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1. INTRODUCTION.

The Theory of the derivative have been treated as an important problems in differ-
ential geometry.

In particular, it is a matter of interested to the study of the properties of the Lie

derivative on C - manifold.

The purpose of the present paper, we introduce some properties of the most basic

tools used in the study of Lie derivative on C - manifold and the bracket of C - vector
fields X and Y.

In chapter I, making use of the definition of derivation IXg) on C “(q) in R, if D
is a derivation of IXg), then yDis also derivation of IXg). Furthermore, D, and D,

are derivation of IXg) on C%(q) into R, then D, + D; is a derivation of IXg).
Thus IXq) is a vector space.

Let M and N be a C ™~ manifold. If a function Fis a C ™-mapping of M into N
and if F* @ C(F(p)) = C7(p) defined by F*(f) = fo Fand Fy ! T, (M) —
TF“,,(N) defined by Fy(Xp)f = Xp(F* f), then the differential of F, Fi is homo-
morphism.

In chapter Ill, let 8: R x M — M be a C ™-mapping satisfies any two conditions,
then @ is C - action {or one parameter group) of M.

For C - vector field X, there is infinitesimal generator of @such that

= Em —1 _
X f= lim —il f6a(p) = F(p)]
Thus the map 6¢*is a mapping of T(M ) into T(M) defined by 4,(X,) = Xq(p)
Finally, we have proved Lie derivative of Y with respect to X such that
(IxY), = lim%[ﬁ-t* (Yano) — Yp] is equal to bracket [X, Y] = XY — YX and

>0

so Lie derivative ;Y is F-related to LF*(X, F(YD).
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Throughout the present paper, by the manifolds and vector fields we mean C *-

manifold and C *® vector fields, respectively. The dimension of manifold M is » unless

explicity stated otherwise.
II. DERIVATION ON C*-MAP

Leta = (g}, g%+ -, 4") be any point of R”™.
We define T,(R"), the tangent space attached to a, as follows. It consist of all

pairs of (g, ) = ax and if such a pair denoted by X, there exists the mapping ¢ a

© To(R™) — V" is defined by ®a(Xa) =(z! — g!, 22 — g%---, 2" — a” )also

have the following properties:

(1) Xo+ YYo= 2, U2 ,(Xp) + 9,(YL)
(2) aX, = 9, Ua? (X))

for X;, Yo € T,(R")andg € R
If e!, e%---,e” be the natural basis of " and Eoa E,a-+,Ena be the natural

basis of T,(R"), then E,, = ¢ ,-1(e!), E s = ? el By = @ - 1(en)

n
Definition 2.1 Let X, =§ & E,, be the expression for a vector of T,(R"™.

For the differential map f defined on open subset of R", the directional derivative A f
of f ata in the “direction of X o defined by

= S —ai
Af=Zasy

Since A f depend on £ g and X, we shall write it as X.*f Thus X *f =

no
i=21 a (%)a- We may take any C *- function defined in a neighborhood of a. Then for
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each fe C(a), we have X*: C™a) »Ris defined by X,* = i‘i a (—a%)-

Property 2.2 if o, BeRand f, geC “(a), then we have two fundamental

properties of derivatives followings;

(1) X, af + B0) = a(Xf) + B(Xs'g) — (linearity)
2) X, ) = (X ) gla) + Fla)(X'9) — (Leibniz rule)

Let IXa) denote all mappings of C *(q) to R with linearity and Leibniz rule.

Then the elements of IXq) is called derivations on C%(q) into R.

Lemma 2.3 If D is a derivation of IXg), then yD is also derivation of DXa)
Proof. Let DeIXa), @, B, veRand £, ge C"(a). To show the map

yD : C*(a) — R is linear. Using(1) of property 2.2

(yD)af + Bg) = y[D(af + B9)]
= y[(«(Df) + B(Dg)}
= ya (Df) + yB(Dyg)
= a(yD)f+ B(yD)g

By means of the property 2.2

(yD)(fg) = r[ X f9)]
= y[ (DA g(a) + f(a) (Dg)]
= y[(Df)g(a) + f(a) 7(Dg)]
= ((yD)Dgla) + f(a)((¥D)g)

