WAL WG, 37, 173178, 1993
Cheju Univ. Jour. (Natural Sci.).
37. 173-178. 1993

The Instability Theorems for Finite Delay
Functional Differential Equations
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Summary

We consider a system of nonautonomous finite delay functional differential eguation x’ ({) =F(t, x)

and obtain conditions on a Liapunov functional to insure the instability of the zero solution.

Introduction

Il is well-known that Liapunov's direct method
sometimes provides a useful tool in the study of
stability and instability of functional differential
equations. See, for example, Burton(1985), Hale
(1965, 1977).

provide two new instability theorems for the finite

The purpose of this paper is to

delay functional differential equations by
Liapunov's direct method.

For the remainder of this section, we present
the fundamental notation and definitions to which
we will refer throughout this paper. Section 2 is
devoted to obtaining two new theorems involving

Liapunov functionals for instability for finte delay

functional differential equations.

For xCR® with x= (x,, x,, -, x,), |x| denotes a
usual norm in Rr, and, for fixed h>0, C denotes
the space of ocntinuous functions mapping [-h, 0
7 into Rn, and for ¢CC,

gl = sup I¢(s)I.
~h<s<(

Also, Cy denotes the set of gCC with | ¢} <H. If
x is a continuous funclion of u defined for ~h<u
(A, with A)0, and if t

satisfying 0<t{A, then x, denotes the restriction

is a fixed number

of x to [t-h, t] so that x, is an element of C

defined by

%, (6)=x(t+8) for-h<6<0.
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We consider the system
x" () =F(t x), (0

where F : R, XCy — Rn is continuous and takes
closed bounded sets into bounded sets: (0{H<eo,
We denote by x (t,, #) a solution of (1) with initial
condition ¢&C where x (L. #) =¢ and we denote
by x(t,t,, #) the value of x(t,, ) at t. x’ denotes
the right-hand derivative. It is well known (Burton
(1985), Burton(1989)) that for each t,€R, =[0,
) and each ¢&Cy, there is at least one solution
x{(t,, ) defined on an interval [t,, t+a) and, if
there is an H,{H with |x{t, t,, ¢) I<H, for all t for
which x (i, t,. ¢) is defined, then a=oo,

A Liapunov functional is a continuous function
ViR XCy—R, which is locally Lipschitz with
respect to ¢. The derivative of a Liapunov
functional V(t, ) along a solution x{t) of (1) may
If Vis

differentiable, the natural derivative is obtained

be defined in several equivalent ways.

using the chain rule. Then Vj;, (t ¢) denotes
the derivative of functional V with respect to (1)

defined by

Vit ¢) =]i;n sup (Vt+a.x,,; . 6))-V(A ¢)}/6.
-0+

Definition 1.1. A continous function W : R, —
R, is called a wedge if W(0) =0 and W is strictly

increasing on R .

Definition 1.2. Let F(t,0) =0 for all t>0.

(a) The zero solution of (1) is said to be stable
if for each € )0 and t,>0 there is a §Y0 such that
[#eCy. t2t] imply x(t. ts, ) I<€.

(b) The zero solution of (1) is said to be
unstable if there exist € >0 and t,>0 such that for
any 8>0 there is an ¢ with |¢] ¢ and a t)t,

such that [x(t,, t,, ¢} |>¢€.

Notice that

starting near zero to stay near zero, but instbility

stability requires all solutions

calls for the existence of some solutions starting

near zero to move well away from zero.

Definition 1.3. A measurable function 7 : R,

—R, is said to be positive in measure if for
every € )0 there are TER,, §)0 such that [{>T,
QC[t-h,t] is open, #(Q)>€] imply that fq nt)at
24, (Here, ¢(Q) denotes the Lebesgue measure

of Q.)

Lemma 1.1. Let K)(0 be given and suppose that
n is positive in measure. Then for each wedge W
and a0 there are )0 and TER_ such that if f:
R, —R is measurable, f*(s) <K for seR,, t>T, [,

f*(s)ds>e, then [, n(s)W(lf(s)|)ds>4.

