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(Abstract)

A Zadeh’s extended composition operator for

two 2-dimensional quadratic fuzzy numbers

There are many results for Zadeh’s max-min composition operator based on
Zadeh’s expansion principle. We calculated Zadeh’s max-min composite opera-
tor for two triangular fuzzy numbers and quadratic fuzzy numbers defined in R
for various cases different from the conventional case. Then, calculations were
performed to determine the relationship between the 1-dimensional quadratic
fuzzy number and the 2-dimensional quadratic fuzzy number. More specifically,
we cut two 2-dimensional quadratic fuzzy numbers into planes perpendicular to
the xy-plane and the z-axis, and passing through the vertices. We calculated
Zadeh’s max-min composite operator using the membership functions of that
cross section. Extended operations were performed on two different 2-dimensional
quadratic fuzzy numbers. The resulting new 2-dimensional fuzzy number was cut
into a plane perpendicular to the zy-plane and to the z-axis, passing through the
vertices. The resulting cut surface was compared with the results above, and it

confirms that the two results are actually identical to each other.



1 Introduction

In fuzzy set theory, various types of operations between two fuzzy sets have been de-
fined and studied. There are many results for Zadeh’s max-min composition operators
based on Zadeh’s extension principle. We calculated max-min composition operators for
two generalized triangular fuzzy sets([1]), for two generalized quadratic fuzzy sets([2]),
and for two generalized trapezoidal fuzzy sets([3]). And we extended the above re-
sults to a 2-dimensional case. We proved Zadeh’s extension principle for 2-dimensional
triangular fuzzy numbers([4]). We calculated Zadeh’s max-min composition operator
for two 2-dimensional quadratic fuzzy numbers([5]), parametric operations between a
2-dimensional triangular fuzzy number and a trapezoidal fuzzy set([6]) and algebraic
operations for two generalized 2-dimensional quadratic fuzzy sets([7]). The fuzzy sets
in the above results([1], [2], [3]) were defined in R*.

In this paper, we calculated Zadeh’s max-min composition operators for two triangu-
lar fuzzy numbers defined in R. for exactly 6 positive numbers a, b, ¢, p, g, 7, non-positive
triangular fuzzy numbers A = (-a,-b,¢) and B = (-p, q,r) and the expansion operation
on quadratic fuzzy numbers in the same way. And with the result of the extended com-
putation of a 2-dimensional quadratic fuzzy number being a 1-dimensional extension,
we tried to visually confirm it using a graph. Taking the examples of two 2-dimensional
quadratic fuzzy sets, we obtained the equations of the the intersections between planes
perpendicular to the x-axis and passing through each vertex and two 2-dimensional
quadratic fuzzy numbers. Then, the extended four operations of the two 1-dimensional
quadratic fuzzy sets were calculated and graphed. Meanwhile, we computed the ex-

tended four operations of the 2-dimensional quadratic fuzzy numbers, which are the



two examples above. Then we calculated the intersection between a plane perpendic-
ular to the z-axis and passing through each vertex and the resulting 2-dimensional
quadratic fuzzy number. We confirmed that the equations of the two intersections ac-

quired in this way and the graphs are actually identical, respectively.



2 Preliminaries

Let X be a set. A classical subset A of X is often viewed as a characteristic function
pa from X to {0,1} such that pa(z) =1ifxe A, and pa(z) =0if z ¢ A. {0,1} is called

a valuation set. The following definition is a generalization of this notion.

Definition 2.1. A fuzzy set A on X is a function from X to the interval [0,1]. The

function is called the membership function of A.

Definition 2.2. The set A, = {x € X|ua(z) > o} is said to be the a-cut of a fuzzy set

A.

Definition 2.3. ([8]) A fuzzy set A on R is convez if

pa (Azy+ (1= A)z2) >min(ua(zr), pa(xe)), Vai,xzeeR, VYAe[0,1].

Definition 2.4. ([8]) A convex fuzzy set A on R is called a fuzzy number if
(1) There exists exactly one x € R such that pa(z) =1,

(2) pa(z) is piecewise continuous.

Definition 2.5. ([1]) A triangular fuzzy number on R is a fuzzy number A which has

a membership function

07 r<ay, a3,
pa(r) =4 z-a , a1 <x<as,
as2—aq
a3—T
a2 <x<as.

The above triangular fuzzy number is denoted by A = (a1, as,a3).



Definition 2.6. ([8]) The addition, subtraction, multiplication, and division of two
fuzzy numbers are defined as

1. Addition A(+)B :

pa(z) = sup min{pa(z),up(y)}, veAyeB.

z=x+yY

2. Subtraction A(-)B :

payp(2) = sup min{pa(z), up(y)}, reAyeB.
Z=T-Y

3. Multiplication A(-)B :

pacy(z) = sup min{pa(z), up(y)}, ve Ay e B.
z=x-Yy

4. Division A(/)B :

pays(z) = sup min{pa(x), up(y)}, re A,y e B.

z=z/y
Remark 2.7. Let A and B be fuzzy sets. A, = [aga),aéa)] and B, = [bga),béa)] be the
a-cuts of A and B, respectively. Then the a-cuts of A(+)B, A(-)B, A(-)B and A(/)B
can be calculated as the followings.
(1) (A(+)B)a = Aa(+)Ba = [y +b{7, a5 + b)),
(2) (A()B)a = Aa(-)Ba = [af” -5V, a5 - 5]
(3) (A()B)a = Aa()Ba = [min(aib{”, ai”b5 af b, afb?),
max(aga)bga), aga)béa) , aga)bga), aga)béa) )]
(4) (A())B)o = Aa(/)Ba = [min(af® b, af 65, a5 15, a5 ),

max(aga)/bga), aga)/bga) , aga)/bga), aéa)/béa))].



Definition 2.8. ([8]) The eztended addition A(+)B, extended subtraction A(-)B, ex-
tended multiplication A(-)B and extended division A(])B are fuzzy sets with member-

ship functions defined as follows. For all x € A and y € B,

,U'A(*)B(z) = Zszligymin{/ﬁf!(x)?ﬂB(y)}: (* =+ 7/)

Definition 2.9. ([10]) Let A and B be two continuous fuzzy numbers defined on R
and Ay, Ba, fa(t), fp(t) be the a-cuts and parametric a-functions of A and B, re-
spectively. The parametric addition, parametric subtraction, parametric multiplication
and parametric division are fuzzy numbers which have their a-cuts as the followings.

(1) parametric addition A(+),B :
(A(+)pB)a = {fa(t) + f5(t) |t [0,1]}.
(2) parametric subtraction A(-),B :
(A(=)pB)a ={fa(t) - fe(1-1t) [t €[0,1]}.
(3) parametric multiplication A(-),B :
(A()pB)a = {fa(t)- fo(t) [t € [0,1]}.
(4) parametric division A(/),B :
(A(/)pB)a = {fa(®)/ fB(L-1) |t €[0,1]}.

Theorem 2.10. ([10]) Let A and B be two continuous fuzzy numbers defined on R.
Then we have A(+),B = A(+)B,A(-),B = A(-)B,A(:),B = A(-)B and A(/),B =

A(/))B.



Definition 2.11. ([9]) A quadratic fuzzy number is a fuzzy number A having member-

ship function

0, r<a, f<x,
pa(z) =
—a(z-a)(z-B)=-a(z-k)?>+1, a<z<p.

where a > 0.

The above quadratic fuzzy number is denoted by A = [a, k, 5]

Theorem 2.12. ([4]) Let A be a continuous convex fuzzy number defined on R? and
A% = {(z,y) e R? | pa(x,y) = a} be the a-set of A. Then for all « € (0,1), there exist

continuous functions f{*(¢) and f§'(¢) defined on [0,27] such that
A= (S0, £5(8)) € B2 [0 < £ < 27},
Definition 2.13. ([4]) Let A and B be convex fuzzy numbers defined on R? and

A% = {(2,y) € R? | pa(z,y) = a} = {(/F (1), f5(1)) e R* | 0 <t < 2},

B = {(z,y) € R* | up(x,y) = a} = {(47 (1), 95 (1)) e R* [0 <t < 27}
be the a-sets of A and B, respectively. For « € (0,1), the parametric operations de-
fined by parametric addition, parametric subtraction, parametric multiplication and
parametric division are fuzzy numbers that have their a-sets as the followings.

