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Abstract 

Aluminum alloy is favored for its good processability, lightweight, high strength, weldability, 

and wear resistance. 6061 belongs to the Al-Mg-Si series and is a typical deformed aluminum 

alloy, which has been extensively utilized across different domains. In this paper, the 6061-T6 

aluminum alloy is used as the research object. Gleeble-3800 thermal simulation testing 

machine is used for unidirectional thermal compression test at different temperatures 

(573K~783K), different strain rates (0.001~0.1s-1), and different strains (0.1~0.8, the interval 

is 0.1). Perform data preprocessing on the experimental data, the flow stress-strain curve is 

drawn to study the relationship between the stress and the strain when the material is subjected 

to external loading. The constitutive relation is one of the basic problems in the analysis and 



II 
 

application of aluminum alloy structures. The seven constitutive models that can describe the 

6061-T6 aluminum alloy are established through the data obtained from the high-temperature 

compression experiment: modified Johnson-Cook (MJC) model, Arrhenius-Type (A-T) model, 

modified Zerilli-Armstrong (MZA) model, Wang-Jiang (W-J) model, SK-Paul model, 

Kobayashi-Dodd (K-D) model, and modified Fields-Backofen (MFB) model. 

The suitability of seven models for the alloy was assessed by comparing the predicted values 

with the experimental results. This evaluation involved calculating the coefficient of 

determination (R2) and the average absolute relative error (AARE). The aim was to obtain a 

more fitting constitutive equation for the 6061 alloy. 

In comparison, the three models of the A-T model, MZA model, and MFB model have better-

predicted structures. They are less affected by changes in temperature and strain rate, followed 

by the MJC model and SK-Pual model, which will change due to changes in temperature and 

strain rate. The W-J model and K-D model have the worst accuracy. Among them, MAZ shows 

a good fitting effect, and its R2 is 0.99138, which is the closest to 1, and the AARE value is 

the smallest at 10.66%. It is the most accurate prediction of the flow stress of aluminum alloy 

material 6061-T6 at high-temperatures. 

Then, in the research based on the A-T constitutive equation, the activation energy diagram is 

established, which describes the influence of Q value by temperature, strain, strain rate, 

internal microstructure of the alloy, and other factors. 
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고온 압축 변형 조건에서 6061-T6 알루미늄 합금 구성 모델링 

이사가 

제주대학교 대학원 기계공학전공 

요약 

두랄루민은 양호적인 가공 성능, 경량성, 고강도, 용접성, 그리고 내마모성으로 

인해 매우 인기가 있다. 6061 은 Al-Mg-Si 시리즈에 속하며 대표적인 변형 

두랄루민으로 다양한 분야에 널리 적용되고 있다. 본 연구는 6061-T6 

두랄루민을 연구 대상으로 진행하기로 한다. Gleeble-3800 열 시뮬레이션 

시험기는 다양한 온도(573K~783K), 다양한 변형공률(0.001~1s-1), 그리고 

단향적 열압축 시험에 사용된다. 실험 데이터를 사전처리를 진행하여 유동 

응력-변형 곡선을 제작하며, 재료는 외부  조건에서의 응력-변형 관계를 

연구하였다. 기본 구조 관계는 두랄루민 구조를 분석 및 응용할 때의 가장 

기분적은 문제 중 하나이다. 고온 압축 실험에서 얻은 데이터를 통해 6061-T6 

두랄루민을 설명할 수 있는 7 가지 구성 모델은  설정됩니다. 이는 수정된 

Johnson-Cook (MJC) 모델, Arrhenius-Type (A-T) 모델, 수정된 Zerilli-

Armstrong (MZA) 모델, Wang-Jiang(W-J) 모델, SK-Paul 모델, Kobayashi-

Dodd (K-D) 모델 및 수정된 Fields Backofen（MFB）모델이다. 

https://gs.jejunu.ac.kr/gs/department/department/engineering/10.htm#tab-1210
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예측치를 실험 결과와의 비교를 통해 7 가지의 모델이 두랄루민에 적용성을 

평가하였다. 6061 두랄루민에 대해 더 적합한 기본구조 방안을 얻기 위하는 

목적을 가지고 있으므로 이 평가는 계산결정계수(R2)와 평균절대상대오차

（AARE）를 포함하였다. 비교해 보면 A-T 모델, MZA 모델, MFB 모델 이 세 

가자의 모델은 더 좋은 예측 구조를 갖고 있으므로 온도와 변형률 변화의 

영향을 상대적으로 적게 받았다. 다음으로 MJC 모델과 SK-Pual 모델이며 이 

들은 온도와 변형률 변화에 따라 변한다. W-J 모델과 K-D 모델은 정확도가 

가장 낮다. 이 가운데 MAZ 는 양호적인 적합성을 드러내고 있으며 R2 은 

0.99138 로 1 에 근접하고 AARE 치가 최소인 10.66%로 나타나므로 두랄루민 

재료인 6061-T6 은 고온에서의 유동적 응력에 대한 가장 정확한 예측이다.  

마지막으로 A-T 기분구조 방정식에 대한 연구를 기반으로 활성화 에너지 

그래프를 구축하여 온도, 변형, 응변율, 두랄루민 내부 미시적 조직 등 요인이 Q 

치에 대한 영향을 설명하였다. 
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1 Introduction 

1.1 Introduction of materials 

6061 aluminum alloy is a common aluminum alloy that is composed of aluminum, magnesium, 

silicon, copper, and other elements. Magnesium and silicon are the primary elements used to 

form the Mg2Si phase. Although its strength is not as good as the 2XXX or 7XXX series, it 

has good processing performance and corrosion resistance. The following are some 

characteristics of 6061 aluminum alloy: 

(1) Good processing performance: 6061 aluminum alloy can be formed, cut, drilled, milled, 

and welded by various processing methods. This alloy can be cold-worked and hot-worked, 

and the processed product has a smooth surface and is not easy to crack. 

(2) Corrosion resistance: Due to the addition of elements such as magnesium and silicon, 6061 

Aluminum has good corrosion resistance and can be used in harsh environments, such as 

seawater, chloride, nitrate, and other retestable media. 

(3) Good weldability: 6061 aluminum alloy has good weldability and can be connected by 

various welding methods. This alloy has high welding strength and no pores, cracks, and other 

defects at the interface. 

In general, 6061 aluminum alloy has Extraordinary physical properties, corrosion resistance, 

and processing performance, and has been widely employed in diverse areas, as shown in Fig. 
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1.1. Typical uses include: 

 

Fig.1.1 Applications files of 6061-T6 

The application of strip materials is widely seen in various industries including aerospace, 

defense, decoration, transportation, packaging, construction, electronics, and aviation. 

Aluminum materials for aerospace are used to make rotors, fuselage frames, aircraft skins, 

girders, and landing gear struts, propellers, fuel tanks, as well as in the forging of rocket rings 

and the construction of spacecraft panels, etc. 

Aluminum is a versatile material widely used in the production of electronic home appliances. 

It can be found in a lot of components such as refrigerators, conductors, busbars, cables, wiring, 

electrical components, air conditioners systems, and other applications. The material is 

available in various specifications, including round and square rods. Some of its common uses 

are in aerospace fixtures, electrical fixtures, and communication equipment. 

Aluminum materials commonly used in printing are typically utilized for the production of PS 
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plates. They serve as a novel material in the printing industry, specifically for automated plate 

making and printing processes. 

Aluminum materials for transportation are used for car body structural materials of railway 

passenger cars, automobiles, high-speed passenger cars, subway vehicles, body panels, doors, 

wheels, automotive engine parts, shelves, radiators, and ship materials. 

Aluminum materials play a significant role in the packaging industry, particularly in the 

manufacturing of various containers such as barrels, bottles, cans, lids, and packaging foils. 

These aluminum materials are commonly used in the form of thin plates and foils, serving as 

versatile metal packaging materials. Their wide-ranging applications encompass packaging in 

industries such as pharmaceuticals, beverages, food, cigarettes, cosmetics, and industrial 

products. 

Aluminum alloys for architectural decoration are mainly widely used in windows of building 

structures, decorative surfaces, and suspended ceilings, etc., because of their welding 

performance and nice corrosion resistance, excellent process performance, sufficient strength. 

Such as checkered panels, , profiled panels, color-coated aluminum panels, aluminum profiles 

for curtain walls, etc. The basic state codes of aluminum alloys are shown in Table 1-1: 

When it comes to heat-treated aluminum alloys, the state code commonly includes the letter T 

followed by one or more Arabic numerals, indicating the T-subdivision state (TX state) of the 

alloy. 

The number following the T specifies the heat treatment procedure required for the specific 

application, and further information can be found in Table 1-2. 
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Table 1-1 The basic state codes of aluminum alloys: 

Code Processing state Features 

F Free processing 

This state is reserved for products with specific work 

hardening and heat treatment requirements during the 

forming process. However, the mechanical characteristics 

of products in this state are indeterminate, which is an 

unusual occurrence 

O Annealing 

This situation is mostly applicable to processed products 

that have been fully annealed, where this state occasionally 

exhibits the lowest strength among the available options. 

H Work hardening 

This state is appropriate for products that experience an 

increase in strength due to work hardening. Once the work 

hardening is complete, the product additional heat treatment 

is applied to reduce the strength of the material. Typically, 

this state is employed for materials that do not require heat 

treatment for strengthening. 

W 

Solution heat 

treatment 

 

This state is unstable and is used exclusively for alloys that 

naturally age at room temperature after solution heat 

treatment. It is important to note that this state code 

indicates the ongoing natural aging process which is not a 

common occurrence. 

T 
Heat treatment 

 

Unlike the F, O, and H states, the T state is used for 

products that have been stabilized after heat treatment, with 

or without work hardening. The utilization of the T code 

necessitates the inclusion of one or more Arabic numerals, 

commonly denoting heat-treated alloys with enhanced 

strength. 

Table 1-2 Heat treatment program for TX state: 

Subdivision status (TX 

status) 
Heat treatment procedure 

T1 

This state is achieved when the product is cooled through a high-

temperature forming process and allowed to age naturally to a 

stable state. It is typically used for products that have not 

undergone any cold processing, such as straightening and 

leveling, which do not affect their mechanical properties limits. 

T2 

This state is achieved by cooling the product through a high-

temperature forming process and allowing it to age naturally to a 

stable state after undergoing cold working. It is primarily used for 

products that have undergone both high-temperature forming and 
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cold processing, such as straightening and flattening, in order to 

improve their strength. 

T3 

The material undergoes cold working and natural aging to reach a 

stable state after solution heat treatment, making it ideal for 

products that require cold straightening, working, and leveling to 

enhance its strength post-heat treatment. 

T4 

The material is naturally aged to achieve a stable state following 

solution heat treatment, making it appropriate for products that 

don't require cold working after heat treatment. While 

straightening and leveling can still be performed, they don't affect 

the mechanical properties limit. The material is then naturally 

aged for further enhancement of its properties. 

T5 

This material is produced through high-temperature shaping and 

subsequent artificial aging. It is well-suited for high-temperature 

forming of products, eliminating the need for cold processing. 

Straightening and leveling procedures can be carried out while 

maintaining the mechanical property limit. Artificial aging is then 

applied to enhance the material's properties. 

T6 

This material undergoes artificial aging following solution heat 

treatment and is appropriate for products that don't require cold 

working after heat treatment. While straightening and leveling can 

still be performed, they won't affect the mechanical property limit. 

The material is then artificially aged to further enhance its 

properties. 

T7 

This material is artificially aged after solution heat treatment and 

is suitable for products that require specific important properties 

obtained by exceeding the highest peak point on the aging curve 

during artificial aging. This allows for the enhancement of 

strength after solution heat treatment. 

T8 

This material undergoes cold working after solution heat 

treatment, followed by artificial aging, and is ideal for products 

that require enhanced strength achieved through cold processing, 

straightening, or leveling. 

T9 

This material is artificially aged after solution heat treatment and 

cold working, and is suitable for products that require increased 

strength achieved through cold processing. 

T10 

This material is cold-worked and artificially aged after being 

cooled through high-temperature forming and is ideal for products 

that require enhanced strength achieved through cold processing, 

straightening, or flattening. 
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1.2 Overview of Methods for Evaluating Mechanical Properties of 

Materials 

The mechanical properties of materials are essential indicators for evaluating the quality and 

reliability of materials, and testing is the main method for evaluating the mechanical properties 

of materials. Depending on the performance indicators to be evaluated and the test conditions, 

there are a variety of different test methods to choose from. Some of the main test methods are 

described below. 

(1) Tensile test: Place the sample on a tensile machine, apply tension along the sample's axial 

direction, measure the tensile force and elongation, and calculate the elastic modulus, 

ultimate strength, yield strength, and other mechanical properties of the material. 

(2) Compression test: Put the sample on the compressor, apply a compressive load along the 

axial direction of the sample, measure the compressive force and compressive deformation, 

and calculate the mechanical properties such as compressive strength and yield strength 

of the material. 

(3) Bending test: Put the sample on a bending machine, apply a bending load, measure the 

bending force and bending deformation, and compute the material's mechanical 

characteristics, such as bending strength and elastic modulus of the material. 

(4) Torsion test: Place the sample on a torsion machine, apply a torsional load, and measure 

the torsional force and torsion angle to calculate the mechanical properties, such as the 

shear strength of the material. 
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(5) Hardness test: Press the needle of the hardness tester into the surface of the sample, and 

measure the indentation depth or diameter of the needle to calculate the hardness of the 

material. 

(6) Impact test: Impact load is applied by an impact testing machine, and impact absorption 

capacity and impact toughness is measured to evaluate the durability of materials under 

impact load. 