Lemma 24. If D,, D2 are derivation of IXa), then Dy + D2 is a derivation

of IXa)-
Proof. Let o, B be a real numbers and let £, gbe a C “- function.
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Then

(D, + Dy)af + Bg) = D,(af + Bg) + Dy(af + Bg)
la(D1f) + B(D1g)] + [a(D2f) + B(D2g)]
al(D1f) + (D2f)] + Bl(D1g) + (Dzg)]
a(D1 + D2)f + B(D1 + D2)g

It follows that the map D) + D2 : C%(a) — R is linear

(D1 + D2)(fg) = Di(fg) + D2(fg)
=[(D1NH gla) + f(a)(Drg)] + [(D2f) g(a) + f(a)(D2g)]
=[(D1N gla) + (D2f) gla)] + [ f(a)(Drg) + f(a)(D2g)]
= [(D1f) + (D21 (a) + f(a)[(Drg) + (Da2g)]
= [(Dy + D2)flgla) + f(a)[(D1 + D2)g]

Thus D, + D satisfies the Leibniz rule for differentiation of products.

Therorm 2.5 IDXq) is a vector space.

Proof. By Lemma 2.3, 2.4, we have the result.

Let U is an open set of manifold M, Then for any pe U, ¢ : U—> R" defined by

e (p) = (2!, x3---,x") is a homeomorphism on {Jand the pair ({J, ) is called a
coordinate neighborhood

Definition 2.6. Let fbe a real- valued function on an open set U of a #
- dimensional manifold M, Then f: UU— R is a C*-function if each pe U lies in a

coordinate neighborhood ({J, @) such that fo @ (xl, x2-~x") isa C*on @ (U).
Definition 2.7. Let M and Nbe a C~- manifolds. A function F is a

C “-mapping of M into N, if for every p e M, there exist (U, #) of pand (V,
V) of F(p) with F(U) C Vsuch that
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YoFoo® X)) :e(U) — V(W

is the C - function in Euclidean Sense.
Furthermore, we call F* homeomorphism if W o Fo ¢~ 1 is homeomorphism.
A C~-mapping F : M — N between C “- manifolds is called a diffeomorphism if it 1s

a homeomorphism and F and F~ ! are C *- mappings.

Definition 2.8. We define the tangent space T, (M) to M at p to be the set of

all mapping X, : C™(p) — R satisfying all @, ¢ R and £, g€ C"(p) the two condi-

tions;

(1) X laf + B = a(Xof) + B(X,9)
(2_) X (f9) = (Xpf) g(p) + AD)(X,9)

with the vector space operations in T (M) definde by
Xp+ Y f=Xpf+ Yo f (aXp)f=dX,f)

Any X , € T ,(M)is called a tangent vector to M at p.

Let F : M — N be a C*-map of manifolds. Then for p ¢ M, the map
"F* 1 C®(F(p)) = C~(p) defined by F*(f) = foFand Fy : To(M) = Tgn(N)

defined by Fy(X ) f = X ,(F*f) which gives F(X ,) as a map of C™(F(p)) to R.
We have

Theorem 2.9. F is a homomorphism.

- 490 -
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Proof. Let X,eT (M) and £, ge C"(F(p)). We must prove that the map

Fu(Xp) 1 CT(F(p)) = Ris a vector at F'(p), that is, a linear map

satisfying the Leibniz rule, we have

Fu(X,) (f9) = X F*(fg)
= X, [ (fo F)(go F)]
= Xfo F)g(F(p)) + A(F($))Xulgo F)
= XJF* ) g(F(p)) + A(F(0))XLF*g))
= (Fx(Xp) ) g(F(p)) + AF(0))(Fx(X,)g)
Thus Fy @ TolM) = Trma).
Further F is a homomorphism.
Fu(aX, + BY ) f= (aXp + BY,)(Fo f)
= aXp(Fo f) + BY,(Fo f)
aF (X f+ BFR(Y ) f
= [aFy(Xp) + BFE(YD]F

Remark. The homomorphism Fy : T,(M) = Tp,(N) is called the
differential of F.