(1) parametric addition A(+),B :

(A(+)pB)* = {(f7(1) + g7 (1), f5'(t) + g5 (1)) e R* | 0 < t < 27},
(2) parametric subtraction A(-),B :

(A()pB)* = {(za (), ya(t)) e R*| 0 <t < 27},



where

o) - g (t+m), if 0<t<m,
Zo(t) =
fE@) -g¥(t-m), if m<t<2m,
and
() -gs(t+m), if0<t<m,
Ya(t) =
fs(t) - g5 (t-m), if m<t<2m

(3) parametric multiplication A(-),B :
(AC)pB)™ = {(f(t) - g7 (1), f5'() - 95 (1)) e R* | O <t <27},
(4) parametric division A(/),B :

(A(N)pB)* = {(za(t), ya(t)) e R*| 0 <t < 27},

where
_ @) _ ST @®)
xa(t)—m (OStSW), .’Ba(t)—m (WStSQW)
and
__f5(@) _ S5 (@)
ya(t)—m (OStSTF), ya(t)—m (7T§t§27r)

For o =0 and « = 1, define

(A(+),B)° = lim (A(+),B)* and (A(x),B)" = lim (A(x),B)",
where * =+, —, - /.
Definition 2.14. ([5]) A fuzzy set A with a membership function

1 ((:p—azgl)z I (y—bgl)z)7 B2(z - 21)% +a(y - y1)? < a2?,

HA2 (QT, y) =
0, otherwise,

where a,b > 0 is called the 2-dimensional quadratic fuzzy number and denoted by

[CL, Ty, b7 y1]2'



Note that pa(x,y) is a cone. The intersections of p4(x,y) and the horizontal planes
z=a (0<a<1) are ellipses. The intersections of pa(x,y) and the vertical planes
y—1y1 =k(x—xz1) (keR) are symmetric quadratic fuzzy numbers in those planes. If
a = b, ellipses become circles. The a-cut A, of a 2-dimensional quadratic fuzzy number

A =[a,z1,b,y1]? is an interior of ellipse in an zy-plane including the boundary

Ay = {(x,y) e R? ‘ b2(93—x1)2 + a2(y—y1)2 < a2b2(1 —a)}

x—x1)? —y1)’
- {(x,y) ¢R? ‘ 22(1 _1(1) ' lsg(l %1;) - 1}.

Theorem 2.15. ([5]) Let A = [a1, =1, b1, y1]* and B = [a2, =2, ba, y2]° be two
2-dimensional quadratic fuzzy numbers. Then we have the following.

2
(1) A(+)pB = [al +ag, x1 + T2, by + b2, Y1 +y2] .

2
(2) A(-)pB = [(11 +ag, x1 - %2, by +ba, Y1 —y2] -

(3) (A()pB)* = {(za(t),ya(t)) |0 <t <27}, where

xo(t) = 2129 + (T102 + 2201)V 1 — v cost + ajaz(l — a) cos’t
and

Ya(t) = y1yo + (y1bz + y2b1)V1 - asint + by1ba (1 - ) sin?t.

(4) (A(/)pB) = {(za(t),ya(t)) | 0 <t <27}, where

1 +a1VvV1—-acost y1 +b1vV1—asint

To(t) = and t) = .
o(t) To — a9V 1 —«acost ba(t) Yo — b1 — asint

Thus A(+),B and A(-),B become 2-dimensional quadratic fuzzy numbers, but A(-),B

and A(/),B are not 2-dimensional quadratic fuzzy numbers.



3 1-dimensional triangular fuzzy set

In this section,we calculate the extended composition operator of triangular fuzzy
numbers for various cases different from the previously known results. for six positive
real numbers a, b, ¢, p, ¢, r, we consider two triangular fuzzy numbers A = (—a, -b, ¢) and

B =(-p,q,7). The other cases can be calculated similarly.

Theorem 3.1. ([11]) Let —a < —p, ¢ <7, pa(0) = a1 and pp (0) = ag. If a1> ag, then
A(+)B and A(-)B are triangular fuzzy numbers, and A(-)B is a general fuzzy number.

And A(/)B has values in (az2,1] on R.

Proof. Note that

0, r<-a, c<x,
pa(z) = ﬁ(:p+a), —a<x<-b,
ﬁ(c_@? -b<x<e.
and
0, x<-p, r<uz,
pp(z) = ﬁ(w+p), —p<x<q,
ﬁ(r_z)7 g<T<rT.

Let A, = [aga), aéa)] and B, = [bga), béa)] be the a-cuts of A and B, respectively. Since

ol g™

+a c—a.
a=——— and a = —/3—, we have

Ay = [aga),aga)] =[a(a-b) —a,-a(c+b) +c].
Similarly,
B, = [bga), bga)] =[a(q+p) —p,—a(r-q) +r].

9



1. Addition : By the above facts, Ay (+)Bg = [aga) +b§o‘),a§a) +b§a)] = [a(a-b)-a+
a(q+p)-p,—a(c+b)+c—a(r-q)+r]. Thus pa)p(x) =0 on the interval [~a—p,c+7]°

and pa(+yp(q —b) = 1. Therefore,

0, r<c+r, —a-p<uzx,
anBlx) = T+a+p L _
pa)B(x) abigp ~0-PsT<q-b,

—T+CHr

cbir—g’ g-b<x<c+r.

Hence A(+)B is a triangular fuzzy number.
2. Subtraction : By the above facts, A, (-)Bq = [aga) - béa),aga) - bga)] = [a(a -
b) —a+a(r-q)-r,—a(c+b) +c—a(qg+p)+p]. Thus payp(z) = 0 on the interval

[-a—r,c+p]®and payp(~b~q) = 1. Therefore,

0, r<c+p, —a-r<x,
A(\Blx) = T+a+r o o
HA(-) (x) P sl a-r<x<-b-gq,
—xT+Cc+p 7
higip’ b-—qg<x<c+p.

Hence A(-)B is a triangular fuzzy number.
3. Multiplication : (1) a3 < <1

By the above facts,
Aa()Ba = [af® 07 af™ - b{)]

=[(a(a=-b)-a)-(-a(r-q) +r),(-alc+b) +c)- (alg+p) -p)].

Thus payp(r) = a1 at x = (aa(a-b) —a) - (~ai(r-q) +7r) and z = (~a1(c+b) +c)-

10



(c1(q+p) —p) and payp(~bg) = 1. Therefore,

aq—2ar+rb—/(—aq—2ar—rb)*—4(-aq+bg+ar—br) (ar+zx)
2(-ag+bg—ar-br) ’

(a1(a=-b)-a) (-ai(r-q)+r) <z <-bg,
MA(.)B(CU) =

bp+cp+bq+cq—\/( —bp-cp-cq—pc)?—4(bp+cp+bg+cq) (cp+x)
2(bp+cp+bg+cq) )

—bg<x<(—aj(c+b)+c) (a1(q+p)-p).
(2) ap <a<ay
By the above facts,
Aa()Ba = [af® 5§ af” -]
= [(a(a=b)-a)- (-a(r - g) +7), (~a(c+b) + ) - (~a(r - g) +7)].
Thus pacyp(z) = az at = = (az(a —b) —a) - (~ag(r —q) +7) and = = (~az(c +b) +

c) - (—az(r—q) +r) and pacyp(z) = a1 at = (a1(a -b) —a) - (—a1(r — ¢) +r) and

x=(-a1(c+b)+c) - (—a1(r—q) +r). Therefore,

aq—2ar+rb—/(—aq—2ar—rb)?—4(-aq+bg+ar—br) (ar+x)
2(—aq+bg—ar-br) ’

(ag(a-b)—a) (—ag(r—-q)+r)<x

<(ay(a=b)-a)- (-aa(r—q)+7),
MA(.)B(CU) =

—cq+rb+rety/ (—cqrer—rb—rc) 2 —4(=bg—cq+br+cr) (—cr+x)
2(-bg-cq+br+cr) )

(ar(c+b) +c)-(ar(g+p)-p)<x

<(—ag(c+b)+c) - (—az(r—q)+r).

(3) 0<a<an

There are two cases (i) and (ii).