(7) Fatigue test: use a fatigue testing machine to apply cyclic loads to measure the fatigue life 

and fatigue limit of materials under multiple cyclic loads. 

In addition to the above test methods, there are other special test methods, such as high-

temperature compression tests, tensile-shear composite tests, nano-indentation tests, etc., 

which can more accurately evaluate the special properties of materials. The selection of an 

appropriate test method depends on the material properties to be evaluated and the test 

conditions required. 

1.3 Compression Molding Process Overview 

1.3.1 Low temperature compression and high-temperature compression 

Both low-temperature and high-temperature compression are employed as testing 

methodologies to analyze the mechanical properties of materials [1]. However, they differ 

significantly in terms of the test conditions employed during the experiments. 

Low-temperature compression tests are usually carried out at or below room temperature, and 
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the test temperature range is usually between -196°C and room temperature. Low-temperature 

compression tests usually require placing the sample in a low-temperature environment and 

testing the stress-strain properties and rheological behavior of the material through 

compression loading. The main applications of low-temperature compression tests include 

failure analysis of materials, research on plastic deformation mechanisms, research on the 

strength and toughness of materials, etc. 

In contrast, high-temperature compression tests need to be carried out in a high-temperature 

environment, and the test temperature is usually between room temperature and thousands of 

degrees Celsius. A high-temperature compression test can be used to study the rheological 

behavior, deformation mechanism, deformation stress distribution, yield strength, and other 

mechanical performance parameters of materials in a high-temperature environment. High-

temperature compression test has important application value in the research, development, 

and application of materials. 

Compression at high-temperatures is a test method used to evaluate the plastic behavior and 

high-temperature mechanical properties of materials under high-temperature conditions[2]. At 

present, the high-temperature compression test has become one of the important means to 

study and evaluate the plastic behavior and high-temperature mechanical properties of high-

temperature materials such as metal materials, ceramic materials, and composite materials. In 

terms of test methods, constant velocity compression test, thermal simulation test, cell 

simulation test, Gleeble simulation test, etc., are commonly used test methods, and different 

test methods are suitable for different types of materials, and strain rate ranges. In terms of test 
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equipment, atmosphere furnace test, vacuum furnace test and resistance furnace test are 

common high-temperature compression test equipment. In terms of test conditions, factors 

such as temperature, strain rate, strain, and sample geometry have important effects on test 

results and should be selected and controlled according to specific conditions. In terms of data 

processing, methods such as rheological analysis, finite element simulation, and statistical 

analysis are widely used in the processing and analysis of high-temperature compression test 

data. 

1.3.2 Principles and advantages of high-temperature compression 

The high-temperature compression test operates on the principle of subjecting the material to 

compression and load within a high-temperature environment. By measuring the material's 

mechanical performance parameters, such as stress, strain, and deformation under high-

temperature conditions, this test allows for the evaluation of the material's high-temperature 

mechanical properties and reliability. During high-temperature compression testing, the testing 

machine measures the stress and strain of the material under elevated temperature conditions, 

enabling the derivation of the stress-strain curve. By analyzing the test data allows for the 

evaluation of the material's rheological behavior and mechanical performance parameters, 

such as yield strength, strain hardening exponent, stress relaxation rate, etc., can be obtained 

to evaluate the performance and reliability of the material in a high-temperature environment. 

The advantages of high-temperature compression test are as follows: 

(1) Provide comprehensive performance data: The high-temperature compression test can 
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provide the compression performance data of the material in the high-temperature 

environment so as to comprehensively evaluate the application performance and reliability 

of the material in the high-temperature environment[3]. 

(2) Simulate the actual application environment: High-temperature compression tests can 

simulate the high-temperature environment in some actual engineering applications, such 

as applications in the fields of engines, aerospace vehicles, nuclear power plants, etc., so 

as to more accurately evaluate the performance and reliability of materials. 

(3) Research on material deformation and damage behavior: high-temperature compression 

tests can study the deformation and damage behavior of materials under a high-

temperature environment[4], such as plastic deformation, fracture, fatigue, etc., and 

provide necessary data for material research. 

(4) Improve the level of material design: High-temperature compression tests can provide 

necessary performance data for material design to guide the rational design and 

optimization of materials, thereby improving the application performance and reliability 

of materials. 

In conclusion, the high-temperature compression test has a wide application value in the field 

of material science and engineering[5]. With the continuous development and improvement of 

test methods, equipment, and data processing technology, the research on high-temperature 

plastic behavior and high-temperature mechanical properties of materials will be more in-

depth, comprehensive, and precise. 
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1.4 Tissue Mechanical Properties Research 

Grain size is an important parameter of grain size in the crystal structure of metals and alloys 

[6], which exerts a considerable influence on the mechanical characteristics of metals and 

alloys. Changes in grain size can lead to changes in the mechanical properties, plasticity, and 

toughness of metals and alloys. 

1.4.1 The Effect of Grain Size on the Strength of Metals and Alloys 

The grain size directly influences the strength of metals and alloys [7]. In general, finer grains 

increase the strength of metal materials because there are relatively more grain boundaries 

between finer grains, and the diffusion path for dislocation movement and crystal slip is shorter, 

thus hindering the dislocation[7]. The wrong movement improves the yield strength, tensile 

strength, and hardness of the material. The yield strength of the material is governed by the 

grain size d, following the empirical equation known as the Hall-Petch relationship: 

 𝜎𝑦 = 𝜎𝑖 +𝐾𝑑
−
1
2  (1-1) 

where 𝜎𝑦 is the frictional resistance of dislocation movement in the grain, and d is the grain 

size. 𝜎𝑖 is the yield strength of a single-grain metal, and K is the constant associated with the 

influence of grain boundaries on strength captures the relationship between grain boundaries 

and the mechanical strength of the material, which is related to the structure of the grains and 

has little to do with temperature[8]. 

1.4.2 Effect of Grain Size on Plasticity and Toughness of Metals and Alloys 
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The plasticity of metals and alloys is significantly influenced by the grain size as well. In 

general, fine grains help to improve the plasticity of metals and alloys because fine grains can 

provide more grain boundaries, thereby increasing the yield point of the material and 

restricting the movement of dislocations, thereby improving the plasticity of the material. In 

addition, fine grains can also inhibit crystal slip and grain boundary diffusion, which 

contributes to the improvement of the fracture toughness of the material. 

For the toughness of metals or alloys, coarse grains will make a decrease in the toughness of 

metals and alloys because, inside coarse grains, there are relatively few grain boundaries, and 

dislocation movement is easier, thereby reducing the toughness of the material. On the contrary, 

fine grains restrict the movement of dislocations and enhance the effect of grain boundary 

strengthening, which contributes to the toughness of the material. 

1.4.3 Effect of Grain Size on Fatigue Properties of Metals and Alloys 

(1) Fatigue Life: Smaller grain size generally contributes to improved fatigue life of metals 

and alloys. Fine grains can limit the growth of cracks and slow down the rate of crack 

formation and growth, thereby prolonging the fatigue life of the material [9]. This is because 

there are many grain boundaries in the fine grains, and the grain boundaries can hinder the 

expansion of cracks, thereby inhibiting the expansion of cracks. However, cracks are easy to 

form inside the coarse grains, and the cracks are easy to expand in the grain, resulting in a 

decrease in fatigue life. 

(2) Cyclic Hardening Behavior: Grain size also has an effect on the cyclic hardening behavior 
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of metals and alloys[10]. Cyclic hardening is the phenomenon in which a material gradually 

hardens under cyclic loading. Studies have shown that fine grain size can reduce the cyclic 

hardening rate of metals and alloys. That is, the material hardens at a slower rate under cyclic 

loading. This is because the fine grains can limit the movement and aggregation of dislocations 

and reduce the accumulation of dislocations[11], thereby reducing the cyclic hardening 

behavior of the material. 

Overall, finer grain size contributes to improved fatigue properties of metals and alloys, 

including increased fatigue life, reduced crack growth rate, and slowed cyclic hardening 

behavior. Therefore, in the design and preparation of metals and alloys, controlling the grain 

size is an important means that can be used to improve the fatigue properties of materials. 

1.5 Flow Stress of Thermal Deformation of Metal Materials 

The deformation temperature 𝑇 > 0.6𝑇𝑚  (𝑇𝑚  is the absolute temperature of the melting 

point of the metal [12]), and the deformation with a strain rate exceeding 10−4𝑠−1 is called 

thermal deformation. In the thermal deformation processing, there are structural changes and 

metal flow inside the metal, so thermal deformation has a very important influence on the 

structure, performance and flow stress of the metal [13]. 

1.5.1 Flow Stress of Thermal Deformation of Metal Materials 

The flow stress of a material, determined by the yield limit at a specific deformation 
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temperature, deformation degree, and deformation rate [14], serves as a fundamental 

parameter for characterizing its plastic deformation capability [15]. The flow stress of a 

material plays a crucial role in determining the applied load and energy consumption during 

plastic deformation. It serves as a significant indicator for assessing the material's plastic 

processing performance and plays a pivotal role in equipment selection and validation. 

During the plastic processing of metals and alloys, the magnitude of the flow stress of the 

material determines the required load and energy consumption during deformation, usually 

determined by the material at different deformation temperatures T, deformation rate 𝜀̇, and 

deformation degree 𝜀 under single-item compression (or tension), the yield stress, peak stress 

or steady-state stress value is measured, and it is also related to other conditions such as 

material composition, grain size, heat treatment system, and deformation history, that is, the 

available Eq. (1-2) can be express: 

 𝜎 = 𝑓(𝜀, 𝜀̇, 𝑇, ) (1-2) 

1.5.2 Softening Mechanism of Thermal Deformation of Metal Materials 

Work hardening occurs when metallic materials are deformed at lower temperatures with 

increasing dislocation density. 

When deformed at a higher temperature（𝑇 > 0.6𝑇𝑚）, the material is in a highly plastic state, 

and there are work hardening and dynamic softening phenomena at the same time. The true 

stress-true strain curve of the material is precise because of the interaction of these two 

contradictory factors.  It has the characteristics of first hardening, then softening, and then a 
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steady state. Dynamic recovery (DRV) and dynamic recrystallization (DRX) are the dominant 

mechanisms governing material softening during thermal deformation, and its typical 

rheological curve shape is shown in Fig. 1.2, and 1.3. 

(1) DRV 

At extremely low levels of deformation, the stress exhibits a linear relationship with the strain, 

indicating a proportional response. It is generally believed that work hardening is related to 

the dislocation density. That is, the flow stress is proportional to √𝜌
𝜇𝑏

  , where can be 

expressed as proportional to the square root of the product of the shear modulus (μ), Burger’s 

vector (b), and dislocation density (ρ). When the deformation is high, the growth trend of the 

dislocation density will gradually weaken, so the work-hardening effect will gradually be 

lower than the linear growth law. This phenomenon is mainly because that the recovery 

phenomenon during the deformation process, so it is called DRV; its typical rheological profit 

curve is shown in Fig. 1.2. DRV mainly occurs during the thermal processing of metals with 

high stacking fault energy, such as Al, α-Fe and their alloys. The DRV in the deformation 

process can be regarded as a process similar to the usual static recovery. In this process, screw 

dislocations slip and edge dislocations climb, resulting in dislocation cancellation and 

rearrangement, and the process of "polygonization": the reaction between dislocations, such 

as dislocations of opposite signs on the same slip plane undergo merging and disappearing. 

Alternatively, the dislocations can react with vacancies in the dislocation line, causing them to 

climb and undergo a process known as dislocation climb. causing them to transition from their 

initial horizontal arrangement to a vertical arrangement. [16]. The crux of this process lies in 
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the transformation of dislocations from a high-energy mixed configuration to a low-energy 

ordered configuration, resulting in the formation of vertically aligned dislocation walls or sub-

grain boundaries and ultimately leading to a more refined internal structure of the grain. 

Therefore, in this stage, the internal stress of the crystal is greatly reduced, the strength is 

slightly reduced, and the plasticity is slightly increased. 

 

Fig. 1.2 Typical flow stress curves under thermal deformation conditions 

As shown in Fig 1.2, when the metal material undergoes DRV from thermal deformation, It 

can be primarily divided into three distinct stages: The micro-deformation stage is the first one. 

At this time, The strain rate in the material progressively increases from zero to reach the 

desired strain rate set for the test, the work hardening rate is very high, and the true stress-

strain curve exhibits an approximation of a linear relationship. When the stress reaches the 

yield stress, the strain enters the second stage. At this time, the material begins to undergo 

DRV to cause softening, and the rate of work hardening gradually decreases, although the 
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softening effect remains less pronounced compared to the hardening effect. The first two stages 

are also called the transition deformation stage. Finally, it enters the third stage, which is the 

steady state deformation stage. At this time, the softening effects of DRV counterbalance work 

hardening, as the accumulation of dislocations resulting from deformation approaches a rate 

of elimination due to DRV. This dynamic equilibrium is established when a balance between 

these two opposing mechanisms is achieved, so the last curve is close to the horizontal line 

[17]. 

In the actual thermal processing deformation, the amount of deformation is generally large, 

and the deformation is usually located in the deformation stage of the problem. 

