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Summary

This article has used the concept of a fuzzy variable in Nahamias’ sense. These fuzzy variables are

of form normal type of order 2 as in the normal density.
In this article we will focus the normal type fuzzy variable of order p(>2) for any positive even

integer. It is shown that if pis a positive even integer, the sum of normal fuzzy variables of order p

is also a normal fuzzy variable of order p. This result is a extension of Nahmias® concept.

1. Introduction

Nahmias (1978) introduced the concept of fuzzy
variable as a possible theoretical framework from
which a rigorous theory may be constructed
about fuzziness. After he introduced an elegant
definition for fuzzy variables in terms of pattern
space, theoretical application of fuzzy variables
have been studied. Zadeh(1978) used the term
fuzzy variable in generalizing the formal definition
of a variable. The approach Nahmias proposed is

analogous to the sample space concept of
et al
(1991) adopted the fuzzy variables as a basis for

statistics. As an application, Cai K.Y.
a theory of fuzzy reliability.

In this article we will interpret fuzzy variable in
Nahmias’ Sense and extend his results to a
general case. In section 2 of this paper, we
briefly review certain properties of fuzzy vari-
ables. In section 3, we define a normal fuzzy
variable of order p. It is shown that the sum of
normal fuzzy variables of order pis also a normal

fuzzy variable,
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2. Pattern space and fuzzy variable

Following Nahmias, we define a scale ¢ on the
class of all subsets of a base set .

Definition 2. 1 For a base ste I", suppose that {
is the class of all subsets of . Suppose a scale,
o, is defined on { and satisties the following
properties :

1) a(®)0 and o([) =1

i) For any arbitrary collection of a subsets A4

of ', o(U,A,) =sup,o(A).

Then o is a scale and the triple (I", {, o) re-
ferred to as pattern space.

The scale o is analogous to a probability
measure p and the concept of the scale is
egivalent to Zadeh’s possibility distribution and a
fuzzy measure,

We may think of the scales as assigning a
grade of membership to each point in the pattern

space.

Definition 2.2 A fuzzy variable X is a real
valued function from [ to R.

A fuzzy variable X can be imagined as some
quantitative representation of an object.

Definition 2.3 The membership function of a
fuzzy variable X, denoted by
u,(x)=c{rer|X{) =x}, xeR.
Note that
sup,p, (x) =0 {U, {r1X (r) =x}} =0 () =1

It has been shown that the value of u, (x) at
point xcan be interpreted as the possibility that X
= x holds.

To obtain the membership function of g(X)}
where X is a fuzzy variable and g : R—R is any
function, Nahmias proved Zadeh’s extension

principle :

g (2) =SUPy : gy =7 £y (W)

As special case of this transformation, we give

the following examples :

(t) um(Z)=u,(§) for all a0, all z.
() pe@=p (V2)NVe, (/2 ) for 22 0.

The notation \/ denotes the maximum.
The following definition was introduced by
Nahmias.

Definition 2.4 The sets A,, A, -, A, C{ are
said to be mutually unrelated if for any
permatation of the set (1,2, -, n}, denoted by i,,
-+, i for 1<k<n,

o (A;NNAY) =min (@ (A;), -+, 0 (Ay).

Definition 2.5 Given a pattern space (I, {, o),
the fuzzy variables X,, X, are said to be
mutually unrelated if for any subset {i, i, -, iy}
of {1,2 - n), the sets (X;=x]}, -, Xp=x,) are
unrelated for all x,, -, x, €R.

A collection of fuzzy variables is mutually
unrelated if every finite subcollection has the
property that the scale of the intersection can be
computed via the minimum of the scale of each
term.

Rao and Rashed (1981) preferred an alternative
terminology ‘min-relatedness’' in stead of
‘unrelatedness’. The concept of unrelatedness in
fuzzy variable has a direct analogy in the
independence of events or random variables.

Another useful notion for fuzzy variables is
modal value.

The following definition is natural.

Definition 2.6 Let X be a fuzzy variable with
membership function g,. A real number m is said

to be a modal value of X if g, (m)=1.

Definition 2.7 A fuzzy variable X is said to be
unimodal, if there exists unique a€R such that

pela) =1.
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Definition 2.8 A fuzzy variable X is convex if
its membership function is quasi-concave. That
is, R+ (1-2) b)2min (i, (a), p (b)) for all a,
beR and 0<2<]1.