11



(i) By the above facts,
Aa()Ba = [aga) 'béa)vaéa) 'bga)]
=[(a(a=b)-a) (-a(r-q) +r),(~alc+b) +c) - (-a(r-q) +7)].
Thus p14¢y5(2) =0 on the interval [-ar, cr]® and pacyp(z) = a2 at @ = (az(a—b) —a) -

(—ag(r—gq)+r) and z = (—az(c+b) +¢) - (—ao(r — q) + ). Therefore,

aq—2ar+rb—/(—aq—2ar—rb)*-4(-aq+bg+ar—br) (ar+zx)
2(-ag+bg—ar-br) )

—ar <z < (az(a-b)—a) (—az(r-q)+r),
HA(.)B(l") =

—cq+rb+rc—/ (—cq+cr—rb—rc) 2 —4(=bg—cq+br+cr) (—cr+x)
2(-bg—cq+br+cr) ’

(—a2(c+b)+¢) - (aa(qg+p) -p) <z <er
(ii) By the above facts,
Aa()Ba = [a§a) 'bga)’aga) 'bga)]

=[(a(a-b)-a) - (—a(r—q) +r),(a(a-b) —a) - (a(q +p) - p)].
Thus pa¢yp(z) = 0 on the interval [-ar,ap]® and payp(z) = ag at z = (a2(a—b) —a)-

(—ag(r—q) +7) and (az2(a—0>)—a) - (az(q+p) - p). Therefore,

aq—2ar+rb—/(—aq—2ar—rb)*—4(-aq+bg+ar—br) (ar+zx)
2(-ag+bg—ar-br) ’

—ar<x < (az(a-b)-a) (—aa(r-q)+r),
MA(.)B(fU) =

2(J,p+aq—bp—\/(—Qap—aq+bp)2 —4(ap-bp+aq-bq) (ad-x)
2(ap-bp+aq-bq) ’

(az(a-0b) —a)-(az(q+p)-p) <z <ap.
Hence A(-)B is a fuzzy number.

4. Division : (1) ag < <1

(@) (a) —bB—a -
By the above facts, Ay (/)Bqa = [Zﬁl_a)’ ZE_"‘)]: [32;3_;, _g((:izgii]

12



1 (a=b)~ —on (b -
Thus payp(r) = a1 at o= % and x = %WA(/)B(%) = 1. Therefore,
pr—a ag(a-b)-a -b
@ p)a—(ab)’ ai(grp)p L= g7
MA(/)B(UF) =
- -b —avp (c+b)+

(2) as<a <

al®) af™ a(a-b)-a -a(ctb)+c
By the above facts, A, (/)Ba = (bg_“)’ bﬁ_‘*)]: (a§q+p;—p’ a(éé,))_;, ]

MA(/)B(J:) =q1 at x = Zigglz;:; and ;Cfl(éi;b))_f- Therefore,
pr—a _ (ai(a-b)-a)
@@ % T (@)
NA(/)B(x) =
pT+c (—aq(c+b)+c)
@pared (aem)-p) =S
Hence A(/)B has values in (a32,1] on R. O

Theorem 3.2. ([11]) Let —a < —p, ¢ <7, pa (0) = a1 and pp (0) = as. If ag = ag, then
A(+)B and A(-)B are triangular fuzzy numbers, and A(-)B is a general fuzzy number.

And A(/)B has values in (ag,1] on R.

Proof. Let Ay = [aga),aga)] and B, = [bga), bga)] be the a-cuts of A and B, respectively.

() (o)
. a +a c—a
Since @ = =t —— and a = —5—, we have

Ay = [aga),aga)] =[a(a-b) —a,-a(c+b) +c].

Similarly,
B = [0$,6{"] = [a(q + p) - p,~a(r - q) +7].

1. Addition : By the above facts, A, (+)Bq = [aga) +b§a),aga) +b;a)] =[a(a-b)—a+

a(q+p)—p,—a(c+b)+c—a(r-q)+r]. Thus payp(z) = 0 on the interval [~a—p,c+r]°

13



and pa+yp(q - b) = 1. Therefore,

0, r<c+r, —a-p<ux,
paB(T) = T+a+p o _
(+)B(2) abigp —A—PST<q b,
—x+c+r
cbirq’ qg-b<x<c+r.

Hence A(+)B is a triangular fuzzy number.
2. Subtraction : By the above facts, Ao (-)Bq = [aga) - bga),aga) - b§a)] = [a(a -
b) —a+a(r-q)-r,—a(c+b)+c-a(qg+p)+p]. Thus payp(z) = 0 on the interval

[-a -7 c+p]° and MA(—)B(—b —q) = 1. Therefore,

0, r<c+p, —a-r<w,
A(\Blx) = T+a+r P _h_
pa-B(x) sy —a-r<w<-b-g,
—ZT+C+p 7
g’ b—g<x<c+p.

Hence A(-)B is a triangular fuzzy number.
3. Multiplication : (1) a; <a <1
By the above fact,
Aa()Ba = [af® -5, af® (]

=[(a(a=-b)=a)-(-a(r-q) +r), (-alc+b) +c) - (alg+p) - p)].
Thus pacyp(x) = a1 at x = (a1(a—-b)—a)-(~a1(r—q)+r) and z = (~ai(c+b) +c)-

(c1(q+p) —p), pacys(=bp) = 1. Therefore,

14



aq—2ar+rb—/(-aq—2ar-bp)*—4(-aq+bg+ar—br) (ar+zx)
2(—aq+bg—ar-br) )

(a1(a=b)—a) - (-aa(r-q) +r) <z <-bg,
NA(‘)B(x) =

bp+cp+betce—/ (—bp—cp—cq—pc)?—4(bp+cp+be+ce) (cp+x)
2(bp+cp+bg+cq) ’

-bg<x<(-aj(c+b)+c) - (ar1(g+p)-p).

(2)0<a<o
There are two cases (i) and (ii).

(i) By the above fact,
Aa()Ba = [af™ 05" a5™ 0]

=[(a(a-b)-a)-(ma(r-q) +r),(-alc+b) +¢)- (-a(r —q) +7)].
Thus p1a¢ys(2) = 0 on the interval [-ar,cr]® and pacyp(z) = o1 at @ = (a1(a—b) —a)-

(—ai1(r—¢)+r) and x = (—ai1(c+b) +¢) - (—a1(r — q) + ). Therefore,

aq-2ar+rb—/(-aq—2ar—bp)?—4(-aq+bq+ar—br) (ar+r)
2(—aq+bg—ar-br) )

—ar <z < (ai(a-b)-a) (—a1(r-q)+r),
MA(~)B(5U) =

cq—cr+rb+rc—/ (—cq+cr—rb—rc)?—4(-bq—cq+bf+cr) (-cr+x)
2(-bg—cq+bf+cr) ’

(—ar(c+b)+c¢)-(ar1(qg+p)—p) <z <er.

(ii) By the above fact,
Aa(')Ba = [aga) 'béa)vaga) 'bga)]

=[(a(a=b) —a)-(-a(r-q) +7),(a(a-b) —a) - (a(g+p) -p)].

Thus pa¢ys(2) = 0 on the interval [-ar,ap]® and payp(z) = a1 at 2 = (a1 (a-b)-a)-

15



(—a1(r-q)+r) and x = (1(a—b) —a) - (a1(g+p) —p). Therefore,

aq—2ar+rb—/(-aq—2ar—bp)?-4(-aq+bg+ar—br) (ar+zx)
2(-aq+bg—ar->br) ’

—ar <z <(aj(a-b)-a) (—a1(r-q)+r),

<

HA(-)B(f)

2ap+aq—bp—\/(—2ap—ae+bp)2 —4(ap-bp+aq-bq) (ap-x)
2(ap-bp+ag-bq) ’

(ar(a=0b)-a)-(a1(g+p)-p) <z <ap.

Hence A(-)B is a fuzzy number.

4. Division : If a; < a < 1, by the above fact,

(o) (o)
A ay as _ [ a(a=b)-a -a(c+b)+c -by\ _
Aa(/)Ba = (bg_a)’ bg_a):l = (a(q+p)—p’ _a(riq):r]. ,LLA(/)B(?) =1. Therefore,

- -b
(q+pz))i—?a—b)’ TS T L,
MA(/)B(UU) =
- b
(q—rgfl:t(:c+b’ q <z <0.
Hence A(/)B has values in (a1,1] on R. O

Theorem 3.3. ([11]) Let —a < —p, ¢ <7, pua (0) = a1 and pp (0) = ag. If ag < ag, then
A(+)B and A(-)B are triangular fuzzy numbers, and A(-)B is a general fuzzy number.