III. SOME PROPERTIES OF THE LIE DERIVATIVE OF Y

Definition 3.1. Let M bea C™ manifoldandlet § : R X M— Mbea

C “- mapping which satisfies the two conditions;

(1) 6(0,p) = p forevery peM
(2) Gio Os(p) = Girs(p) = Bs0G(p) forevery s teR
and pe M where G(p) = 6(¢, p)
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Then @is called a C™- action or one parameter group of M.

For each one parameter group § : R X M — M, there exists a unique C - vector

field X, which is called the in finitesimal generaotr of @ such that
X, /= m14t] f(u(p) = f(p)]

Threm 3.2.  Let g, is a map T(M) to T(M). 1f : RX M~ Misa C™-
action of R. Then ﬁt*(X,,) = Xogupr

Proof. Let fe C(G{p)) for some (£,p) e R X M.
Ht*(Xp)f= Xp(fo 3,)

= lim 14t[ (f08)(6,(1)) = fo 6(p)]

Since 0t° 0{“ = 6[+At = HAto ef’

.1
6, (Xp) f = ‘kr_noz[ (fo 8,0 (64p)) — F(64M)]
= X&(P)f

Remark. For all fe R, 6,: M— M and 8,* is a map of T(M) to T(M),

then we have the following diagram which commutes
0 1y
T(M) —— T(M)

|k

M M

where 7 : T(M) — M is the tangent vector bunble of M.

-0 -
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Definition 3.3. If X and Y are C - vector fields, then the product of X and
Y defined by [ X, Y] = XY — YX is called the bracket of X and Y, where XY is an

operator on C *-function on M.

Definition 3.4. The vector field L,Y, called the Lie derivative of Y with

respect to X is defined at each p ¢ M by either of the following limits.

.1
(LxY), = lt‘_{% T[ﬁ-t*(Yo(t.P)) - Y,

1
= ll‘% T[Yp - 6t*Y9(_ g,p)]

t —
where

0_ ty : To(t,p)(M) - Tp(M)

Remark. Let fbe a C *-function on any open set [J containing pon M, and
let V' be a neighborhood of pin [J. Then we can take a function g(g,f) defined on a
V X I such that

f(6{®) = f(q) + tg(qt) and
Xpof=g(4,0) for geV

Theorem 3.5. If X and Y are C *-vector fields on M Then 1, Y = [X, Y.

Proof. By definition of Lie derivative.

(L) of = (im H Y, = 6, (Y, o) Df

This differential quotient and that of the following expression, whoes limit is the

derivaive of a C ™- function of ¢, are equal for all = 0;

- 93 -
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(L) of = lim Yo = Yo n(fo 0]

Make use of the function f(8,(p)) = f(p) + tg(p ) and g(p, t) by gr

(LX) of = lim HYof = Yo ol F + 19)]

Replace tby —¢

(LxY) of = lim ~H Yo — Yo/ = 100]
. 1
=1lm HYomf — Yol — my,l(p,g(t)
= lim H{(YA)(64p) ~ XN(H)] ~ EmYo D)
Using the formula 90 = ¢(p, 0) = X f(p) and the definition of the infinitesimal genera-

tor of @

(IxY)of = Xo(X) = YAXS)
=[X, Y], f
Corollary 3.6. If X and Y are C “-vector fields, then L, Y = —L,X,
LyX =0

Proof. Since IyY =[X, Y] and [X,Y] = - [Y, X],
LyY = [X,Y] = - [Y,X] = - L4X

therefore
LY = — LyX
Since [X, X] = - [X, X]. [X, X] =0
therefore

LiX =[X,X]=0

- a1 -
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Let F:M—> Nbea(C™- mapping and suppose that X, X;and Y, Y, are
vectpr fields om M, N, respectively. If for ; = 1,2 Fu(X)) = Y, then
[X,, X,] and [Y,, Y,] is called F-related.

Theorem 3.7. If [X,, X,] and [Y,, Y,]is F related, then LyY is F-
related to Lr, 0 F +(Y).

Proof.  Using the porperties of F-related, that is, (X, X,] =

[ Fx(X,) F4x(X,)] By the theorem 3.5,

FulLyY) = Fe[X, Y]
= [ Fy(X), Fy(Y)]

= Lp*(x)F*(Y)

=495 -
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