Using the concept of unrelated fuzzy variables,
Nahmias derived Zadeh’s extension principle for
the sum of two fuzzy variables. Nahmias derived
the following theorem.

Theorem 2.1 If X and Y are fuzzy variables
then
1) #yyy(@) =supo ({X=x} A\ {Y=2-x)),
ynd if X and Y are unrelated this reduces
to
1) #yyy(@) =sup (o, (x)A\py(z-x))
=sup,min(g, (x), p,(z-x)).
Another binary operations for unrelate fuzzy
variables of Theorem 2.1. Some examples are :
Hy-y (2) =sup,min (4, (x), #,(z+x)),

ey (2) =sup,min (s, (0), 1, (2)).

3. Nomal fuzzy variables of order p

In this section we would like to study a normal
type fuzzy variables of order p. At first, we
introduce the notion of normal fuzzy variable of

order p.

Definition 3.1 Let p be a positive even integer.
A fuzzy variable X is of the normal class of order
p if the membership function is of form

1y (0 =exp (- (F;2)P)

where a€R and b)(.

At this time we say that a fuzzy variable X is a
normal fuzzy variable of order p with parameters
(a.b: p).

Hereafter we use the notation N(a, b;p) for
the normal fuzzy variable of order p,

We note that a normal fuzzy varibable by

Nahmias is a special case of p=2.

Theorem 3.1 Let X and Y be unrelated normal
fuzzy variable N(a,b:p) and N(c,d: p)
respectively.

The the fuzzy variable Z=X+Y has a unimodal

value a+c.

Proof. We will show that u,(a+c)=1.
From Theorem 2.1, for any real z,
#,(z) =sup, min{g, (x), p, (z-x)].
Since min(g,(x), #,(z-x)) is convex, the
supremum is obtained when z=a+c and x=a.
That is p,(a+c}=1.
So, we have the required resuit,

Theorem 3.2 If X and Y are unrelated normal
fuzzy variable N{a, b,:p) and N(a, by : p)
respectively, then Z=X+Y is also a normal fuzzy
variable N(a,+a,, b,+b, : p).

Proof.
variables, g, (z) =sup, min (g, (x), #y(z-x)) by

Since X and y are unrelated fuzzy

Theorem 2.1. Assume a,>a, and b,>b,>0 without
loss of generality.

From the fact that 4, and p, are convex, the
function min (g, (x), p,(z—x)) has its maximum at
the point x* satisfying the following equation :

uy (X)) =p (zx").
So, the following equation is derived :

(X_b'i )"=(—z—-% )P for positive even in-
1 2

teger p.

Since p is a positive even integer, the above
equation gives real x’ satlisfying

x'-a, _ . z-x'-a,
b, * b, :

So, the real solutions x’ are

v

X (b, (z-a,) +b.a,)

=_1
- by+b,
and

x’-‘E}bT (b, (z-a,) +bsa,).
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From the condition b,-b,{b,+b, and the

convexity of the function min (g, (x). p,(z—x)),

_ oy _¢2-a;~
#,@) = (') =exp - (535 H)F).

Hence we obtain the result.

Corollary 3.3 If a fuzzy variable X is a normal
fuzzy variable N(a, b : p), then for some a=+0, g
00 =aX is also a normal fuzzy variable N(aa, ab

ip).

Proof. Let g(X) =aX.
From the expression i) of section 2,
X

%)y
2 ).

sy 00 =2 (3) =exp (- (

=exp (-(x;%a )P)

Hence g(X) =aX is a normal fuzzy variable N
(aa, ab;p).

Using theorem 3.2 and Corollary 3.3, we have

the following.

Theorem 3.4 If X;, i=1,2, -, n are unrelated
normal fuzzy varizble N(a; b;:p) respectively,

n n
then3; «X; is normaly fuzzy variable N(32 o,
i=1 i=1

n
33 ab;: p) for nonzero &, i=1, -, n.
i=1

Now we will state special cases of theorem 3.4

Lemma 3.5 Let X,, X;---, X, be unrelated normal
fuzzy variables N(a, b, ; p) respectively,

L'}

n
Thenlf_", X; is a normal fuzzy variable

i=]

Proof. In Theorem 3.4, set aﬁ% for i=1, ---,

n,
Lemma 3.6 Let X,, X,, -, X, be unrelated
normal fuzzy variables from N(a,b: p). Then

n
%E X, is also a fuzzy variable N(a, b : p).

i=1
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