And A(/)B has values in (aq,1] on R.

Proof. Let A, = [aga), aga)] and B, = [bga), béa)] be the a-cuts of A and B, respectively,

()

. a +a
Since o = L
a-b

c—aga)

— 5> we have

and a =

Ay = [aga),aéa)] =[a(a-b) —a,-a(c+b) +c].

Similarly,

B = [B$,6] = [a(q + p) - p, —a(r - q) +7].
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1. Addition : By the above facts, Ay (+)Bg = [aga) +b§o‘),a§a) +b§a)] = [a(a-b)-a+
a(q+p)-p,—a(c+b)+c—a(r-q)+r]. Thus pa)p(x) =0 on the interval [~a—p,c+7]°

and pa(+yp(q —b) = 1. Therefore,

0, r<c+r, —a-p<uzx,
anBlx) = T+a+p L _
pa)B(x) abigp ~0-PsT<q-b,

—T+CHr

cbir—g’ g-b<x<c+r.

Hence A(+)B is a triangular fuzzy number.
2. Subtraction : By the above facts, A, (-)Bq = [aga) - béa),aga) - bga)] = [a(a -
b) —a+a(r-q)-r,—a(c+b) +c—a(qg+p)+p]. Thus payp(z) = 0 on the interval

[-a—r,c+p]®and payp(~b~q) = 1. Therefore,

0, r<c+p, —a-r<x,
A(\Blx) = T+a+r o o
HA(-) (x) P sl a-r<x<-b-gq,
—xT+Cc+p 7
higip’ b-—qg<x<c+p.

Hence A(-)B is a triangular fuzzy number.
3. Multiplication : (1) as <a <1
By the above fact,
Aa()Ba = [af" 5 0l 0")]
=[(a(a=-b)-a)-(-a(r-q) +r),(-alc+b) +c)- (alg+p) -p)].
Thus payp(z) = az at = (ae(a-b) —a) - (~az(r-q) +7) and z = (~aa(c+b) +c¢)-

(a2(q +p) —p), pracys(~bp) = 1. Therefore,
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aq-2ar+rb—/(-aq-2ar—bp)?—4(-aq+bg+ar—br) (ar+z)
2(—agq+bg—ar-br) ’

(az(a—-b)-a) (-aa(r-q)+r) <z <-bg,
NA(‘)B(x) =

bp+cp+betce+y/ (—bp—cp—cq—pc)?—4(bp+cp+be+ce) (cp+x)
2(bp+cp+be+ce) ’

-bg <z < (—az(c+b)+c) (az(qg+p)-p).

(2) amp<a<a
By the above facts,
Aa()Ba = [0 50l - 0")]
= [(a(a=b) =) (-a(r=q) +7), (a(a~b) ~a) - (a(g +p) - p)].
Thus pacyp(z) = a1 at = = (a1(a—b) —a) - (~a1(r —g) +7) and = (ay(a - b) -

a) - (a1(qg+p) —p) and pacyp(r) = az at x = (az2(a - b) —a) - (~a2(r - ¢) +7) and

x = (—ag(c+b)+c)- (a2(q+p)—p). Therefore,

aq—2ar+rb—/(-aq—2ar—bp)?—4(-aq+bq+ar—br) (ar+x)
2(-aq+bg—ar->br) ’

(ar(a=-b)-a)-(-ar(r-q)+r) <z

<(az(a-b)-a) (-aa(r-q)+r7),
MA(-)B(QJ) =

2ap+aq—bp+\/(-2ap—ae+bp)>—4(ap-bp+aq—bq) (ap—z)
2(ap-bp+aq-bq) ’

(ar(a-b)-a)-(a1(g+p)-p) <z

< (-az(c+b) +c)- (a2(q +p) -p).
(3) O<a<o

There are two cases (i) and (ii).
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(i) By the above facts,
Aa()Ba = [a{™ - b5, af™ ("]
=[(a(a=b)—a)-(-a(r-q) +7),(-alc+b) +c) - (-a(r—q) +7)].

Thus p14¢y5(2) = 0 on the interval [-ar, cr]® and pacyp(z) = o at @ = (a1(a—b) —a)-

(—a1(r-q)+r) and z = (ma1(c+b) +¢) - (—a1(r — q) + ). Therefore,

aq—2ar+rb—/(—aq—2ar—bp)?—4(-aq+bg+ar—br) (ar+x)
2(-aq+bg—ar-br) ’

—ar <z < (aj(a-b)-a) (—a1(r-q)+r),
HA(.)B(l") =

cq—cr+rb+rc—/(—cq+cr—rb—rc)2—4(-bq—cq+bf+cr) (-cr+x)
2(-bg—cq+bf+cr) ’

(mar(c+b) +c)-(a1(qg+p)—p) <z <cr
(i) By the above facts,
Aa()Ba = [af" b af" 0]
= [(a(a =) = 0) - (-a(r=q) +7), (a(a=b) ~a) - (a(a +p) ~p)].

Thus pa¢yp(2) = 0 on the interval [-ar,ap]® and pacyp(z) = a1 at 2 = (a1 (a-b)-a)-

(—a1(r-q)+r) and z = (an(a-b) —a) - (a1(q+p) — p). Therefore,

aq—2ar+rb—/(—aq—2ar—bp)*-4(-aq+bg+ar—br) (ar+x)
2(-aq+bg—ar-br) ’

—ar <z <(a(a-b)—a) - (-a1(r-q)+r),
MA(-)B(iL‘) =

2ap+aq—bp—\/(—Qap—aq+bp)2 —4(ap-bp+aq-bq)(ad—zx)
2(ap-bp+aq-bq) ’

(ar(a-b)-a)-(a1(g+p)-p) <z <ap.

Hence A(-)B is a fuzzy number.

4. Division : If a1 < a <1, by the above fact,
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al® ol a(a-b)-a -a(c c -
Aa(/)Ba =( TR ] = ( (a-b) (cvb)+ ] ,UA(/)B(Fb) = 1. Therefore,

b7 p) a(q+p)-p’ —al(r-q)+r
(g+p)z—(a-b)’ - g’
NA(/)B(x) =
- b
Gnerert g <2 <0
Hence A(/)B has values in («g,1] on R. O

We have computed Zadeh’s max-min composition operator for two triangular fuzzy
numbers A = (-a,-b,c) and B = (-p, q,r). In the case of By c Ay, we got three kinds of
conclusions according to the three magnitude relationship between 4 (0) and up (0),
e, 114 (0)>pup(0), pa(0) =pp(0) and pa (0) < pup (0). For each case, A (+) B and
A (-) B were triangular fuzzy numbers, and A (-) B was a slightly distorted triangular
fuzzy number, but A (/) B was a different type of fuzzy number. In conclusion, A (+) B,
A(-) B, A(-) B can be applied where the shape of the triangular fuzzy number comes

out, and A (/) B can be applied where appropriate.

Remark 3.4. We calculated Zadeh’s max-min composition operator for two non-
positive triangular fuzzy numbers A = (-a,-b,c¢) and B = (-¢,p,r) for six positive
numbers a, b, c,p,q,r. Our results were obtained for the case of —a < —p and 7 < c.
Similar results can be obtained when —a < —p and c¢ < r, although the calculation is

complex.
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4 1-dimensional quadratic fuzzy set

In this section, an extended composition operator of quadratic fuzzy numbers was
calculated for various cases using the same method as in the previous section. For six
positive real numbers z1, x2, x3, 4, m and n, we considered two quadratic fuzzy numbers

A =[-x1,-m,x2] and B = [-x3,n,24]. The other cases can be calculated similarly.

Theorem 4.1. Let —x1 < —x3, x2 < x4, pa (0) = a1 and pp (0) = as. If @3> a9, then
A(+)B and A(-)B are quadratic fuzzy numbers, and A(-)B is a general fuzzy number.

And A(/)B has values in [ag,1] on R.

Note that
;—zl(m+a:1)(a:—m2) = ;—;l(x+m)2+1, —x1 <x < T,
pa (z) =
0, otherwise.
and
;—21(3:+x3) (x—mxy4) = l‘)—g(x—n)2+1, —x3 < x < @2y,
np (z) =

0, otherwise.

Let Ay = [aia),aéa)] and B, = [bia),béa)] be the a-cuts of A and B, respectively.
Ay = [aga),aéa)] = [—m —avV1l-a,-m+aVl- a] :

Similarly,

B, = [bga),bga)] = [n—b\/l—a,n+b\/1 —a].