(2) DRX 

DRX mainly refers to the process of recrystallization nucleation and growth under appropriate 

deformation conditions (deformation temperature, strain rate, deformation degree, etc.) when 

the material undergoes plastic deformation at high temperatures [18], discontinuous DRX and 

continuous DRX are the primary mechanisms observed during high-temperature plastic 

deformation, etc., the typical stress-strain curve of metals that undergo DRX in the processing 

range is shown in Fig. 1.3. The DRX behavior of materials not only significantly impacts the 

flow stress during high-temperature plastic deformation. [19], but also is a decisive factor in 

determining the final structure and performance of the product. DRX mainly happens in metals 

under low stacking fault energy conditions, such as Cu, γ-Fe, Ni, and their alloys. This type of 

alloy is prone to stacking faults. The stacking fault band in the extended dislocation is wider, 

the cross-slip and climb of the dislocation are difficult, and it is not easy to produce DRV. 
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Therefore, during the thermal working process, a sufficiently high dislocation will accumulate 

local density, leading to DRX. 

 

Fig. 1.3 Typical DRX flow stress curve (DRX) under dynamic and thermal deformation 

conditions 

As shown in Fig. 1.3, when DRX occurs during the thermal processing of metal materials, the 

curve rises rapidly to a peak at low temperature and high strain rate and then softens due to 

DRX, reducing the flow stress to a certain value between the peak stress and the yield stress, 

and then keep basically stable, that is, in the stable deformation stage, this type of 

recrystallization is called continuous DRX. At elevated temperatures and low rates of strain, 

metals undergo discontinuous DRX. At this time, the softening resulting from DRX alternates 

with the deformation and subsequent re-hardening of recrystallized grains [20], and the 

rheological curve may appear periodically similar to sawtooth rheological characteristics. 

Each peak corresponds to the start of a new DRX, after which the softening effect is greater 
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than the hardening effect, causing the curve to descend. Each trough represents the completion 

of recrystallization. Afterward, the curve exhibits an upward trend as the hardening effect 

surpasses the softening effect. [21]. When the storage energy accumulates to a certain extent, 

new recrystallization begins, the volume fraction of recrystallization in the metal increases 

[22], and the interaction between softening and hardening becomes less and less obvious, so 

that the rheological curve tends to be stable. 

1.6 Constitutive equation 

The constitutive equation represents a mathematical model that captures the mechanical 

response of materials when subjected to stress. It expresses the relationship between stress and 

strain of materials through mathematical formulas or equations. And the mechanical response 

of materials is described when subjected to external loads. 

It can help material research through material performance prediction, material design and 

optimization, material processing simulation, material damage and fracture analysis, and new 

material research and development. There are three main categories: Phenomenological-based 

models and empirical mathematical models based on experiments or experience, which are 

usually fitted by experimental data, and do not involve detailed consideration of the internal 

microstructure and mechanism of materials[23], [24]. Phenomenological models usually 

describe the macroscopic mechanical behavior of materials by fitting experimental data, such 

as fitting the stress-strain curve of materials through experimental data; Physical-base models 
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are mathematical models based on the microstructure and mechanical mechanism of the 

material. The form is relatively complex, and the macroscopic mechanical behavior of the 

material can be described through the physical properties and mechanical mechanism of the 

material[25], [26]. Physical models are usually based on microscopic mechanisms such as the 

crystal structure of materials, intermolecular interactions, dislocation movement, and grain 

boundary behavior, and combine experimental data and theoretical assumptions to construct 

macroscopic mechanical models of materials; Intelligence-based models based on machine 

learning and artificial intelligence technology, establish mechanical models of materials by 

learning and training a large amount of experimental data [27]–[29]. Intelligence-based models 

can predict the macroscopic mechanical behavior of materials by learning and identifying 

patterns and regularities in material data without prior in-depth knowledge of the material's 

physical mechanisms. 

In the field of materials science and engineering, the constitutive equation holds significant 

importance in studying the mechanical properties, behavior, and response of materials, 

especially in the design, processing, damage, and fracture analysis of materials. The form of 

constitutive equations is usually based on experimental data and theoretical assumptions, 

which can be simple linear models or complex nonlinear models to suit the mechanical 

behavior of different materials. 

1.7 The research content and significance of this paper 
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Metal materials are usually strain-sensitive. When subjected to dynamic loads such as 

explosions, impacts, and collisions, their mechanical response characteristics are different 

from those in quasi-static conditions and are usually accompanied by plastic deformation and 

fracture damage. The suitable constitutive model is the key to accurately predicting the 

mechanical response of materials under external loads. Therefore, it has a great significance 

for designing and optimization of protective structures to carry out research that can describe 

the constitutive relationship of metal materials under different strains and loads. 

In order to better understand the flow stress of 6061-T6 aluminum alloy, this study uses 

Gleeble-3800 thermomechanical simulator at different temperatures (573K~783K) and 

different strain rates (0.001s-1~ 1 s-1) was subjected to high-temperature compression tests, and 

the compression rate was 80%. And then, the stress-strain data of 6061 were obtained. 

In this paper, seven widely used constitutive models are used to describe the flow behavior of 

6061-T6 aluminum alloy [30]–[34]. 

The above seven constitutive equations that can track the 6061-T6 aluminum alloy were 

established through the data obtained from the high-temperature compression experiment, the 

predicted values were compared with the experimental results, and the seven types were 

evaluated by calculating the R2 and the AARE. The applicability of the model is used to obtain 

a constitutive equation that is more consistent with this alloy. 

Artificial neural networks (ANN) [35] are a widely used machine learning method in metallic 

materials. Although it has the advantages of efficient pattern recognition, nonlinear modeling 

ability, scalability, data-driven prediction ability, etc., the performance of ANNs largely 
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depends on the quality and quantity of training data. Suppose the quality of the data set is poor 

or the amount of data is small. In that case, ANNs may suffer from underfitting or overfitting 

problems, resulting in a decline in predictive performance. At the same time, ANNs have 

shortcomings such as opacity and overfitting. Therefore, this study did not establish an ANNs 

model for the 6061-T6 aluminum alloy. 

Then an activation energy diagram was built to describe the correlation between the Q value 

and temperature, strain rate, and strain. The effects of strain, temperature and strain rate on the 

change of Q value were analyzed, and the results indicated that the machinability of the alloy 

could be evaluated by adjusting the deformation parameters. The simultaneous analysis found 

that the change about the internal microstructure of alloys, such as work hardening, DRV, and 

DRX, had a significant impact on Q value. 
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2 Experiment 

2.1 Experimental materials 

The material used in this study is 6061-T6 aluminum alloy, and a cylindrical axisymmetric 

sample with a dimension of d10mm×15mm is processed. The sample is shown in Fig. 2.4 (a). 

The actual measurement of the mass fraction of each element of the sample used in the 

experiment is shown in Table 2-1, and the parameters obtained through the mechanical 

property test are shown in Table 2-2. Passed the Hydride Generation Analysis test; its liquid 

hydrogen content is less than 0.1ml/100gAl, in line with most general fields. 

Table 2-1 Standard requirements and measured values of the mass fraction (%) of each 

element in 6061-T6 aluminum alloy 

Table 2-2 Standard requirements and measured values of mechanical properties of 

6061-T6 aluminum alloy 

Item 

Tensile 

strength  

(MPa) 

Yield Rp0.2 

(MPa) 

Elongation  

(%) 

Conclusion 

 

Required ≥260 ≥240 ≥9 -- 

Test 1 375 351 13.5 OK 

Test 2 371 348 12.0 OK 

Fig. 2.1 shows the original metallographic structure of 6061-T6 aluminum alloy. After the 

Item 

(%) 
Si Fe Cu Mn Mg Cr Zn Ti Al 

Required 
0.04 0.0 0.15 0.00 0.8 0.04 0.00 0.00 

Bal. 
0.8 0.7 0.40 0.15 1.2 0.35 0.25 0.15 

Value 0.68 0.5 0.33 0.12 0.9 0.28 0.05 0.02 Bal. 
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sample is polished with 200#, 300#, 500#, 800#, 1200#, 2000#, 3000#, 5000# sandpaper, it is 

mechanically polished first. After cleaning with alcohol, corrode the polished surface with a 

weck corrosion solution (corrosion time is 1.5~2 seconds). As shown in Fig. 2.1, there are 

some fine second phases inside the grains with a high degree of dispersion. These dispersed 

second phases will increase the resistance to grain dislocation movement; as a result, the 

material 6061 aluminum alloy experiences an improvement in both strength and hardness, 

accompanied by a reduction in its plastic properties. 

 

Fig. 2.1 The original metallographic structure of 6061-T6 aluminum alloy 

2.2 Experimental methods and equipment 

2.2.1 High-temperature compression experiment 

In this experiment, the Gleeble-3800 thermal simulator was utilized to perform a total of 16 

sets of isothermal compression experiments, the strain rates were 0.001, 0.01, 0.1, 1 s-1, and 
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the compression temperatures were 573K, 643K, 713K, 783K. Table 2-3 shows the calculated 

standard deviation (S) values under different experimental conditions, the calculation method 

of S is shown in Eq. (2-1): 

 𝑆 =
1

𝑚′
∑√

∑ (𝜎𝑖 − �̅�𝑖)
2𝑛′

𝑖=1

𝑛′

𝑚′

𝑗

 (2-1) 

where 𝜎 is flow stress; �̅� is the mean flow stress refers to the average stress experienced by a 

material at a specified true strain under specific experimental conditions.; 𝑚′ is the number of 

repeated experiments, this research is 3 times, so 𝑚′=3; 𝑛′ is the number of true strain points 

specified (128 points). The high-temperature compression test process map is shown in Fig. 2-2. 

The compression ratio is 80%, the heating rate in the experiment is 10 °C/s, and the 

temperature is kept for 4 minutes before deformation. To mitigate the impact of friction on the 

stress state, the lubrication technique involves the application of graphite powder to the upper 

and lower surfaces of the sample prior to compression.  

 

Fig. 2.2. High-temperature compression test process map 
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Table 2-3 Experimental parameters of tensile test 

Test No. Strain Rates (s-1) Temperature (K) Standard Deviation 

1 0.001 573 0.0092 

2 0.01 573 0.0127 

3 0.1 573 0.0118 

4 1 573 0.0103 

5 0.001 643 0.0089 

6 0.01 643 0.0074 

7 0.1 643 0.0152 

8 1 643 0.0091 

9 0.001 713 0.0073 

10 0.01 713 0.0083 

11 0.1 713 0.0135 

12 1 713 0.0121 

13 0.001 783 0.0095 

14 0.01 783 0.0125 

15 0.1 783 0.0074 

16 1 783 0.0114 

 

2.2.2 Experimental equipment 

The Gleeble3800 press is shown in Fig. 2.3, and its technical parameters are shown in Table 

2-4. 

Table 2-4 Various technical parameters of Gleeble3800 press. 

Maximum 

static pressure 

Maximum 

static tension 

Maximum 

heating rate 

Maximum 

temperature 

Maximum axial 

impact velocity 

20 tons 10 tons 10,000℃/s 1700℃ 2000mm/s 
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Fig. 2.3. Gleeble-3800 thermal simulator 

2.3 Experimental results 

Under different experimental conditions, the shape comparison diagram of the aluminum rod 

before and after compression is shown in Fig. 2.4 (a) and (b). The flow stress-true strain flow 

curve is shown in Fig. 2.5. The flow stress value exhibits a significant initial increase followed 

by a subsequent stabilization, which is prominently visible in the results. This is because the 

material’s plastic behavior is usually significant, and the high-temperature can make the 

movement of dislocations inside the crystal easier. When the externally applied pressure 

increases, the material begins to deform plastically, causing an increase in true stress. The 

plastic deformation of 6061-T6 aluminum alloy is mainly realized by dislocation movement 

and slip. When external pressure is applied, dislocations will move and slip in the crystal, and 

a huge number of dislocations will accumulate, and there will be two contradictory processes 

of work hardening and dynamic softening, dislocation proliferation during deformation and 

the interaction between dislocations. As a result of hardening, dislocations soften through 
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climbing and cross-slipping, merging, and recombination under the action of thermal 

activation and applied stress so that the material undergoes DRV and DRX. As the external 

pressure continues to increase, the dislocation density gradually reaches saturation, and the 

generation and annihilation of dislocations gradually reach a dynamic equilibrium, resulting 

in the stabilization of true stress. In other words, the aim is to reduce weight by achieving a 

state of balance between the creation and disappearance of dislocations. At this time, the plastic 

deformation rate of the material is low, and the movement and slip of dislocations are basically 

in a balanced state, so the true stress-strain curve presents a steady trend. 

The difference is that, as shown in Fig. 2.5 (a) and (b), when the conditions are 0.001s-1, 573K, 

0.001s, 643K, 0.01s-1, 573K, 0.01s-1, and 643K, the curves appear relative after the initial stage. 

The dynamic resurgence and the process of DRX bring about a gradual decrease. DRX becomes 

possible when the material is subjected to high temperature and low strain rate. DRX refers to the 

recrystallization of grains inside the material during plastic deformation, thereby forming new 

fine grains. The new, finer grains are tougher and can withstand higher stresses, which can 

lead to a drop in true stress. On the other hand, the microstructure of 6061-T6 aluminum alloy 

may evolve, such as grain growth or grain boundary migration. As a result, the mechanical 

properties of the material can undergo alterations, resulting in a decrease in true stress.  

For the 6061 aluminum alloy, an increase in temperature leads to a substantial decrease in flow 

stress at the same strain rate, suggesting its positive strain rate sensitivity. This observation 

suggests that weight reduction can be achieved by altering the sequence of factors, with 

temperature being a potential parameter to consider. This phenomenon arises due to the 
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escalation in deformation temperature, leading to an increase in the kinetic energy of metal 

atoms, which increases dislocation mobility and increases the slip system, thereby improving 

the deformation coordination between grains. The DRV and DRX at high-temperature greatly 

offset the work hardening during thermal compression, resulting in dynamic softening and 

reducing flow stress. At the same time, diffusion creep and grain direction changes have a 

certain impact on the reduction of flow stress. 

