1, v)). If the mapping f : § — S is an inversion,then the

area of f(M) is equal to
(3.1) R // ﬁ\/EG— F2dy dv,
Q

where @ = X~ (M) = {(u,v); u; S u Luz,v vl

Proof. Let Edu®+2Fdu dv+ Gdv? be the first fundamental form of an
image surface § = f(S). Then, by using of (2.10), (2.11), (2.12), the area of
f(A1) is given by

4
//VEG—deudv=//|—f7|;\/EG—-F2dudv
A 3

Q

X}

=R4// ! VEG — F?dudv.
Q
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Example 3.2. Let § = {(z,y,2) € E% z=0,(z,y) € V : open set }
be the zy plane and let X : U — S be a parametrization of S given by

X(u,v) = (2u cos? v, 2u cos v sin v, 0),

where U = {(u,v) € E%,0 < u,—g <v< —;E} . Then

E =4cos’v, F=—ducosvsinv, G = 4u?, IX]* = 16u* cos* v.
1 T
IfQ= {(u,v); 5 Su<20<v< E}’ then

A(f(M))=R‘/O?/;2 1 VEG — F2 dy dv

Ix1*

R i L dud
- /; A dudcosty Y
5v3 _,

2 2
, Cy 1 Ba(t) = et shown in

On the other hand, if C} : A(t) = 4 cost

< Fig. 3.1 >, then

T [Ba(Y)
A(f(M)):/0 ./ﬂ(z) rdrdt

= 5 [ - s ae

1 (515,
=~ — tdt
2/{) 16R sec
_15R

= 33 tant

5V3
=33 1

b-4
[3

0

Example 3.3. Let S = {(z,y,2);2* + ¥ + (z = 2)®> = 1} and let
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X : U — S be a parametrization of a regular surface S given by

X(u,v) = (cos ucosv,sinu.cosv,sinv + 2),
where U = {(u,v)lO <u< 2#,—% <v< %} . Then
E=cos?v, F=0, G=1, |X|'=(5+4sinv)?.
Consider the region f(M), obtained as the image by f(X) of the region
Q. given by Q. = {(u v)€EE%0+e<u <27r—e,—§ +e<v< -721—- }

as shown in < Fig. 3.2 > .

The arca of f(M), is

A(f(M).) = /2« =/—-= \/ (5+::n:)4

2x—e
_ R cosv
,/ _/ The (5 + 4sin v)2 T dsmo)y U

= —{(o —4dcose)™! — (5 +4cose)"t}(2m — 2¢).

Letting ¢ — 0,

agoy =% (- F)

On the other hand, in virtue of (2.3) and (2.4.b),if e=1, B =(0,0,-4),

c = 3, then S = {(z,y,2); 22 + y* + (z — 2)* = 1} is transformed into

S:{(i y,z);z? +y? +<~—°—§—2)=%4—}.

Thus

A(F(M)) = %m‘.

_63_



18 BHEHTF  113% (1994.12)

< Fig. 3.1 >

< Fig. 3.2>

M)
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(E B
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