1. Addition :
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Aa(+)Ba = [aga) + bga)vaga) + bga)]
= [—m+n—(a+b)\/1—a,—m+n+(a+b)\/1—a].

a’®+2ab+b>—(m-n+x)?
(a+b)? ’

—a-b-m+n<x<a+b-m+n,
MA(+)B(35)=

0, otherwise.
Hence A (+) B is a quadratic fuzzy number.

2. Subtraction :

Aa(=)Ba = [y = b7, a3 - b{]
= [—m—n—(a+b)\/1—a,—m—n+(a+b)\/1—a].

a®+2ab+b>—(m+n+x)?
(a+b)? ?

—-a-b-m-n<x<a+b-m-n,
MA(-)B($)=

0, otherwise.

Hence A (-) B is a quadratic fuzzy number.

3. Multiplication :

(1) g <a<l
A, () B, = [aga)b;a)’aga)bga)]

[(cm-avT=a) (n 0VT=a) . (o + avT=a) (n- V= a)]

2a°b”-b*>m’-a’n’+2abz+(bm+an)/b>*m2+a2n2-2ab(mn+2x)
2a2b? ’

ab(-1+ay) —mn—+/-(-1+a1)(bm+an)? <z
paeys (z) =

<ab(-1+a1) —mn++/=(-1+ar)(bm +an)?,

0, otherwise.
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(2) ag<a<oy

A, () B, = [aga)b;a)’aga)bga)]

[(cm-avT=a) (n 0T (o avT=a) (n V=)

pacys (x) =

(3)0<a<as

2a°b”-b’m”-a’n’+2abz+(bm+an)\/b>m2+a2n2—-2ab(mn+2z)
2a2h2 )

ab(~1+az) =mn —+/=(-1+az)(bm +an)2 <z

<ab(-1+ay)-mn- \/—(—1 +aq)(bm + an)?,

2a°b”-b*>m’-a’n’-2abz+(~bm+an)\/b2m2+a2n2+2ab(mn+2z)
2a2h2 )

ab(1-a1) —=mn++/(1-a)(bm-an)? <z

<ab(l-ag)—mn+ \/(1 —ag)(bm - an)Q,

0, otherwise.

Ay (1) By = [aga)bga), aga)bga)] or [aga)bga), aga)bga)] .

If

A, () B, = [aga)bga)’aga)bga)]

[(cm-avT=a) (14 0/Ta). (cm+ aVT=a) (n WT=a)]
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2a%b* —b2m2—a2n2+2abx+(bm+an)\/b2m2+a2n2 —2ab(mn+2x)
2a2h2 )

—(a+m)(b+n) <z

<ab(-1+a1) —mn—+/=(-1+a1)(bm +an)?,

= { 2a*b*-b*>m*-a*n*-2abz+(-bm+an)\/b>m2 +a2n2+2ab(mn+2x)
paeys () 52752 V! ,

ab(1-a1) —mn++/(1-a1)(bm-an)? <z
<(a+m)(b-n),

0, otherwise.

Tf
Aa () Ba = [a{b5", af0(" ]

= [(-m-avT=a)(n+bvT=a),(-m-avi=a)(n-bv/1-a)].

2a°b”-b’>m”-a’n’+2abz+(bm+an)/b2m2+a2n2-2ab(mn+2z)
2a2b? ?

—(a+m)(b+n)<x

<ab(-1+ay)—mn- \/—(—1 +a1)(bm +an)?,

212 32 2 2 2
) z) = { 2a°b’-b>m’-a’n’-2abz—(-bm+an)\/b2m2+a2n2+2ab(mn+2z)
HA()B ( ) 307Dz ,

ab(1-ayi) —mn++/(1-a1)(bm-an)?<x

<(a-m)(b+n),

0, otherwise.

Hence A () B is a fuzzy number.

4. Division :
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A, () B :[al(a) ag(o‘)]:[—m—a\/l—a -m+avl-a

by (7 py (@) n-bw/i-a n+b/I-a |

a®>-m>*—2abx—2mnx+b x> —n’z>
(a-bx)? ’

ab(l-aq)+mn+y/(1-a1) (bm+an)? <

(-1+a;)b%+n?

paq)B(z) =
< ab(-1+ay )-mn+y/(1-ay ) (bm+an)?

= (-1+a1)b?+n? ’

0, otherwise.

Hence A(/)B has values in [ag,1] on R.

Example 4.2. Let —x1 < —x3, 23 < 24, p4 (0) = a1 and pp (0) = ag. If a1> ag, then
A(+)B and A(-)B are quadratic fuzzy numbers, and A(-)B is a general fuzzy number.

And A(/)B has values in [ag,1] on R.

Note that
W (z+6)(x-2)=H(x+2)"+1, -6<w<2,
pa (z) =
0, otherwise.
and
_?l(x+1)(x—5):‘?1(a:—2)2+1, 1<z <5,
pp () =

0, otherwise.

Let Ay = [aga),aga)] and B, = [bga),bga)] be the a-cuts of A and B, respectively.
Ao =[a{?,afV] = [-2-4V/T-a,-2+4V/1-q].

Similarly,
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Figure 1: pua(), pp()

Bo = [b,b7] = [2-3v1-a,2+3V1-al.

1. Addition :

An(+)By = [aga) + bga),aéa) + béa)] =[-7V1-0a,7V1-ql.

1-% -7T<x<7,
MA(+)B(1»‘)=

0, otherwise.

Figure 2: pacyp(r)

Hence A (+) B is a quadratic fuzzy number.
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2. Subtraction :

Ao(-)Ba = [a$® =08 0l b = [c4-7V/T—a, -4+ TV/T-a].

1- (z+4)2
49
HA(-)B (f) =

0, otherwise.

-11 <z <3,

Figure 3: pacyp(r)

Hence A (-) B is a quadratic fuzzy number.

3. Multiplication :

(1) 3<ax<l

A, () B, = [aga)béa)’aéa)bga)]

=[Q2—4vﬁi?ﬂ(2+3¢T?E)(—2+4VT?Z)(2—3¢T?Eﬂ.

L (47+7V1-122+62), -14<2<0
HA)B (z) =

0, otherwise.
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Aa () Ba = [a{b5", afV0(" |

-[(-2-4v1=0)(2+3vI=a),(-2+4V1-a) (2+3V1-a)].
L (47+7V/1-12z+62), -3 <a<-14,

paos (@) =1L (47+ 19+ 122 -62), O<w<$

9

0, otherwise.

3)0<«

IA
Relloy]

Ao (-) Ba = [agco b, a(® bgm] or Ma) ARIIC) béa)] 7
but in this case
Aq () Ba = [a{b5", a$0(]

-[(-2-4v1=0)(2+3vT-0),(-2+4V1-a) (2+3V1-a)].

L (47+7V1-122+62), -30<z<-3L

paop (#) =9 L (47429 + 122 - 62), S<x<10,

0,

otherwise.

Figure 4: pia¢y5(x)
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Hence A () B is a fuzzy number.

4. Division :
(1) 3<a<l
<[ 0[0TG i)
by (7 by (@ 2-3vI-a 2+3V1-a

52%-32x+12

(3$—4)2 ) _8 S X S 07

NA(/)B(x) =

0, otherwise.

Figure 5: pia(yp()

Hence A(/)B has values in [ag,1] on R.

Theorem 4.3. Let —x1 < —x3, x93 < 24, pa(0) = a1 and pp (0) = ag. If a3= ag, then
A(+)B and A(-)B are quadratic fuzzy numbers, and A(-)B is a general fuzzy number.

And A(/)B has values in (aq,1] on R.

Note that
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_ _ 2
a—%(a:+x1)(x—:):2)=a—§(x+m) +1, —z1<z <y,

pa(z) =
0, otherwise.
and
-m? -m? 2
W(x+:v3) (r—24) = nzaz(x—n) +1, —z3<x<ay,
np (x) =
0, otherwise.

Let Ay = [aia),aga)] and B, = [bga),bga)] be the a-cuts of A and B, respectively.
Ay = [aga),aga)] = [—m —avV1l-a,-m+avl- a] :

Similarly,

B, = [bga),bga)] = [n—%\/l—a,n+%\/1—a].
m m

1. Addition :

Ag(+)Bg = [a4™ + b8l + b7

| e—

—m+n—(a+%)\/1—a,—m+n+(a+%)\/1—a].
m m

a2+2a(%)+(%)2—(m—n+x)2

(20

pap () = —a-(2)-m+n<z<a+(L)-m+n,

0, otherwise.