Under identical deformation temperatures, an escalation in strain rate corresponds to an 

augmentation in flow stress. [36]. This is because the plastic deformation process is complex 

and takes a certain amount of time to proceed. At high strain rates, the short duration of 

deformation allows for relatively stable occurrences of DRV and DRX. It is too late to fully 

complete, so the increase in flow stress is relatively large. 

  
(a) (b) 

Fig. 2.4. Comparison chart of aluminum rod (a) before and (b) after compression 
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(a) (b) 

  

(c) (d) 

Fig. 2.5. True stress-strain curves of 6061-T6 aluminum alloy at different 

temperatures (a) ε=0.001s-1; (b) ε=0.01s-1; (c) ε=0.1s-1; (d) ε=1s-1 
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3 Constitutive Model 

With the finite element simulation application in metallic materials and engineering more and 

more widely, the accuracy of its simulation is very important [37]. The precision of finite 

element simulations heavily relies on the constituent equations that accurately depict the  

deformation behavior of alloy at various loading conditions. [38]. Constitutive equations are 

used as material parameter inputs for the finite element software. In general, the constitutive 

equation provides a mathematical framework that establishes the relationship between 

material’s flow characteristics and various parameters, including temperature, strain rate, and 

plastic strain. By manipulating the order of these parameters, weight reduction can be pursued 

[39], [40]. Many constitutive equations have been proposed in previous references, and every 

constitutive model has both advantages and disadvantages. In different various field of 

application, the required calculation time, the required accuracy, and the experimental data 

amount require to estimate material parameters [38]. 

In this study, several constitutive models were used to predict the 6061 alloy material flow 

behavior under strain rates 0.001~1 s-1 and temperatures 573~783K. The constitutive equations 

can be categorized into two broad parts when aiming for weight reduction. phenomenological 

constitutive models and physics-based models. 
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3.1 Modifed Johnson-Cook Model 

3.1.1 Introduction 

In 1983, Johnson and Cook proposed the widely known constitutive model [41]. As a robust 

phenomenological equation the Johnson-Cook (JC) model gained widespread usage in 

predicting the flow behavior of a large of metals and alloys such as magnesium-based: AZ80 

magnesium alloy[42], AZ31B magnesium alloy[43]; aluminum-based: AA5052, 6061 [29], 

[44], [45]; nickel-based: Inconel 718[46]; titanium-based: Ti-6Al-4V alloy [47], TA23 

titanium alloy[48]; iron-based alloy: the AISI 430 ferritic plates of steel [49].In addition, it has 

already implemented in some software packages in finite element simulation or predicting 

flow stress under harsh conditions, such as high-temperature and high strain rates and 

optimizing thermal processing parameters during thermal deformation. 

3.1.2 Original Johnson-Cook Model 

The Original JC model consists of three parts: strain hardening, strain rate, and thermal 

softening. Relatively speaking, this model is relatively simple and has only five constants. The 

model is shown in Eq. (3-1): 

 𝜎 = (𝐴 + 𝐵𝜀𝑛)(1 + 𝐶 ln 𝜀̇∗)(1 − 𝑇∗𝑚) (3-1) 

where σ is the flow stress, (𝐴 + 𝐵𝜀𝑛) , (1 + 𝐶𝑙𝑛𝜀̇∗) , and (1 − 𝑇∗𝑚)  are strain harding, 

strain rate, and thermal softening, respectively. A, B, C, n, and m are represent five material 

constants uesd to characterize the behavior of the material, Specifically, A corresponds to the 

yield stress, B represent the strenght of strain hardenin, n signifies the strain hardening 

exponent, C denotes the strain rate constant associated with the applied strain rate, and m is 
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the softening constant typically linked to temperature fttects. ε is the strain, and 𝜀̇∗represents 

the dimensionless value of the strain rate, usually expressed by Eq. (3-2). 𝑇∗  is the 

dimensionless temperature, usually expressed by Eq. (3-3). 

 𝜀̇∗ = 𝜀̇/𝜀�̇� (3-2) 

 𝑇∗ = (𝑇 − 𝑇𝑟)/(𝑇𝑚 − 𝑇𝑟) (3-3) 

where 𝜀̇ and 𝜀�̇� are the strain rate and reference strain rate, T is the deformation temperature, 

𝑇𝑟 is the reference temperature, and 𝑇𝑚 is the melting temperature of the material. 

3.1.3 Modified Johnson-Cook Model 

When the temperature is high, the original JC may show less precision[41], [50], [51]. This 

can be assigned to the intricate nature of the nonlinear flow stress behavior observed at various 

strain rates. In order to improve the prediction accuracy of the original JC model for 6061-T6 

aluminum alloy, a modified Johnson-Cook (MJC) model is proposed in this paper, which is 

shown in Eq. (3-4) [52]:  

 𝜎 = (𝐴 + 𝐵1𝜀 + 𝐵2𝜀
2)(1 + 𝐶𝑙𝑛𝜀̇∗) exp[( 𝜆1 + 𝜆2 ln𝜀̇

∗)𝑇∗] (3-4) 

For weight reduction purposes, the selection of suitable reference temperature and strain rate 

holds significant importance in both JC and MJC models. The reference temperature and strain 

rate selected in this paper are 0.01s-1 and 643K, respectively. When under the reference 

temperature and reference strain rate, Eq. (3-4) can be written as Eq. (3-5): 

 𝜎 = (𝐴 + 𝐵1𝜀 + 𝐵2𝜀
2) (3-5) 

Using a quadratic equation in the form of Eq. (3-5) to fit the stress-strain curve obtained from 
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the experiment under the conditions of a reference temperature and reference strain rate, As 

shown in Fig. 3.1(a), the values of A, B1, and B2 are obtained. At the reference temperature, 

Eq. (3-4) can be expressed as Eq. (3-6): 

 𝜎 = (𝐴 + 𝐵1𝜀 + 𝐵2𝜀
2)(1 + 𝐶ln𝜀̇∗) (3-6) 

Arranging the available Eq. (3-7): 

 
𝜎

(𝐴 + 𝐵1𝜀 + 𝐵2𝜀2)
= (1 + 𝐶ln𝜀̇∗) (3-7) 

C can be obtained by the slope of 
𝜎

(𝐴+𝐵1𝜀+𝐵2𝜀
2)
~𝑙𝑛𝜀̇∗ , as shown in Fig. 3.1(b). Accordingly,  

after adjusting the Eq. (3-4) and taking the logarithm on both sides, the Eq. (3-8) can be 

obtained: 

 ln [
𝜎

(𝐴 + 𝐵1𝜀 + 𝐵2𝜀2)(1 + 𝐶ln𝜀̇∗)
] = 𝜆𝑇∗ (3-8) 

where λ is a new parameter used to represent 𝜆1 + 𝜆2ln𝜀̇
∗. The value of λ, which represent the 

sensitivity to strain rates, can be obtained by analyzing the curve of ln [
𝜎

(𝐴+𝐵1𝜀+𝐵2𝜀
2)(1+𝐶ln�̇�∗)

]~𝑇∗ 

at different strain rates, as shown in Fig. 3.2. 𝜆1 and 𝜆2 can be determined by calculating the 

slope and intercept of the relationship of 𝜆~ln𝜀̇∗, as shown in Fig. 3.3.  

The MJC model of the final 6061-T6 aluminum alloy can be expressed as Eq. (3-9), and the 

parameters of the constitutive model are shown in Table 3-1. 

 𝜎 = (91.652 − 18.56527𝜀 + 5.8317𝜀2)(1 + 0.0911𝑙𝑛𝜀̇∗) exp [(−0.00866+ 0.00127 ln𝜀̇∗)𝑇∗ (3-9) 

Table 3-1 The parameters of the Modified Johnson-Cook model: 

Constant 𝐀 𝐁𝟏 𝐁𝟐 C 𝝀𝟏 𝝀𝟐 

Parameter 91.653 -18.565 5.832 0.0911 -0.00866 0.00127 
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(a) (b) 

Fig. 3.1. (a) 𝜎 = (𝐴 + 𝐵1𝜀 + 𝐵2𝜀
2) fit plot of the experimental stress-strain curve 

under the reference temperature and strain rate, (b) plot of 
𝜎

(𝐴+𝐵1𝜀+𝐵2𝜀
2)
~ln𝜀̇∗. 

  

(a) (b) 

  

(c) (d) 

Fig. 3.2. The plots of ln [
𝜎

(𝐴+𝐵1𝜀+𝐵2𝜀
2)(1+𝐶𝑙𝑛�̇�∗)

]~𝑇∗ over the all experment 

temperature, strain, and strain-rate. 
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Fig. 3.3. Plot of 𝜆~ln𝜀̇∗ 
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3.1.4 Result 

Using the MJC model described above, the flow stress values for the 6061-T6 aluminum alloy 

are predicted for all experimental conditions, as shown in Fig. 3.4. 

It can be seen from Fig. 3.4 that the overall prediction effect of the MJC model is good, 

especially when the temperature is 643K and 713K, the prediction at each strain rate is very 

accurate. Only under the temperature of 573K, the prediction effect is not very good, and there 

is a relatively obvious deviation. 

  

(a) (b) 

  

(c) (d) 

Fig. 3.4. Comparison between experimental and predicted flow stress using MJC 

model at the temperatures of (a) 0.001 s-1; (b) 0.01s-1; (c) 0.1s-1; (d) 1s-1 
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3.2 Arrhenius-type Model 

3.2.1 Introduction 

In general, the constitutive equation can describe the flow behavior in the range of high 

accuracy, and the material constants it should contain can be estimated by limited experimental 

data[53], [54]. Through the analysis of different materials, many scholars have given a variety 

of expressions describing the high-temperature flow stress and strain rate of materials, which 

mainly include: exponential relationship, exponential power relationship, and tethered curve 

sinusoidal relationship. The hyperbolic sinusoidal Arrhenius-type (A-T) constitutive model, 

development by Mc Tegart and Sellars [55] has proven effective in asseaaing the evaluate-

temperature flow characteristics of many materials, contringbuting to weight reduction efforts, 

such as 42CrMo steel [56], TA2 [55], GH4169 [57], and Inconel 718 superalloy [58]. 

3.2.2 Arrhenius-type Model 

The A-T model is a method utilized to characterize the connection between deformation 

temperature, strain rate, and flow stress. It employs the Zener-Hollomon parameter (Z) to 

depict the influence of high-temperature and strain rate on thermal deformation, the expression 

is shown in Eq. (3-10): 

 𝑍 = 𝜀̇exp (
−𝑄

𝑅𝑇
)   (3-10) 

where, 𝜀̇ signifies strain rate, R denote the gas constant ( R=8.314 Jmol-1K-1), Q corresponds 

to the activation energy, T signifies the temperature. Z can be expressed as Eq. (3-11): 
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 𝜀̇ = 𝐴𝐹(𝜎)exp (
−𝑄

𝑅𝑇
) (3-11) 

where F(σ) can be expressed as the following formula: 

 𝐹(𝜎) = {

𝜎𝑛1 , 𝛼𝜎 < 0.8
exp (𝛽𝜎), 𝛼𝜎 > 1.2

[sinh(𝛼𝜎)]𝑛 , for all 𝜎
} (3-12) 

where, 𝜎 is the flow stress, A, 𝑛1, 𝛽, 𝛼, and 𝑛 are constants, and 𝛼 can be expressed as 

𝛽/𝑛1. In this study, when 𝐹(𝜎) in Eq.4-3 under low stress level and high stress level can be 

expressed as follow: 

 𝜀̇ = 𝐵𝜎𝑛1 (3-13) 

 𝜀̇ = 𝐶exp (𝛽𝜎) (3-14) 

After taking the natural logarithm of the above two formulas, Eqs. (3-15) and (3-16) can be 

obtained: 

 𝑙𝑛(𝜎) =
1

𝑛1
𝑙𝑛(𝜀̇) −

1

𝑛1
𝑙𝑛(𝐵) (3-15) 

 
𝜎 =

1

𝛽
𝑙𝑛(𝜀̇) −

1

𝛽
𝑙𝑛(𝐶) (3-16) 

where, B and C are the material contents. By substituting the values of all deformation 

temperatures, flow stresses, strains and their corresponding strain rates into Eqs. (3-15) and 

(3-16) it can be obtained according to ln(𝜎)~ln(𝜀̇) and 𝜎~ln(𝜀̇) to calculate the values of 

n1 and 𝛽 respectively, as shown in Table 3-2. Taking all temperatures and strain rate 0.5 s-1 

as an example, it is shown in Fig. 3.5 (a) and (b). Correspondingly, the value of 𝛼 can be 

obtained, as shown in Table 3-2. When all stress values are considered without distinguishing 

between high stress and low stress, Eq. (3-11) can be expressed by Eq.(3-17): 

 𝜀̇ = 𝐴[sinℎ(𝛼𝜎)]𝑛exp (
−𝑄

𝑅𝑇
) (3-17) 
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By applying a logarithmic transformation to both sides, as shown in the following equation: 

 ln[sinℎ(𝛼𝜎)] =
ln𝜀̇

𝑛
+

𝑄

𝑛𝑅𝑇
−
ln𝐴

𝑛
 (3-18) 

By substituting the given values of all deformation temperatures, flow stresses at all strains, 

strains and their corresponding strain rates into Eqs. (3-15) and (3-16), the values of n can be 

calculated from the slopes of ln[sinℎ(𝛼𝜎)]~ln𝜀̇, respectively, as shown in Table 3-2. Take 

all temperatures and strain rate 0.5 as an example, as shown in Fig. 3.5 (c). 