Hence A (+) B is a quadratic fuzzy number.

2. Subtraction :
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Ao(=)Ba = [aga) - bga)vaga) - bga)]

- [_m—n—(a+(%))m,—m—n+(a+(%))\/ﬁ]-

a?+2a(22)+ (22 )’ —(min+z)?

(a+(22))” ’
tacys (x) = —a—(%)—m—nSmSa+(%)—m—n,

0, otherwise.

Hence A (-) B is a quadratic fuzzy number.
3. Multiplication :

(1) g <a<l
Aa () Ba = [, afb{V]

[ ava=a) (o (270 (o avT=a) (- (22) via) |

m

HBAGB (z) =

20,2(%)2—(%)2m2—a2n2+2a(‘:—r”;)x+((%)mﬂzn)\/(%)2m2+a2n2—2a(%)(mn+2m)

2a2(42)” :

a()(-1+a1) -mn-/-(-1+a))((Z)m+an)? <z

<a(E)(-1+ar) —mn+/-(-1+a1)((Z)m+an)?,

0, otherwise.

(2) 0<a<a
Aa () Ba = [0, 0 o [l 0]

If
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Aa () Bq
= [aga) b, a(® bgm]

m m

HAB (z) =

QaQ(%)z—(%)QmQ—a2n2+2a(%)x+((%)m+an)\/(%)2m2+a2n2—2a(%)(mn+2x)
3

20(32)

—(a+m)((%)+n)§x

< a(%) (-1+aq)—mn-— \/— (-1+aq) ((%)m+an)2,

2(12(%)2—(%)2m2—a2n2—2a(%)x+(—(%‘)m+an)\/(%)2m2+a2n2+2a(%)(mn+2x)

202(42)"

a(%)(l—al)—mnvL\/(l—al)((%)m—an)QSx
<(a+m)((2)-n),

0, otherwise.

If
Ao () Ba
= [a{b5™, i85,
HAGB (x) =
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2a2(%)2—(%)2m2—a2n2+2a(%)w+( %)m+an)\/(%)2m2+a2n2—2a(%)(mn+21)

22 (32 |

—(a+m)((%)+n)£x

<a(“)(-1+oq)-mn- \/— (-1+a1) ((2)m+ (m)Q,

2a2(%)2—(%)2m2—a2n2—2a(%)x—(—(%)mﬂzn)\/(%)2m2+a2n2+2a(%)(mn+2x)

202(22)” ’

2

a(%)(l—al)—mn+\/(l—al)((%)m—an) <z
<(a=m)((F2)+n),

0, otherwise.

Hence A () B is a fuzzy number.
4. Division :

(1) o <a<1

AL () B :[al(a) ag(a)]:[ -m-avl-a -m+avl-«

by (@ @) n—(M)VI-a n+(2)Vi-al

a27m272a( an )x72mnaz+(% )2./1327TL2$2

(a=(z2)e) ’

a(%)(l—a1)+mn+\/(l—a1)((%)m+an)2 <
(~1+a1)(22)4n2 ST

NA(/)B(J:) =

< a(%)(—1+o¢1)—mn+\/(1—ozl)((%)mﬂm)2
- (—1+a1)(%)2+n2 ’

0, otherwise.

Hence A(/)B has values in (a1,1] on R.

Example 4.4. Let —x1 < —x3, 23 < 24, 14 (0) = a1 and pp (0) = ag. If a1> ag, then
A(+)B and A(-)B are quadratic fuzzy numbers, and A(-)B is a general fuzzy number.

And A(/)B has values in (a1,1] on R.
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Note that

W (z+6)(w-2)=h(x+2)"+1, -6<w<2,
pa(z) =

0, otherwise.

and

I—é(w+2)(3:—6):;_é(x—2)2+1, -2< <6,
pp (z) =

0, otherwise.

Figure 6: pa(x), up(x)

Let A, = [a§a),a§a)] and B, = [b§a),b§a)] be the a-cuts of A and B, respectively.
Ay = [aga),aga)] = [—2—4\/1 —a,-2+4V1 —a].

Similarly,

Ba = [0, 5] = [2—4\/1 —a,2+4V1 —a].

1. Addition :

34



Aq(+)Bq = [aga) + bga),aga) + béa)] = [—8\/ 1-a,8V1- a].

1-£, -8<x<8,
NA(+)B(37)=

0, otherwise.

Hence A (+) B is a quadratic fuzzy number.

Figure 7: pacys(r)

2. Subtraction :

Aa(-)Bqs = [aga) - béa),aéa) - bga)] = [—4 -8V1-a,-4+8V1- a].

a7 (48-8z-2%), -12<z <4,
HA(-)B (x) =

0, otherwise.

Hence A (-) B is a quadratic fuzzy number.
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Figure 8: pac-yp(x)

3. Multiplication :

(1) 3<ax<l

Ao () Bo = [a{557, afb]

-[(-2-4v1=0)(2+4vT=0),(-2+4V1-a) (2-4V1-0a)].

L(12+4y/~z+2), -16<2<0,
HA()B (z)

0, otherwise.

(2) 0<a<

o

Ao (") By = [aga)bga), aga)bga)] or [aga)béa), aga)béa)] ,
but in this case
A, () B, = [aga)béa)’aga)bga)]

- [(-2-4v1=0)(2+4vT=0),(-2+4V1-a) (2+4V1-0a)].

L(12+4/~z+x), -36<xz<-16,

paes (r) = 122 0<z<12,

0, otherwise.
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Figure 9: pacys(x)

Hence A () B is a fuzzy number.

4. Division :
(1) 3<ax<l
40 (/) B = a1 ] [-2-4V1-a -2+4/1-a
o @ bl(a)’b2(a) 2 4/1-a 2+4/1-a |
322-10x+3
Srlond g <,
MAU)B(ﬁ):

0, otherwise.

Figure 10: pa¢yp(x)

Hence A(/)B has values in (a1,1] on R.
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Theorem 4.5. Let —x1 < —x3, x9 < 24, pa(0) = a1 and pp (0) = ag. If a1< ag, then
A(+)B and A(-)B are quadratic fuzzy numbers, and A(-)B is a general fuzzy number.

And A(/)B has values in (aq,1] on R.

Note that
;—;}($+IL‘1)(1‘—1’2) = ;—%(;v+m)2+1, —x1 <x < 9,
pa (z) =
0, otherwise.
and
;—21(:1;+x3) (x—my4) = g—g(ac—n)2+1, —x3 < < 1y,
pp (z) =

0, otherwise.

Let Ay = [aga),aga)] and By, = [bga),béa)] be the a-cuts of A and B, respectively.
Ay = [aga),aéa)] = [—m —avV1l-a,-m+avl- a] :

Similarly,

Bo = B, 6] = [n “I-a,n+b/1- a] .

1. Addition :

Aa(+)Ba = [af™) + {7, a5 + 0]

=[—m+n—(a+b)m,—m+n"‘(a+b)v1_0‘]'

22bb2_ _ 2
o r2abib —(montt) - _homen<z<a+b-m+n
(a+b) ’ ’

HA(+)B (x) =
0, otherwise.

Hence A (+) B is a quadratic fuzzy number.
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2. Subtraction :

Ao(=)Ba = [aia) - bga)vaga) - bga)]

[—m—n—(a+b)\/1—a,—m—n+(a+b)x/ﬁ].

a?+2ab+b>—(m+n+x)?

(D)’ , —a—b-m-n<x<a+b-m-n,

HA(-)B (z) =

0, otherwise.

Hence A (-) B is a quadratic fuzzy number.

3. Multiplication :

(1) ag<a<1
Aa () Bo = [a{b5, afVb]

[(cm-avT=a) (n+0/ia). (cm+ aVT=a) (n-WT=a)]

2a°b”-b*>m’-a’n’+2abz+(bm+an)/b>m2+a2n2-2ab(mn+2x)
2a2 b2 )

ab(-1+ 1) —mn - \/— (-1+aq) (bm+an)* <z
HAGB (x) =

<ab(-1+a1)-mn+ \/— (-1+aq) (bm+an)2,

0, otherwise.