  

(a) (b) 

  

(c) (d) 

Fig. 3.5.  Plots of (a) ln(𝜎)~ln(𝜀̇) , (b) 𝜎~ln(𝜀̇), (c) ln[sinℎ(𝛼𝜎)]~ln𝜀̇, (d) 

ln[sinℎ(𝛼𝜎)]~1/𝑛𝑅𝑇 at strain of 0.5 
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Table 3-2 The coefficients 1/𝑛1, 1/β, and α. of the Polynomials. 

ε 𝜀̇ 1/𝑛1 1/β α 

0.1 

0.001 0.05787 9.54391 

0.016601 

0.01 0.07574 6.10333 

0.1 0.13108 5.09015 

1 0.13412 3.28519 

average 0.099703 6.005645 

0.2 

0.001 0.07347 11.54702 

0.016223 

0.01 0.08893 6.82811 

0.1 0.13917 5.24537 

1 0.13534 3.31163 

average 0.109228 6.733033 

0.3 

0.001 0.0855 12.91505 

0.016084 

0.01 0.09954 7.39136 

0.1 0.14268 5.17306 

1 0.1345 3.2579 

average 0.115555 7.184343 

0.4 

0.001 0.09408 13.79007 

0.01619 

0.01 0.10787 7.70881 

0.1 0.14602 5.15299 

1 0.13589 3.23445 

average 0.120965 7.47158 

0.5 

0.001 0.09934 14.21798 

0.016381 

0.01 0.11437 7.96106 

0.1 0.14849 5.16242 

1 0.13893 3.25026 

average 0.125283 7.64793 

0.6 

0.001 0.10352 14.49197 

0.016528 

0.01 0.11918 8.11682 

0.1 0.14965 5.1678 

1 0.14039 3.24514 

average 0.128185 7.755433 

0.7 

0.001 0.10435 14.4178 

0.0167 

0.01 0.12282 8.20261 

0.1 0.14989 5.17735 

1 0.14218 3.2942 

average 0.12981 7.77299 

0.8 

0.001 0.10461 14.29384 

0.01685                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                               

0.01 0.12326 8.07989 

0.1 0.14553 5.01225 

1 0.14281 3.24203 

average 0.129053 7.657003 
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By the differential Eq. (3-18), the following equations can be derived for a specific 

temperature and strain rate of change [55]: 

 
𝑑{ln[sinℎ(𝛼𝜎)]}

𝑑(ln𝜀̇)
=
1

𝑛
 (3-19) 

 𝑄 = 100𝑅𝑛
𝑑{ln[sinℎ(𝛼𝜎)]}

𝑑(1000/𝑇)
 (3-20) 

From the data presented in Fig. 3.5 (d), the Q value can be determined by calculating the 

average slope of ln[sinℎ(𝛼𝜎)]~1/𝑛𝑅𝑇 at various strain rates. Similarly, the value of A can 

be obtained by analyzing the intercept of ln[sinℎ(𝛼𝜎)]~ln�̇� . The coefficients of the 

polynomial equation used in the analysis are provided in Table 3-3. 

Table 3-3 The coefficients for n, Q, and A of the Polynomial 

Ture Strain n Q (J•mol-1) lnA 

0.1 7.037421 369628.3 60.414 

0.2 6.435317 325272.3 53.1809 

0.3 6.090598 300438.5 49.1566 

0.4 5.821569 284185 46.4728 

0.5 5.623823 273047.6 44.597 

0.6 5.501382 264346 43.1326 

0.7 5.438181 259357 42.2412 

0.8 5.470908 261482 42.6698 

Table 3-4 Polynomial coefficiens for α, n, Q, lnA. 

i 𝜶𝒊 𝐧𝒊 𝑸𝒊 𝐥𝐧𝑨𝒊 

1 -0.01086 -3.18728 -357040.15152 -54.83712 

2 0.01848 8.72479 792649.97835 124.5016 

3 -0.00836 -7.75415 -607030.14827 -97.33875 

4 0.01725 7.70829 421097.91429 68.67126 

Eq. (3-21) shown that, the influence of constants and strain is mathematically captured by a 

cubic polynomial function, which serves the purpose of weight reduction by modeling their 

combined effect. It has good correlation and promotion, as shown in the Fig. 3.6. The 

coefficients of simultaneous polynomials are shown in Table 3-4. As per the definition of the  
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(a) (b) 

  

(c) (d) 

Fig. 3.6. The correlation and promotion about the effect of strain and material 

constant by a cubic polynomial function 

hyperbolic law [59], the Z is utilized to establish a functional relationship between the flow 

stress and other relevant parameters, as illustrated in Eq (3-22). 

 

α=𝛼1𝜀
3 + 𝛼2𝜀

2 + 𝛼3𝜀+ 𝛼4
n=𝑛1𝜀

3 + 𝑛2𝜀
2 + 𝑛3𝜀 + 𝑛4

Q=𝑄1𝜀
3 + 𝑄2𝜀

2 + 𝑄3𝜀+ 𝑄4
ln(A)=𝐴1𝜀

3 + 𝐴2𝜀
2 + 𝐴3𝜀 + 𝐴4

 (3-21) 

 𝜎 =
1

𝛼
ln

{
 

 

(
𝑍

𝐴
)

1
𝑛
+ [(

𝑍

𝐴
)

2
𝑛
+ 1]

1
2

}
 

 

 (3-22) 
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3.2.3 Result 

Four curves of different colors represent the stress-strain experimental values of 6061 

aluminum alloy under high-temperature compression at different temperatures, and four 

different symbols represent the predicted values of the A-T model under the same conditions. 

Fit and compare the experimental value curve with the predicted point, as shown in Fig 3.7. 

The stress values predicted by the A-T model align well with the experimental data under each 

specific condition. 

  

(a) (b) 

  

(c) (d) 

Fig. 3.7. Comparison between experimental and predicted flow stress using A-T 

model at the temperatures of (a) 0.001 s-1; (b) 0.01s-1; (c) 0.1s-1; (d) 1s-1 
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3.3 Modified Zerilli-Armstrong Model 

3.3.1 Introduction 

The Zerilli-Armstrong (ZA) model, included in several commercial finite element methods 

(FEM) software, incorporates temperature effects and strain effects. Moreover, as mentioned 

in the report, the modified ZA (MZA) model can be utilized to predict the high-temperature 

flow behavior across different strains, temperatures, and strain rates. [60]. The original ZA 

model has limitations since it is considered a binomial function with respect to thermal and 

athermal functions [61]. To this end, Samantaray et al. [62] proposed a revised ZA model, as 

shown in Eq. (3-23). Zhang Hongyi et al[63]. An MZA model was proposed to assess the flow 

behavior of the Ti-6Cr-5Mo-5V-4Al alloy in its β phase, encompassing a broad spectrum of 

high strain rates and temperatures. 

3.3.2 Modified Zerilli-Armstrong Model 

 𝜎 = (𝐶1 + 𝐶2𝜀
𝑛)exp[−𝐶3 + 𝐶4𝜀)𝑇

∗ + (𝐶5 + 𝐶6𝑇
∗)ln𝜀̇∗] (3-23) 

where 𝜎 is the flow stress,  𝐶1~𝐶6, and n are seven constants, ε is the platic strain, and 𝜀̇∗ 

denotes the non-dimensional value of the strain rate, usually expressed by 𝜀̇∗ = 𝜀̇/𝜀�̇�. 𝑇∗ is 

the dimensionless temperature, usually expressed by 𝑇∗ = (𝑇 − 𝑇𝑟) . 𝜀̇ , 𝜀�̇� , T, and 𝑇𝑚  are 

the strain rate reference strain rate, the deformation temperature, and the reference temperature, 

respectively. In this study, the value of reference strain rant and temperature are 0.01s-1 and 

643K, respectively. Eq. (3-24) is a simplified form of Eq. (3-23) at the reference strain rate. 
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 𝜎 = (𝐶1 + 𝐶2𝜀
𝑛)exp[−(𝐶3 + 𝐶4𝜀)𝑇

∗] (3-24) 

Applying a logarithmic transformation to both sides of the equation: 

 ln𝜎 = ln(𝐶1 + 𝐶2𝜀
𝑛) − (𝐶3 + 𝐶4𝜀)𝑇

∗ (3-25) 

Bringing in all the flow stress experimental values at the strain rate of 0.01 s-1, 8 sets of slope 

and intercept values about ln𝜎~𝑇∗ can be obtained, that is, the values of −(𝐶3 + 𝐶4𝜀)) and 

ln(𝐶1 + 𝐶2𝜀
𝑛), respectively. The plot of ln𝜎~𝑇∗ under 8 strains is shown in Fig. 3.8. Then, to 

solve for the value of 𝐶2, n, the intercept part of Eq. (3-25) can be expressed as follows: 

 𝐼1 = ln(𝐶1 + 𝐶2𝜀
𝑛) (3-26) 

where, 𝐶1 represents the yield stress under the reference temperature and strain rate. The Eq. 

(3-26) can be expressed as the Eq. (3-27) after transforming, taking natural logarithm, etc. 

 

Fig. 3.8. Plot of ln𝜎~𝑇∗ at reference strain rate of 0.01s-1 and all eight strains. 
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(a) 

  

(b) (c) 

Fig. 3.9.  Plot of (a) ln(exp𝐼1 − 𝐶1)~ln𝜀; (b) 𝑆1~ 𝜀  (c) 𝑆2~𝑇∗ 

 ln(exp𝐼1 − 𝐶1) = ln𝐶2 + 𝑛ln𝜀 (3-27) 

𝐶2and n can be obtained by the intercept and slope of the fitting curve of ln(exp𝐼1 − 𝐶1)~ln𝜀 

respectively, as shown in Fig. 3.9 (a). Similarly, the slope part of Eq. (3-25) can be expressed 

as Eq. (3-28): 

 𝑆1 = −(𝐶3 + 𝐶4𝜀) (3-28) 

𝐶3 and 𝐶4 are the intercept and slope of the 𝑆1~ 𝜀 fitting curve, respectively, as shown in 

Fig. 3.9 (b). Taking the natural logarithm on both sides of Eq. (3-23) to get Eq. (3-29). By 

fitting the curve with ln 𝜎~ ln𝜀̇∗, 4 slopes can be obtained, that is, the values of (𝐶5 + 𝐶6𝑇
∗)  
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(a) (b) 

  

(c) (d) 

Fig. 3.10. Plot of ln 𝜎~ ln𝜀̇∗ at reference strain rate of 0.01s-1 and four temperature. 

at 4 different temperatures, as shown in Fig. 3.10. 

 ln 𝜎 = ln(𝐶1 + 𝐶2𝜀
𝑛) − [𝐶3 + 𝐶4𝜀)𝑇

∗ + (𝐶5 + 𝐶6𝑇
∗)ln𝜀̇∗] (3-29) 

As above, in order to obtain 𝐶5 and 𝐶6, 𝑆2 can be introduced, as shown in Eq. (3-30). The 

fitting curve from 𝑆2 ~𝑇∗  is shown in Fig. 3.9 (c), 𝐶5  and 𝐶6  can be obtained from the 

intercept and slope, respectively. 

 𝑆2 = 𝐶5 + 𝐶6𝑇
∗ (3-30) 

To sum up, all the parameters required by the Modified Zerilli-Armstrong model are shown in 

Table 3-5, and the optimized equation is as follows: 

 𝜎 = (80.974 + 4.169349𝜀−0.47676)exp[−(0.00916 − 9.40476 × 10−5𝜀)𝑇∗ + (0.11057+0.000259𝑇∗)ln𝜀̇∗] (3-31) 
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Table 3-5 All constant of the modified ZA model. 

Constant 𝐶1 𝐶2 𝐶3 𝐶4 𝐶5 𝐶6 n 

 80.974 4.16935 0.00916 -9.404E-05 0.11057 0.000259 -0.47676 

3.3.3 Result 

Through the MZA model above, the values of predicted flow stress under all experimental 

conditions can be obtained, and the predicted values of the MZA model are compared with 

experimental result curves, and the results are shown in Fig. 3.12. 

  

(a) (b) 

  

(c) (d) 

Fig. 3.11 Comparison between experimental and predicted flow stress using MZA 

model at the temperatures of (a) 0.001 s-1; (b) 0.01s-1; (c) 0.1s-1; (d) 1s-1 
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From Fig. 3.12, it can be observed that there is a well-matched situation between the predicted 

numerical points and the experimental results. Even when the temperature is 573K, the 

predicted effects at all strain rates have slightly deviated. However, compared with the MJC 

model, the same prediction performance under the conditions is much better. 

3.4 Wang-Jiang Model 

3.4.1 Introduction 

The grain size influences strain-hardening behavior of polycrystalline metals [64]. During 

plastic deformation, Large grains provide ample space for a significant number of dislocation 

interactions to occur, thereby the strengthening effect due to plastic deformation in 

polycrystalline metals can also be referred to as strain hardening, which also leads to higher 

strain hardening behavior. At the microscopic level, the temperature dependency of flow stress 

can be elucidated by considering the influence of stress and temperature on the velocity of 

dislocations. This explanation is primarily rooted in the activation mechanism of different 

thermal dislocation motions [65]. By taking into account the thermally activated movements 

of dislocations, Wang et al.[65] proposed a simplified physics-based model.  

3.4.2 Wang-Jiang Model 

In a comprehensive manner, the flow stress (𝜎) can be divided into two distinct components 

[66]: the athermal component of stress (𝜎𝑎), which remains unaffected by changes in strain 
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rate and temperature, and  the component contribution by strain rate and temperature (𝜎th), 

reflecting their influence on the overall flow stress. 

According to dislocation theory, the average strain rate 𝜀̇ can be interpreted as[67]: 

 𝜀̇ = 𝜀0̇exp (−
𝑈

𝑘𝑇
) (3-32) 

where, 𝜀̇ is strain rate; 𝜀0̇ is the ultimate strain rate; U refers to the activation energy required 

for thermally overcoming the obstacle in the material; k is Boltzmann's constant; T is the 

absolute temperature. 

To find the relationship between strain rate, absolute temperature and 𝜎th , The activation 

energy U is assumed to follow a linear relationship, as represented by the given form [65]: 

 𝑈 = 𝑈0 [1 − (
𝜎th
𝜎0
)] (3-33) 

where, 𝜎0 and 𝑈0 are the stress and the activation energy at 0 K. Substituting Eq. (3-33) 

into Eq. (3-32), after rearranging, 𝜎th can be expressed as: 

 𝜎th = 𝜎0 [1 −
𝑘𝑇

𝑈0
ln (

𝜀̇

𝜀0̇
)] (3-34) 

The most prominent outcome of this formulation is the logarithmic relationship between the 

flow stress and the strain rate, as well as the linear relationship between the flow stress and the 

temperature. 

The term of 𝜎𝑎 can be defined to represent the strain hardening process, and the equation is 

described as a power relationship between stress and plastic strain, as shown in Eq. (3-35): 

 𝜎𝑎 = 𝐴 + 𝐵𝜀𝑝
𝑛 (3-35) 

where, A is the initial yield stress, B is the strength exponent, 𝜀𝑝 is the plastic strain, and n is 

the strain hardening exponent.  
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The Wang-Jiang (W-J) model is propoed as Eq. (3-36): 

 𝜎 = (𝐴 + 𝐵𝜀𝑝
𝑛) [1 − 𝐶𝑇𝑙𝑛(

𝜀̇

𝜀0̇
)] (3-36) 

When under the reference strain rate ( 0.1s-1 ), By applying a logarithmic transformation to 

both sides of the Eq. (3-36), and rearrange it to get Eq. (3-37):  

 ln(𝜎 − 𝐴) = ln𝐵 + 𝑛ln𝜀𝑝 (3-37) 

Fig. 3. 12 (a) is the fitting curve of ln(𝜎 − 𝐴)~ ln𝜀𝑝. The values of n and B can be determined 

by analyzing the slope and intercept of the fitting curve. Then, rearrange Eq. (3-36), Eq. (3-

38) can be expressed as； 

 1 −
𝜎

𝐴 + 𝐵𝜀𝑝
𝑛 = 𝐶𝑇ln(

𝜀̇

𝜀0̇
) (3-38) 

As shown in Fig. 3.12 (b), C can be solved by the slope of the fitting curve of 1 −
𝜎

𝐴+𝐵𝜀𝑝
𝑛 ~ 

ln(
�̇�

�̇�0
). From the above. the doffenet parameters n, B, and C of the WJ model of the WJ model can 

be obtained respectively, that shown in Table 3-6. The W-J model of the final 6061-T6 aluminum 

alloy can be expressed as Eq. (3-40) 

 𝜎 = (25.231 + 17.38695𝜀𝑝
−0.20024) [1 + 2.49699 × 10−4𝑇𝑙𝑛(

𝜀̇

𝜀0̇
)] (3-39) 

 

  
(a) (b) 

Fig. 3.12. The polts of (a) ln(𝜎 − 𝐴)~ ln𝜀𝑝; (b) 1 −
𝜎

𝐴+𝐵𝜀𝑝
𝑛 ~ 𝑙𝑛(

�̇�

�̇�0
) 
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Table 3-6 The material constants of W-Jmodel 

Constant 𝐴 B n C 

 25.231 17.38695 -0.20024 -2.49699×10-4 

3.4.3 Result 

  

(a) (b) 

  

(c) (d) 

Fig. 3.13 Comparison between experimental and predicted flow stress using W-J 

model at the temperatures of (a) 0.001 s-1; (b) 0.01s-1; (c) 0.1s-1; (d) 1s-1 

Using the constitutive model Eq.(3-39) above, the predicted values of the flow stress under 

each experimental condition can be calculated. Compare the predicted and experimental values, 

as shown in Fig. 3.13. 
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It can be seen from Fig. 3.13, unlike other constitutive models, under most experimental 

conditions, there is a dramatic deviation shown. Although under the temperature of 713K and 

under the strain rate of 0.001 s-1, 0.01 s-1, and the temperature of 783K, in these cases, the 

predicted value is relatively consistent with the experimental flow stress. Therefore, it can 

basically be judged that the Wang-Jiang model is not suitable for predicting the flow stress of 

6061-T6 aluminum alloy. 

3.5 SK-Paul Model 

3.5.1 Introduction 

For decades, finite element simulations have successfully analyzed crashworthiness and 

thermomechanical processes of automotive components such as forging, hot forming, 

extrusion, and rolling, forging. The constitutive equations serve as input parameters for finite 

element software or codes, providing the necessary material properties for accurate 

simulations and analyses. But not all constitutive equations take heat into account. When 

quasi-static plastic deformation occurs, the process can be considered isothermal because the 

heat generated is almost completely dissipated. At high strain rates, the deformation process is 

commonly regarded as adiabatic since there is insufficient time for heat to dissipate or transfer 

away from the material [68]. At moderate strain rates, however, the process is neither 

isothermal nor adiabatic but somewhere in between. Therefore, estimating the temperature 

increase caused by plastic deformation at intermediate strain rates is a highly challenging task 
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in the context of weight reduction efforts.. Therefore, for a constitutive model, it is crucial to 

accurately predict the flow behavior at high strain rates, regardless of the specific calculations 

for temperature rise. 

For the above reasons, Surajit Kumar Paul [38] proposed constitutive model includes the local 

temperature rise effect, allowing accurate prediction of flow behavior at different strain rates. 

This has implications for weight reduction efforts by improving our understanding of material 

response under various deformation conditions. 

3.5.2 SK-Pual Model 

The SK-Paul model can be expressed by the following equation: 

 𝜎 = 𝜎0𝑒
𝐴ln(

�̇�
�̇�0
)−𝑘(𝑇−𝑇𝑎)

+ [𝐵𝜀 + 𝐶(1 − 𝑒−𝛽𝜀)] (1 − 𝐻ln (
𝜀̇

�̇�0
)) (1 − 𝐺(𝑇 − 𝑇𝑎) (3-40) 

The model consists of three parts, 𝜎0𝑒
𝐴ln(

�̇�

�̇�0
)−𝑘(𝑇−𝑇𝑎)

 is the yield stress sensitive part, [𝐵𝜀 +

𝐶(1 − 𝑒−𝛽𝜀)]  is the quasi-static part, and (1 − 𝐻ln (
�̇�

�̇�0
)) (1 − 𝐺(𝑇 − 𝑇𝑎)  is the plastic 

deformation sensitive part. Where 𝜎  is the flow stress, 𝜎0  is the yield strength at the 

reference temperature and reference strain rate, �̇� is the strain rate �̇�0 is the reference strain 

rate, 𝑇 is the temperature, 𝑇𝑎 is the room temperature (573K is taken in this experiment), A, 

k , B, C, β, H and G are constants associated with the material's behavior and properties. 

According to Paul [38], the reference strain rate is selected to represent the quasi-static flow 

stress; consequently, the lowest strain rate (0.001 s-1) was chosen as the reference strain rate. 

Eq. (3-40) can then be expressed at the reference strain rate and reference temperature as 

follows: 

 𝜎 = 𝜎0 + 𝐵𝜀 + 𝐶(1 − 𝑒
−𝛽𝜀)] (3-41) 
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𝜎0, B, C and 𝛽 can be calculated from Fig. 3.14 (a). 𝜎0 signifies the yield stress, B represents 

the slope of the flow curve that follows uniform elongation, C denotes the saturation value 

reached at uniform elongation, while β represents the saturation rate at the reference strain rate. 

At the reference strain rate and at the yield point (zero plastic strain), Eq. (3-40) can be 

expressed as (3-42) : 

 𝜎 = 𝜎0𝑒
−𝑘(𝑇−𝑇𝑎) (3-42) 

Taking the natural logarithm of both sides of the equation, Eq. (3-42) can be rearranged to: 

 ln(𝜎/𝜎0) = −𝑘(𝑇 − 𝑇𝑎) (3-43) 

The constant k can be calculated from the slope of ln(𝜎/𝜎0)~ (𝑇 − 𝑇𝑎), which shown in Fig. 

3.14 (b). Similarly, under the condition of reference temperature and yield point, Eq. (3-40) 

can be reduced to Eq. (3-44) as below: 

 𝜎 = 𝜎0𝑒
𝐴ln(

�̇�

�̇�0
)
 (3-44) 

Taking the natural logarithm of both sides of the equation, Eq. (3-44) can be rearranged to: 

 ln(𝜎/𝜎0) = 𝐴ln(
�̇�

�̇�0
) (3-45) 

The constant A can be got from the slope of ln(𝜎/𝜎0)~ ln (
�̇�

�̇�0
) as shown in Fig. 3.14.(c). At 

reference strain rate Eq. (3-40) can berearranged to: 

 1 − (
𝜎 − 𝜎0𝑒

−𝑘(𝑇−𝑇𝑎)

𝐵𝜀 + 𝐶(1 − 𝑒−𝛽𝜀)
) = 𝐺(𝑇 − 𝑇𝑎) (3-46) 

The constant 𝐺 can be calculated from the slope of 1 − (
𝜎−𝜎0𝑒

−𝑘(𝑇−𝑇𝑎)

𝐵𝜀+𝐶(1−𝑒−𝛽𝜀)
)~(𝑇 − 𝑇𝑎) as shown 

in Fig. 3.14 (d). Similarly, At reference temperature Eq. (3-40) can berearranged to: 

 1 − (
𝜎 − 𝜎0𝑒

𝐴ln(
�̇�

�̇�0
)

𝐵𝜀 + 𝐶(1 − 𝑒−𝛽𝜀)
) = 𝐻ln (

�̇�

�̇�0
) (3-47) 

The constant 𝐻 can be calculated from the slope of 1 − (
𝜎−𝜎0𝑒

𝐴ln(
�̇�

�̇�0
)

𝐵𝜀+𝐶(1−𝑒−𝛽𝜀)
)~ ln (

�̇�

�̇�0
) as shown in 

Fig. 3.14 (e). Table 3-7 provides a comprehensive list of material constants used in the SK-

Paul constitutive model. 
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Table 3-7 Material constants for SK-Pual model 

Constant 𝜎0 A k B C β G H 

 148.8 0.04103 -0.01168 21.07998 -83.80956 2.52378 0.00538 0.1609 

 

 
(a) 

  
(b) (c) 

  

(d) (e) 

Fig. 3.14 Plot of (a) 𝜎~𝜀; (b) ln(𝜎/𝜎0)~ (𝑇 − 𝑇𝑎); (c) ln(𝜎/𝜎0)~ ln (
�̇�

�̇�0
); (d) 1 −

(
𝜎−𝜎0𝑒

−𝑘(𝑇−𝑇𝑎)

𝐵𝜀+𝐶(1−𝑒−𝛽𝜀)
)~(𝑇 − 𝑇𝑎); (e) 1 − (

𝜎−𝜎0𝑒
𝐴ln(

�̇�

�̇�0
)

𝐵𝜀+𝐶(1−𝑒−𝛽𝜀)
)~ ln (

�̇�

�̇�0
). 
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3.5.3 Result 

 

  

(a) (b) 

  

 (c) (d) 

Fig. 3.15 Comparison between experimental and predicted flow stress using SK-Paul 

model at the temperatures of (a) 0.001 s-1; (b) 0.01s-1; (c) 0.1s-1; (d) 1s-1 

Fig. 3.15 shows the comparison of the predicted value of the SK-Paul model with the 

experimental value under all experimental conditions. This observation suggests that in most 

experimental conditions, the value predicted by the SK-Paul model can be well matched to the 

experimental value, but when the strain rate is 0.001, there is a fitting deviation under the two 

high-temperature conditions of 713K and 783K. 
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3.6 Kobayashi-Dodd model 

3.6.1 Introduction 

The accurate prediction of material flow behavior has been a key focus for materials scientists 

since the inception of mechanical testing machines, driven by the goal of weight reduction 

[69]. This fascination has resulted in the development of numerous constitutive models over 

the years [70]. A comprehensive examination of the existing literature demonstrates that the 

subject of predicting material flow behavior continues to captivate researchers today, mirroring 

the persistent pursuit of weight reduction goals since the 1980s [30], [66], [71]. In 1989, H. 

KOBAYASHI and B. DODD et al. [72] proposed the Kobayashi-Dodd (K-D) Model, which 

has been widely used, such as Al-Sc Alloy [73], 304L stainless steel [74], AA7075 [75]. 