(2) o < @<
A, () B, = [aga)bﬁa)’aga)bga)]

[(-m-ovITa) (n-WT=a). (-m-ovI=a) (n+ 0vT=a).
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2a%b*-b*m? —a2n2—2abx—(—bm+an)\/b2m2 +a2n?+2ab(mn+2x)
2a2h2 )

ab(l—al)—mn—\/(l—al)(bm—an)2gx

<(a-m)(b+n),

HA()B (;1;) = 1 2a’b*-b*m>-a’n*+2abz+(bm+an)\/b2m2+a2n2-2ab(mn+2z)

B)0<a<m

2a2b? ’

ab(-1+a1) —mn - \/— (-1+aq) (bm+ an)2 <z

<ab(-l1+a1)-mn+ \/— (-1+ay) (bm +an)?,

0, otherwise.

Ay (-) By = [aga)béa), aia)bga)] or [aga)bga), aga)béa)] .

If

Ao () Ba=]a

ga)bga) : aéa)béa)]

= [(—m - aﬂ) (n + bﬂ) , (—m + a\/ﬁ) (n + b\/ﬁ)] .

HAGB (v) =

2a°b*-b*m?-a’n’+2abz+(bm+an)/b2m2+a2n2-2ab(mn+2x)

2a2b2 I

—(a+m)(b+n) <

<ab(-1+a1)-mn-— \/— (-1+a1) (bm+an)2,

2a°b”-b*>m”-a’n’-2abz+(~bm+an)\/b2m2+a2n2+2ab(mn+2z)
2a2b? ’

ab(l—al)—mn+\/(1—041)(bm—an)2£ac

<(a+m)(b-n),

0, otherwise.
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If
Au () B = [0, al8™)]

[(cm-avT=a) (n+0/Ia). (-m-avITa) (n-vT=a)]

2a°b”-b*>m’-a’n’+2abz+(bm+an)/b2m2+a2n2-2ab(mn+2x)
2a2h2 )

—(a+m)(b+n) <

<ab(-1+a1)-mn-— \/— (-1+aq) (bm"‘an)Q»

232 322 2 2
. ) = { 2a°b’-b>m’*-a’n’-2abz—(~bm+an)\/b2m2+a2n2+2ab(mn+2z)
HAGB ( ) 50752 ,

ab(l—al)—mn+\/(1—@1)(bm—an)2£x

<(a-m)(b+n),

0, otherwise.
Hence A () B is a fuzzy number.
4. Division :

(1) o <<l

AL () B :[al(a) ag(a)]:[—m—a\/l—a -m+avl-«

by (D7 py (¥ n-0Wl-a n+b/i-a |

a®*-m?*-2abz—2mnx+bax’-n’z>
(a-bx)? ’

ab(1-a; ) +mn+y/(1-a; ) (bm+an)? <o

(-1+a;)b2+n?

< ab(-1+a;)-mn+y/(1-a; ) (bm+an)?

= (-1+a1)b?+n? ’

MA(/)B(SC) =

0, otherwise.

Hence A(/)B has values in (a1,1] on R.
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Example 4.6. Let —z1 < —x3, x2 < 24, 14 (0) = a1 and pp (0) = ag. If oy < ag, then
A(+)B and A(-)B are quadratic fuzzy numbers, and A(-)B is a general fuzzy number.

And A(/)B has values in (aq,1] on R

Note that
W (x+6)(w-2)=h(@+2)"+1, 62,
pa () =
0, otherwise.
and
%(x+3)($‘5):%($—1)2+1, -3<x<h,
ps (x) =

0, otherwise.

Figure 11: pia(x), pp()

Let A, = [aga),aéa)] and B, = [bga),béa)] be the a-cuts of A and B, respectively.
Ao =[a{?,a§V] = [-2-4/T-a,-2+4V/1-q].
Similarly,

Bo = [b,657] = [1-4VT=0a,1+4vT-a].
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1. Addition :

Ao (+)Ba = [a$? 408 0l 16 = [(1-8V/T—a,-1+8V1-a].

(2% +20-63), -9<a<7,

HA(+)B (JU) =

0, otherwise.

Hence A (+) B is a quadratic fuzzy number.

Figure 12: p1a04)p(x)

2. Subtraction :

Aa(=)By = [a{™ =08 0l —p{M] = [-3-8V/1-@,-3+8V1-a].

= (2% +62-55), -11<a<b,

HA(-)B (x) =
0, otherwise.

Hence A (-) B is a quadratic fuzzy number.
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Figure 13: p1a-yp(z)

3. Multiplication :

(1) g<a<l
Aq () Ba = [a{b5",af0(?

({2 /TR (1T (20 V) (1T

5 (27+3V1-4z+2z2), -6<2<0,
HAGB (z)

0, otherwise.
Ao () Ba = [af5®, a{"b{]
=[(-2-4v1=a) (1-4vT-0),(-2-4v1-0a)(1+4V1-0a)].

= (27+3V1 -4z +2z), -12<z<-6,

paos (@) =1 L (27+9+4r-22), O<wz<4,

0, otherwise.

3)0<«

IA
[V

Ay () By = [aga)bga), aga)bga)] or [aga)béa), aga)béa)] ,
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but in this case
A0 () Ba = [al8) o]

[(- i) 1+ V). (2 ) (- )]

+ (27+3V1-4z+2z), -30<w<-12,

paop (@) =1 L (27+9+4r-22), 4<az<18

0, otherwise.

Figure 14: p1a¢yp(x)
Hence A () B is a fuzzy number.

4. Division :

e @] [2-4V1-a -2+4V/1-a
L@ by 1-4V/T-a 1+4/1-a |

1522 -362+12

-1
1617 © T<72>

MA(/)B(iU) =

0, otherwise.

Hence A(/)B has values in (a1,1] on R.
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Figure 15: pa¢yp(x)

We have computed Zadeh’s max-min composition operator for two quadratic fuzzy
numbers A = [-x1,-m,z2] and B = [-x3,n,24]. We got three kinds of conclusions
according to the three magnitude relationship between p4 (0) and pp (0), i.e., pa (0) >
1 (0), pa (0) = up (0) and pa (0) < up (0). For each case, A(+) B and A (-) B were
quadratic fuzzy numbers, and A (-) B was a fuzzy numbers, but A (/) B was a different
type of fuzzy number. In conclusion, A (+) B, A(-) B, A(:) B can be applied where
the shape of the quadratic fuzzy number comes out, and A (/) B can be applied where

appropriate.
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5 2-dimensional quadratic fuzzy set

In this section, taking the examples of two 2-dimensional quadratic fuzzy sets, we ob-
tain the equations of the intersections between planes perpendicular to the z-axis and
passing through each vertex and two 2-dimensional quadratic fuzzy numbers. Then,
the extended four operations of the two 1-dimensional quadratic fuzzy sets are cal-
culated and graphed. Meanwhile, we computed the extended four operations of the
2-dimensional quadratic fuzzy numbers, which are the two examples above. Then we
calculated the intersection between a plane perpendicular to the z-axis and passing
through each vertex and the resulting 2-dimensional quadratic fuzzy number. We con-
firmed that the equations of the two intersections acquired in this way and the graphs
are actually identical, respectively.

Let A% = [a, b, ¢, d]? and B% = [p, ¢, 7, s]*. The intersections of A%, B? and
planes perpendicular to the x-axis and passing through each vertex are called A and
B, respectively. The membership functions of A and B are pg = ;—3(y—d)2 +1 and
up = ;—21(y - s)2 + 1. We calculate exactly the above four operations using a-cuts. Let
A, = [al(o‘),ag(a)] and B, = [bl(o‘),bg(o‘)] be the a-cuts of A and B, respectively. Then

we have

Aa=[d—cx/l—a,d+0\/1—a],Ba=[s—r\/l—a,s+r\/1—a].

(1) Addition: Since

Ay (+) By = [(d+s)—(c+r)\/1—a,(d+ s)+(c+r)\/1—a],
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we have

| _ (=(d+5)?

(ctr)?®

(d+s)—(c+r)<y<(d+s)+(c+r),
pa s (Y) =

0, otherwise.

By Theorem 2.15([5]), A(+),B =[a+p,b+q,c+r,d+ 3]2. Thus

(a-(b+0))” . (y-(d+5))”
1 (e L),

(c+r)(z=(b+q)*+(a+p)*(y - (d+s5))’
paB (T,y) =

<(a +p)2(c+ r)z,

0, otherwise.