3.6.2 Kobayashi-Dodd Model 

The K-D Model is shown in the following equation[72]: 

 𝜎 = 𝜎0𝜀
𝑛𝑐𝜀̇𝑚𝑐(1 − 𝛽∆𝑇) (3-48) 

where 𝜎 is flow stress, the first part 𝜎0𝜀
𝑛𝑐𝜀̇𝑚𝑐 is repersented the effects of strain and strain 

rate harding, 𝜀 is plastic strain, 𝑛𝑐 is the work-harding coedfficien, 𝜀̇ is the strain rate, 𝑚𝑐 

is strain-rate sensitivity index, the sencond part (1 − 𝛽∆𝑇), 𝜎0 and 𝛽 are material constants, 

∆𝑇 = (𝑇 − 𝑇𝑟𝑒𝑓), T is the current temperature, 𝑇𝑟𝑒𝑓 is the reference temperature. Taking the 

natural logarithm of both sides of the Eq. (4-48), the Eq. (4-49) can be obtained: 

 ln𝜎 = ln𝜎0 + 𝑛𝑐ln𝜀 + 𝑚𝑐ln𝜀̇ + ln(1 − 𝛽∆𝑇) (3-49) 
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At the reference strain rate (0.01s-1) and reference temperature (643K), Eq. (4-49) can be 

reduced to: 

 ln𝜎 = ln𝜎0 + 𝑛𝑐ln𝜀 (3-50) 

The values of 𝑛𝑐 and 𝑙𝑛𝜎0 can be calculated by the slope and intercept from plot of ln𝜎~ 

ln𝜀, as shown in Fig. 3.16( a). At reference temperature of 643 K, Eq. (4-49) can be reduced, 

after rearranging it can be expressed as Eq. (3-51): 

 ln(𝜎/𝜎0𝜀
𝑛𝑐) = 𝑚𝑐ln𝜀̇ (3-51) 

As shown in Fig. 3.16 (b), eight slope values can be got from plot of ln(𝜎/𝜎0𝜀
𝑛𝑐)~ ln𝜀̇, at 

eight strains (0.1~0.8), the value of 𝑚𝑐 can be be calculated by the average value. Eq. (3-48) 

can be rearranged to: 

 𝛽 = [1 − 𝜎/(𝜎0𝜀
𝑛𝑐𝜀̇𝑚𝑐)]/∆𝑇 (3-52) 

As show in Fig. 3.16 (c), many slope values can be calculated from the slope of the plot of 

[1 − 𝜎/(𝜎0𝜀
𝑛𝑐𝜀̇𝑚𝑐)] ~ ∆𝑇  umder all strains, strain rates, and temperature. The value of 𝛽 

can be be calculated by the average value. All the constants values needed by Kobayashi-Dodd 

model are shown in Table 3-8. The Kobayashi-Dodd model for 6061-T6 aluminmun alloy can 

be expressed as: 

 𝜎 = 80.4165𝜀−0.054𝜀̇0.06783(1 − 0.00889∆𝑇) (3-53) 

 

Table 3-8 Constants for Kobayashi-Dodd model. 

Constant 𝜎0 𝑛𝑐 𝑚𝑐 𝛽 

 80.4165 -0.054 0.06783 0.00889 

 



61 
 

 

(a) 

  

 (b) (c) 

Fig. 3.16 Plot of (a) ln𝜎~ ln𝜀; (b) ln(𝜎/𝜎0𝜀
𝑛𝑐)~ ln𝜀̇; (c) [1 − 𝜎/(𝜎0𝜀

𝑛𝑐𝜀̇𝑚𝑐)]~ ∆𝑇. 
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3.6.3 Result 

  

(a) (b) 

  

 (c) (d) 

Fig. 3.17 Comparison between experimental and predicted flow stress using K-D 

model at the temperatures of (a) 0.001 s-1; (b) 0.01s-1; (c) 0.1s-1; (d) 1s-1 

Fig. 3-17 shows the comparison of Kobayashi-Dodd model with experimental values under 

16 experimental conditions.  

It can be seen from Fig. 3.17 that there are deviations between the predicted values and the 

experimental values, and the deviations are larger at the temperatures of 573K and 783K at all 

strain rates, and the deviations are smaller at the temperatures of 643K and 713K. 



63 
 

3.7 Modified Fields–Backofen Model 

3.7.1 Introduction 

In 1957, Fields and Bachofen proposed the Fields–Backofen (FB) equation. But the FB fomula 

just can describe the flow stress curves of alloys and metal sheets in the strain hardening stage 

at high strain rates [76]. Zhang introduced a softening term to describe the softening behavior. 

This equation provides a better representation in many alloys (e.g., AZ80 magnesium alloy 

[77], 42CrMo steel [78], AZ31 magnesium alloy [76], 7075 aluminum alloy [79], 5052 

aluminum alloy [80], etc.). 

3.7.2 Modified Fields–Backofen Model 

The Modified Fields-Backoften (MFB) model can be expressed as follow[76]: 

 𝜎 = 𝐶𝜀𝑛𝑐 �̇�𝑚𝑐exp(𝑏𝑇 + 𝑠𝜀) (3-54) 

where 𝜎  is flow stress, C and b are material constants, 𝜀  is strain, 𝑛𝑐  is the work-harding 

coedfficien, 𝜀̇ is the strain rate, 𝑚𝑐 is strain-rate sensitivity index, 𝑠 the exponential effect 

of work softening. Taking the natural logarithm on both sides of the Eq. (3-54): 

 ln𝜎 = ln𝐶 + 𝑛𝑐ln𝜀 +𝑚𝑐ln𝜀̇ + 𝑏𝑇 + 𝑠𝜀 (3-55) 

Making 𝐾1 = ln𝐶 + 𝑛𝑐ln𝜀 + 𝑏𝑇 + 𝑠𝜀, then an equation of 𝜎 and 𝜀̇ at certain temperature 

and strain can be got, as shown in Fig. 3.18 (a). Thirty-two 𝑚𝑐 values can be calculated by 

the plot of ln𝜎~ ln𝜀̇ under all experament temperature and strain rate. 𝑚𝑐 is the average 

value of all slope values. 
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(a) 

  

 (b) (c) 

Fig. 3.18 Plot of (a) ln𝜎~ ln𝜀̇; (b) ln𝜎~ ln𝜀; (c) ln𝜎~𝑇 

 

 ln𝜎 = 𝑚𝑐ln𝜀̇ + 𝐾1 (3-56) 

Similarly, making 𝐾2 = ln𝐶 +𝑚𝑐ln𝜀̇ + 𝑏𝑇 + 𝑠𝜀, an equation relating flow stress and strain at a 

specific temperature and strain rate can be derived, which is shown in Fig. 3.18 (b). Sixteen 𝑛𝑐 

values can be calculated by the plot of ln𝜎~ ln𝜀. 𝑛𝑐 is the average value of all slope values. 

 ln𝜎 = 𝑛𝑐ln𝜀 + 𝐾2 (3-57) 

In the same way, making 𝐾3 = ln𝐶 +𝑚𝑐ln𝜀̇ + 𝑛𝑐ln𝜀+ 𝑠𝜀 , an equation of flow stress and 

temperature at certain strain and strain rate can be got, as shown in Fig. 3.18 (c). Thirty-two 𝑏 
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values can be taken by the plot of ln𝜎~𝑇. 𝑏 is the average value of all slope values. 

 ln𝜎 = 𝑏𝑇 + 𝐾3 (3-58) 

Then, making 𝐾4 = ln𝐶 +𝑚𝑐ln𝜀̇ + 𝑏𝑇, Eq. (3-59) of flow strain and temperature can be got. 

 ln𝜎 = 𝑛𝑐ln𝜀 + 𝑠𝜀 + 𝐾4 (3-59) 

When 𝜀 = 0.08 = 𝑒−2.52573, Eq. (3-59) can be expressed as Eq. (3-60): 

 ln𝜎𝑒−2.52573 = −2.52573𝑛𝑐 + 𝑠𝑒
−2.52573 + 𝐾4 (3-60) 

And when 𝜀 = 0.18 = 𝑒−1.7148, Eq. (3-59) can be expressed as Eq. (3-61): 

 ln𝜎𝑒−1.7148 = −1.7148𝑛𝑐 + 𝑠𝑒
−1.7148 +𝐾4 (3-61) 

Combine Eq. (3-60) and (3-61) to get Eq. (3-62): 

 s = [ln (
𝜎𝑒−2.52573

𝜎𝑒−1.7148
) − 𝑛] /(𝑒−2.52573 − 𝑒−1.7148) (3-62) 

One hundred and twevel values can be calculated, and the s value can be got by the average 

value. Rearranging Eq. (3-54), congtant C can be got from the following equation: 

 𝐶 = 𝜎/[𝜀𝑛𝑐𝜀̇𝑚𝑐𝑒𝑥𝑝(𝑏𝑇 + 𝑠𝜀)] (3-63) 

Therefore, one hundred and twenty-eigth values for C can be got, and the average C value is 

shown in Table 3-9. Finally, the MFB model of 6061-T6 alumimum can be obtained: 

 𝜎 = 32498.69𝜀−0.06767�̇�0.11965exp(0.00885𝑇 − 0.06848𝜀) (3-54) 

 

Table 3-9 The material contants of modified Fields–Backofen model 

Constant C 𝑛𝑐 𝑚𝑐 b s 

 32498.69 -0.06767 0.11965 0.00885 -0.06848 
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3.7.3 Result 

  

(a) (b) 

  

 (c) (d) 

Fig. 3.19 Comparison between experimental and predicted flow stress using MFB 

model at the temperatures of (a) 0.001 s-1; (b) 0.01s-1; (c) 0.1s-1; (d) 1s-1 

By utilizing the aforementioned constitutive model, the flow stress is estimated for each 

experimental condition using Eq. (3-54). A comparison is then made between the experimental 

and predicted values, as illustrated in Fig. 3.19. This analysis contributes to weight reduction 

efforts by evaluating the accuracy and reliability of the model in capturing the material's 

response under different conditions. 

It can be seen from Fig. 3.19 that the prediction of the MFB model is similar to that of the 



67 
 

MJC model. The fit between the predicted value and the experimental value is good, but there 

is a deviation when the temperature is 573K. In comparison, the deviation of the predicted 

value of the MFB model at 573K is smaller than that of the MJC model. Hence, the developed 

model can be employed to forecast the flow stress of 6061-T6. 
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4 Evolution of activation energy 

4.1 Introduction 

To achieve optimal yield in metal processing, meticulous selection of process parameters 

including temperature, rate of change of strain, and strain variation is imperative [81]. The 

same positional error motion is required to create and sustain plasticity flow in plastic 

deformation. 

The activation energy Q, determined through dynamic analysis, characterizes the energy 

hurdle for dislocation movement and signifies the material's resistance to deformation. [82]–

[85]. Base on the concept of activation energy, Malas [86] proposed the construction of an 

activation energy diagram to validate the thermal processing window. The region where the Q 

value remains consistent can be considered an optimal and secure area for effective work. 

Therefore, Q can serve as a valuable denote for selecting suitable parameters and optimizing 

the thermal deformation process. [81]. Furthermore, the relationship between Q and strain can 

also be polynomially fitted [87], [88], and based on the same flow stress data in previous work, 

the corresponding composition equations for alloys with strain compensation were developed. 

According to the analysis of the Arrhenius-type model in Section 3.2, the flow behavior of 

6061 aluminum alloy changes significantly with temperature, strain rate, and strain. Therefore, 

for materials with high strain sensitivity, it is important to develop activation energy diagrams 

involving strain, strain rate, and temperature[89]. 
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Fig. 4.1 three-dimensional activation energy map at different temperatures, strain, and 

strain rates. 

A series of Q values were obtained by the method in Section 3.2, at different temperatures 

(523~673 K), strain rates (0.001–1 s−1), and strains (from 0.1 to 0.8 in intervals of 0.1). Based 

on these values, a three-dimensional activation energy map (Fig. 4.1) was created to provide 

a comprehensive analysis of the Q evolution under various deformation conditions. 
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4.2 Effect of strain on activation energy 

As shown in Fig 4.2, the Q value of 6061-T6 aluminum alloy decreases significantly with the 

deepening of plastic deformation. This situation is because a lot of deformation heat is 

producted during deformation and stored in the deformation system. The increase of heat 

increases the activity of atoms, thus reducing the threshold of microstructure evolution, which 

is reflected in the decrease of activation energy. It can be seen that the changes in Fig. 4.2 

(a)~(d) are more obvious because the press needs to apply a lot of kinetic energy to the alloy 

in the initial deformation stage so that the material deforms at a certain deformation rate. 

Therefore, the energy increase in the deformed system is most pronounced at this stage. In 

contrast, at the stage of strain 0.5~0.8, the increase in the internal temperature of the system is 

not enough to have a significant impact on the change of Q.  

As shown in Fig. 4.2 (a), the Q value fluctuates the most under different deformation 

conditions. This is due to the significant influence of both temperature and strain on the plastic 

deformation of the alloy, particularly during the initial stage of deformation when a substantial 

number of dislocations are generated and entangled. Non-linear behavior. As the deformation 

progresses, the offset and rearrangement of dislocations within the material and the transition 

from low-angle grain boundaries to high-angle grain boundaries transform subgrains into 

grains, making the change of Q relatively stable. 

To facilitate a more visual observation of the activation energy evolution under different strains, 

Fig. 4.3 shows the stacked diagram of the change of Q value. 
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(a) (b) 

  

(c) (d) 

  

(e) (f) 

  

(g) (h) 

Fig 4.2 3D diagram of the change of Q under different strain rates (a) 0.1; (b) 0.2; (c) 

0.3 (d) 0.4; (e) 0.5; (f) 0.6; (g) 0.7; (h) 0.8. 
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Fig. 4.3 three-dimensional activation energy map at different strain (0.1~0.8). 

4.3 Effect of strain rate on activation energy 

It is important to highlight that the activation energy Q is influenced by the interactions 

between potentially mobile dislocations and other dislocations, solutes, or precipitates, as well 

as the periodic friction at grain boundaries or lattices. These factors ultimately determine the 

flow rate and yield strength of the material under constant conditions [90]. The deformation-

induced variation in the density of mobile dislocations 𝜌 can be expressed by the following 

equation, illustrating the contrasting relationship with the applied strain rate.[91]: 

 𝜀̇ = 𝐾𝜌𝑏�̅� (4-1) 
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Fig. 4.4 three-dimensional activation energy map at different strain rates (0.001~1 s-1). 

Combining Eq. (3-20) and (4-1), it can be known that Q is related to the dislocation density. 

Fig. 4.4 depicts the evolution of the activation energy Q at different strain rates. An observation 

reveals that Q exhibits an upward trend as the strain rate increases. This phenomenon can be 

attributed to the elevated dislocation entanglement resulting from higher strain rates, 

consequently leading to an increased energy barrier. The corresponding increase in strain rate 

makes the DRV time shorter, and the difficulty of dislocation movement leads to the 

proliferation of dislocations, so the minimum value of Q tends to appear at a strain rate of 

0.01s−1. 

4.4 Effect of temperature on activation energy 
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Fig. 4.5 illustrates the evolution of the Q at different temperatures. At low strain rates, With 

an increase in temperature, there is an initial rise followed by a rapid decrease in the activation 

energy Q. The maximum value of Q is observed at approximately 643K. Q increases at 573-

643K, accompanied by insufficient DRV. This is because the stacking fault energy of the Al-

Mg alloy is low, resulting in a larger extended dislocation that is difficult to escape from the 

dislocation network [92]. This limits the slip and climb of dislocations and makes it difficult 

for DRV to occur[93]. Thus DRX can be induced more easily with increasing temperature, and 

thermal energy is used to overcome the increase in energy barrier [89]. Dislocation motion is 

a thermally activated process that drives atomic activity and dislocation slip at high-

temperatures. The average speed of dislocation is affected by many factors, which can be 

expressed as the following equation [85]: 

 �̅� = 𝛽𝑏𝑣exp(−
∆𝐺(𝜎𝑆)

𝑘𝑇
) (4-2) 

where 𝛽  denote a dimensionless constant, v represent a attempt frequency, b represent a 

material constant, k corresponds to a Boltzman constant, usually k=1.3807×10-23, ∆𝐺(𝜎𝑆) is 

the free energy of the activity, which can be expressed as: 

 ∆𝐺(𝜎𝑆) = ∆𝐹 (1 −
𝜎𝑠
𝜏
) (4-3) 

where ∆F corresponds to the total free energy used to overcome the barrier without the help 

of external stress, 𝜎𝑠 signifies the yield stress, and τ signifies the external stress that forces 

the dislocation to pass through the barrier without the help of thermal energy 

Through Eq. (4-1) and (4-2), By elevating the temperature under a particular strain rate, the 

dislocation density can be significantly diminished, leading to effective reduction. This 
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observation aligns with the changes observed within the temperature range of 643K to 783K 

in Fig. 4.5. This is because the level of DRV can be enhanced by increasing temperature, 

thereby this temperature increase aids in diminishing the dislocation density and alleviating 

the restriction on dislocation motion. Due to the failure of dislocation motion, Q decreases 

with increasing temperature. Therefore, a higher temperature (643-783K) helps minimize Q, 

thereby improving work efficiency. 

 

Fig. 4.5 three-dimensional activation energy map at different temperatures (573K, 

643K, 713K, 783K). 
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5 Result and Discussion 

Through the equations solved in the third part, the comparison between the predicted value of 

each constitutive model and the real experimental value can be analyzed. It can be obtained 

that the predicted values calculated by the three models of the Arrhenius-type (A-T) model, 

modified Zerilli-Armstrong (MZA) model, and SK-Pual model under all experimental 

conditions can fit with the experimental values. Therefore, the A-T model, MAZ model, and 

SK-Pual model can provide suitable predicted values. They are suitable for predicting the flow 

stress of the alloy. Moreover, by comparing the predicted value calculated by using the 

modified Johnson-Cook (MJC) model with the experimental value, it is found that except for 

the phenomenon of non-fitting at 573K, the fitting situation under other conditions is good. 

The fitting result of the modified Fields–Backofen (MFB) model is similar to that of the MJC 

model, and there is a slight deviation when the temperature is 573K, but in comparison, the 

deviation of the MFB model is smaller than that of the MJC model, so these two models can 

also be used for 6061-T6 The flow stress is predicted. The flow stress value predicted by 

Kobayashi-Dodd (K-D) model at the reference temperature fits well with the experimental 

value, but there is a slight deviation at other temperatures. Due to the inaccurate predicted 

value, it is not recommended to use this model to predict the flow stress. Unlike the other six 

models, the predicted values of the Wang-Jiang (W-J) model can fit the experimental values 

except for some conditions, but there are dramatic deviations under most conditions, so the W-

J model is not applicable to the 6061-T6 aluminum alloy. 
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After the metal constitutive model is established, the average absolute relative error (AARE) 

and correlation coefficient (𝑅2 ) are often compared [29]. The role of these evaluation 

indicators is to evaluate the fitting degree and predictive ability of the metal constitutive model 

and to verify its feasibility and effectiveness in practical applications[94]. 

The calculation of AARE is shown in Eq. (5-1), and it is an index to measure the error between 

the model prediction and the actual observation value. It calculates and averages the relative 

error between model predictions and actual observations. AARE can help evaluate how well a 

model predicts an entire dataset and a lower AARE value indicates a better predictive ability 

of the model. 

 𝐴𝐴𝑅𝐸(%) =
1

𝑁
∑|

𝐸𝑖 − 𝑃𝑖
𝐸𝑖

| × 100

𝑁

𝑖=1

 (5-1) 

The calculation of the 𝑅2  of determination is shown in Eq. (5-2), which is one of the 

commonly used indicators for evaluating the degree of model fitting. It measures the 

correlation between model predictions and actual observations. The value range of the  𝑅2 

of determination is between 0 and 1, and the closer to 1, the stronger the ability of the model 

to explain the actual observations. A coefficient of determination of 1 indicates that the model 

fits the actual observations perfectly.  

 

𝑅2 =
∑ (𝐸𝑖 − �̅�)(𝑃𝑖 − �̅�)
𝑁
𝑖=1

√∑ (𝐸𝑖 − �̅�)
2𝑁

𝑖=1 ∑ (𝑃𝑖 − �̅�)
2𝑁

𝑖=1

 

(5-2) 

where, 𝑁 is the number of data point，𝐸𝑖 and 𝑃𝑖 are experimental value and predicted value, 

respectively. �̅� and �̅� are the average value of experimental values and the average value of 

predicted values, resperctively. 
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By comparing AARE and 𝑅2, the predictive ability and fitting degree of the metal constitutive 

model can be comprehensively evaluated. The values of AARE and 𝑅2 of the seven equations 

are shown in Table 5-1. The accuracy results of the seven models measured by 𝑅2 are shown 

in Fig. 5.1, where (a) MJC model, (b) A-T model, (c) MZA model, (d) W-J model, (e) SK-Pual 

model; (f) K-D model; (g) MFB model.  

Comparing the seven plots of experimental and predicted flow stresses in Fig. 5.1. It can be 

shown that, in comparison, the AT model, MZA model, SK-Pual model, and MFB model have 

better correlations between the prediction results and the experimental data, and the MZA 

model has the best correlation, reaching 0.99138. On the contrary, the correlations of the MJC 

model, W-J model, and K-D model are much lower, with W-J being the worst. 

In order to better compare the prediction capabilities of the seven constitutive models, 3D 

histograms are used to describe the changes of AARE of each model at different temperatures 

and strain rates, as shown in Fig. 5.2-5.5. Fig. 5.2 shows the AARE histograms of all models 

at different temperatures. It can be seen that the AARE value of the K-D model at 783K and 

the W-J model at 573K is too large. Fig. 5.3 shows the AARE histograms of all models at 

different strain rates. Similarly, excessive values exist in the K-D model and the W-J model. It 

can be seen from Table 5-1 that the AARE values of K-D and W-J are both more than 50%, 

and some of the values are too large to cause difficult analysis. In order to better analyze other 

models, after removing the above two models, 3D histograms are used to describe the changes 

of the other five models AARE at various conditions, as shown in Fig. 5.4 and 5.5. 
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As shown in Fig. 5.4, the effect of temperature changes on the MFB model is not obvious, and 

the accuracy is the highest at 643K. The prediction accuracy of the SK-Pual model, MZA 

model, A-T model, and MJC model decreases with the increase of temperature, but the 

accuracy of the A-T model and MZA model changes very little with temperature, SK-Pual 

model and MJC model is greatly affected by temperature, and the accuracy is the worst when 

the temperature is 783K. 

As shown in Fig. 5.5, in a comprehensive sense, the accuracy of the five models decreases 

with the decrease of the strain rate, but the accuracy of the MFB model, MZA model, and A-

T model change slightly with the strain rate, and the SK-Pual model and The MJC model is 

greatly affected by the strain rate, and the accuracy is the lowest when the strain rate is 0.001s. 

In a word, by analyzing the four 3D histograms, in comparison, the three models of AT, MZA, 

and MFB have better-predicted structures. They are less affected by changes in temperature 

and strain rate, followed by the MJC model and SK-Pual model, which will Because of 

changes in temperature and strain rate, the accuracy of the W-J model and K-D model is the 

worst. 

It can be seen from Table 4-1 that the R of the MZA model is 0.99138, closest to 1, and has 

the smallest AARE value of 10.66%. Hence, among the seven models considered, the MZA 

model exhibits the highest accuracy in predicting the flow stress of the high-temperature 

aluminum alloy material 6061-T6. 
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Table 5.1 The values of AARE and 𝑅2 of the seven constitutive models 

 MJC A-T MZA W-J SK-Pual K-D MFB 

𝑅2 0.9607 0.98925 0.99138 0.36741 0.98631 0.92615 0.9824 

AARE 16.249% 11.443% 10.666% 52.194% 19.19% 58.861% 11.251% 

 

In the research utilizing the A-T constitutive equation, an activation energy map was developed 

to elucidate the relationship between the Q value, temperature, and strain rate. The findings 

demonstrated the remarkable sensitivity of the Q value to strain, temperature, and strain rate, 

thereby highlighting the potential for adjusting the deformation parameters to modify the 

processability of the alloy. At the same time, the evolution of the internal microstructure of the 

alloy, such as DRV, work hardening, and DRX, has a significant impact on Q value. This 

finding is of significant importance for a deeper understanding of the deformation behavior of 

the alloy and for optimizing the processing conditions. 

  

(a) (b) 
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(c) (d) 

  

(e) (f) 

 

(g) 

Fig. 5.1 The correlation coefficient (𝑅2) for seven constitutive models: (a) MJC 

model, (b) A-T model, (c) MZA model, (d) W-J model, (e) SK-Pual model; (f) K-D model; 

(g) MFB model 
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Fig. 5.2. The AARE histograms of all models at different temperatures 
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Fig. 5.3. The AARE histograms of all models at different strain rates 
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Fig. 5.4. the AARE histograms of part models at different temperatures 
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Fig. 5.5. the AARE histograms of all models at different strain rates 
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6 Conclusion 

The thermal compression test was conducted using the Gleeble-3800 thermal simulation 

testing machine, and sixteen sets of compression tests were done according to the temperature 

and strain rate. On the basis of this experiment, the relationship amoung the flow stress, 

temperature, and strain rate of 6061-T6 aluminum alloy was studied according to the 

experimental data, according to the experimental data, seven constitutive equations of the 

aluminum alloy were determined: modified Johnson-Cook (MJC) model, Arrhenius-Type (A-

T) model, modified Zerilli-Armstrong (MZA) model, Wang-Jiang (W-J) model, SK-Paul 

model, Kobayashi-Dodd (K-D) model, and modified Fields-Backofen (MFB) model. The 

models are compared by means of fitting the predicted value with the experimental value, 

calculating AARE and R2 numerical statistical analysis. The following conclusions were 

obtained: 

(1) Among the above seven constitutive equations, the predicted values calculated by the three 

models of the Arrhenius-type model, MZA model, and SK-Pual model under all experimental 

conditions are in good fit with the experimental values, which can be used for the prediction 

of 6061-T6 aluminum alloy. In contrast, the Wang-Jiang model has the worst fit and cannot be 

used to predict the flow stress of the test material. 

(2) All these results obtained from these seven models vary significantly under certain 

deformation conditions, and the primary factor for this is likely due to that the deformation 

behavior of materials at high-temperature and strain rates is highly nonlinear. 
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(3) The R2 and AARE predictability of seven constitutive equation models were measured, and 

the results showed that the AARE values of MJC model, A-T model, MZA model, W-J model, 

SK-Paul model, K-D model, and MFB model were 16.249%, 11.443%, 10.666%, 52.194%, 

19.19%, 58.861%, and 11.251%, respectively, and the R2 values were 0.9607, 0.98925, 

0.99138, 0.36741, 0.98631, 0.92615, and 0.9824, respectively. Compared with other models, 

the MZA model has the R closest to the critical correlation value 1, and the AARE value is the 

smallest, which can most accurately represent the high-temperature flow behavior in the entire 

processing region. 

(4) The MZA model of 6061 aluminum alloy in high-temperature compression steady state is: 

 𝜎 = (80.974 + 4.169349𝜀−0.47676)exp[−(0.00916 − 9.40476 × 10−5𝜀)𝑇∗ + (0.11057+0.000259𝑇∗)ln𝜀̇∗]  

(5) The activation energy diagram depicts the significant nonlinear effects of temperature, 

strain, and strain rate on the variation of the Q value. The evolution of the internal 

microstructure of the alloy, such as DRX, DRV, and work hardening, has a significant effect 

on the Q value. 
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