Substituting = = b+ ¢ into pays(z,y),

1= (WD) (y—(d+5)) < (e ),

(ct+r)?

payB(b+q,y) =

0, otherwise.

This result indicates that pac)p (y) and pacyp (b +¢q,y) match.

(2) Subtraction: Since

Ay (=) By = [(d—s)—(c+7")\/1—a,(d—s)+(c+r)\/1—a], we have

| _ (=(d=5))’

(ctr)?

(d-=s)—(c+r)<y<(d-s)+(c+r),
pays (y) =

0, otherwise.
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By Theorem 2.15([5]), A(-),B =[a+p,b-gq,c+71,d- s]°. Thus

- (o), wa)?y,

(a+p)? (c+r)?

(c+r)(z=(b-q)" +(a+p)(y-(d-s))*
HA(-)B (z,9) =

<(a +p)2(c+ r)z,

0, otherwise.

Substituting z = b - ¢ into pa-yp(z,y),

- (), - < (e ),

(ct+r)?
pacys(b-q,y) =
0, otherwise.

This result indicates that pa-yp (y) and pa-yp (b q,y) match.

(3) Multiplication: Since

Ao ()Ba=[(d-cvVI-a)(s-rV1-a),(d+cV1-a)(s+rV1-a)]

2¢%r?~d*r?—c?s®~2cry+(dr+cs)\/d?r2—2cdrs+c?s2+4cry
2c?r? ’
fiaxp) (y) = (d-c)(s-r)<y<(d+c)(s+r),
0, otherwise.

By Theorem 2.15([5]), (A (), B)" = {(za (t) ,ya (1)) | 0 < t <27}, where

To (t) = bg + (bp + ga) /1 —acost +ap (1 - a) cos? t,
Yo () = ds + (dr + sc) V1 —asint + cr (1 - ) sin’ ¢.

Since z4 (37”) =bq and y, (37”) =ds+ (dr+sc)V1-a+cr(l-a), we have

2¢°r% = d?r? - 5% = 2cryo (3F) + (dr + cs) \/d2T2 — 2cdrs + 252 + deryq (2F)

a:
2c2r2
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This result indicates that pacyp (y) and pac)p (bg,y) match.

(4) Division: Since

Aa()) B = [£2728, 422022, we have

—d*+2cry+2dsy+riy?—s2y? d—c << d+c
(c+ry)? v s Y ST
BA(HB (y) =
0 otherwise.
9y

By Theorem 2.15([5]), (A (N, B)a ={(2q (t),ya (t)) |0 <t <27}, where

b+av1-acost d+cv1-asint

To(t) = , Yo () = .
o () q—pVv1-—acost o () s—rv1-asint
Since z, (37”) = 2 and 1y, (37“) = j;:\/_tZ’ we have

e (o (5)) -2 (0 (5)) 020 (5)) ~ (0 (5))°

I

This result indicates that pa¢yp (v) and pa) s (q,y) match.

In general, calculation and comparison are very complicated, so for convenience
of calculation, only special cases that were perpendicular to the xy-plane and the z-
axis, and pass through the vertices were calculated and compared. As a result, it was
confirmed through some cases that a 1-dimensional quadratic fuzzy number can be

extended to a 2-dimensional quadratic fuzzy number and well defined.

Example 5.1. ([12]) Let A% = [6, 10, 8, 16]* and B? = [4, 8, 5, 12]%. The graphs of
a2z and ppe are as follows:

The intersections of A2, B? and planes perpendicular to the z-axis and passing
through each vertex are called A and B, respectively. The membership functions of A
and B are pa = 8—i(y— 16)2 +1and ppg = %(y - 12)2 +1.
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Figure 16: p42(x,y) Figure 17: pupg2(x,y)

1 — 1 —_—
on on
o8 o8
04 24
02 o3
\
kI kI . w 7 " "

Figure 18: pa(y) Figure 19: up(y)

We calculate exactly the above four operations using a-cuts. Let A, = [al("‘),ag(a)]

and B, = [bl(a),bg(o‘)] be the a-cuts of A and B, respectively. Then we have
Ay = [16—8\/1—a,16+8\/1—a],Ba - [12—5\/1—a,12+5\/1—a].
(1) Addition: Since A, (+) Bo = [28 - 13V1 - a,28 + 13v/1 — a], we have

o5 (-615+56y —y?), 15<y<4l,

HA(+)B (y) =

0, otherwise.

By Theorem 2.15([5]), A(+),B =[10,18,13,28]°. Thus

-18)* -28)* 2 2
1-((“’102) + 020 ) 132(z - 18) + 10%(y - 28)? < 102132,
paB (T,y) =

0, otherwise.
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Figure 20: pa+)5(y) Figure 21: piayp(z,y)

Substituting = = 18 into 4y (z,Yy),

-28)2 2
1-(“52), (y-28)?<13%,

pays (18,y) =

0, otherwise.

This result indicates that pa.)p (y) and pac)p (18,y) match. The section cut perpen-
dicular to the z-axis at the vertex of Figure 21 is shown in Figure 22, and this section

is shown in Figure 20.

L1l

Figure 22: p1a¢+y5(18,)
(2) Subtraction: Since Ay (=) Ba = [4-13v1-a,4+13V1-a], we have

w5 (153 +8y—¢?), -9<y<17,
HA(-)B (y) =

0, otherwise.
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e \\
I _,r"f 4 \"'1
Figure 23: p1a-)5(v) Figure 24: pia-yp(z,y)

By Theorem 2.15([5]), A(-),B =[10,2,13,4]*. Thus

-2)* -4)* 2 2
1= (G + 95), 132 -2)P+ 10%(y - 9)* 101187,
pas (,y) =

0, otherwise.

Substituting = = 2 into pa—ys(z,y),

1- (), w-97<13,
pa-y(2,y) =

0, otherwise.
This result indicates that pa-yg (y) and pa-yp (2,y) match. The section cut perpen-
dicular to the z-axis at the vertex of Figure 24 is shown in Figure 25, and this section

is shown in Figure 23.

Figure 25: p14-y5(2,9)

(3) Multiplication: Since

Ao () Ba=[(16-8v1-0a) (12-5V1-a),(16+8V1-a) (12+5VT-a)],
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we have

55 (=776 - 5y + 44v/2\/8+5y), 56 < y < 408,
raeys (y) =

0, otherwise.

",
L 7 ",

[¥

Figure 26: p1a¢x)5(y) Figure 27: pacx)s(2,y)
By Theorem 2.15([5]), (A (), B)a ={(2q (t),ya (t)) |0 <t <27}, where
To (t) =80 +88v/1 —acost +24 (1 - a)cos’t,
Yo (1) = 192+ 1763/1 — arsint + 40 (1 — o) sin” ¢.

Since x4 (%) = 80 and yqo (3) = 192 - 176v/1 - a +40 (1 - ), we have

o= ﬁ (—776—5(% (3?”)) +44V/2 8+5(ya (37”)))

This result indicates that pa)p (y) and g4y (80,y) match. The section cut perpen-

dicular to the z-axis at the vertex of Figure 27 is shown in Figure 28, and this section

is shown in Figure 26.

Figure 28: 114y5(80,y)
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(4) Division: Since A, (/) Ba = [}g;g\/_vi:z, }gf?\/_vi:z], we have

—192+464y—119y> 8 24
J(r8+5z)2 Lo sys<T,
HA()HB (y) =
0, otherwise.
18 ’/f_. '\-\_\
o .
\\
Figure 29: pa¢)s(y) Figure 30: pa¢ys(x,y)

By Theorem 2.15([5]), (A(/), B)" = {(za (t),ya (t)) | 0 < t < 27}, where

10 + 61 - acost (t)_16+8\/1—asint
S—a/I-acost’ °° 12-5V1-asint

Zo (t) =

. 3r\ _ 10 3r) _ 16-8v1-a
Since xa( 5 ) =3 and ya( 5 ) = oy e have

_ 1924464 (Yo (F)) — 119(ya (%))2
(8 +9 (ya (STW ))2

This result indicates that pa¢yp (v) and pa) g (%, y) match. The section cut perpen-

dicular to the z-axis at the vertex of Figure 30 is shown in Figure 31, and this section

is shown in Figure 29.

Figure 31: puays (%, )
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