The proof follows from Lemma 2 in
Burton and Hatvani(1989).

Proof.

Main Theorems and Examples

Theorem 2.1. Let H K30 and V:R, XCy—R,
be continuous with V locally Lipschitz in &, and
let » :R,—R, be a nonnegative function such
thatfg”
wedges W,, W, and W, such that, for all t>0 and
#€Cy,

n(s)ds=co, Suppose that there are

(i) VIt @) <sW, (I #1) and
(i) Vi Gx)2KW.(Ix" O D+nOWs(Ix®) D),

and there are a)( and r, such that r)r, implies W,
(r) >ar.
tinuous initial function ¢ such that V (t,, ¢) >0 with
}# 148 for any t,>0 and 8)0. Then the zero so-

Futhermore, if we can choose a con-

lution of (1) is unstable.

Proof. Suppose that x=0 is stable. Then for
each € )0 and t,>0 there exists =4 (t,, € ) )0 such
that 1¢1<é implies §x(#) | <€ for any t>t,
Now we may choose the initial function ¢ : [t,-h,
te]—Rn such that V{t,,¢))> and 141 ¢5. Then we
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have
Ix I 2W' (Vite, #)) =6 for any t>t,.
Thus there exists an r; in each interval

L=[te+ih, to+ (i+1)h] with
fx(r) 16 for i=0.1,2,3,

On each I, either |x(1)126/2 for every {€[ or
there is an s; with |x(s}[{8/2. In the first case
we have

[, oW (x© Das2ws6/2) |, ns)ds

In the latter case we have

[, @ 1as21 {7 1 @) 1as26-0/2=02.

Define
p)(Uz{lx VLif 1x" (O 1>r
0 otherwise
and
p.(t) =1x" () I-P, ().
If

SL p, () dt>6/4

then by Lemma 1.1 there are 8,=4 (#) and N,=

N, () with

SL KW, (P, (s))ds> 5, for i>N,.

SL pa () dt26/4

then,

SL KW, (p, (s)) ds>Kaf /4= 8)0.

In any case we have

f, K W.(1x' © D de>min (5., £ =50 for 2N,

Thus we have

n

Vit x) >3 SL K W,(x’ (s) )ds +
i=0

E]

[, 10w xEe hds

o

as t—oo and n—oo, Hence the proof is complete.

Example 2.1. Consider a scalar equation

X ) =x{)+b)x(t-h), (2)

where b : R, —R is a continuous function with 0=
Ib{t) |{1/2. Then the zero solution of (2} is
unstable.

Proof. Consider the Liapunov functional

Vit x)=x"({t)- S:n K (u) x*(u)du with K(u)} =

1b(t+h)|.
Then we have

V(L x)
=2x ) x" () -K () x*(t) +K (t-h} x*(t-h)
=2x(t) (x () +b{t)x t-h) }-|b(t+h) Ix* ) +
(t) 1x* (t=h)

>2x* (t)+2b(t)x(t)x(t—h)-|b(t+h)lx’(t)+
b? (t) x* (t-h)

=2x*(1) + {x’
x* (t)

+b2 (1) x* (t-h) = {1-|b (t+h) [}x* () + (x" (V}*

+b*(t)x* (t=h) = {I-{b+h) [}x* ®) + (x" (V) },

W)= ) -b* M) x*¢-h)-1bt+h) |

which satisfies the conditions in the above

theorem. Hence the proof is complete.
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In fact the following theorem is the gener-
alization of Theorem 2.1. Because the condition
(ii) in Theorem 2.2 is weaker than the condition (ii)

in Theorem 2. 1.

Theorem 2.2. Let H)) and let V:R, XCy—R
be continuous and locally Lipschitz in ¢, and let
7 :Ry—R, be a function withsmn(s)ds=°0.
Suppose that there exist wedges W(: and W, such
that, for all t>0 and ¢€Cy,

(i) VL x)<W,(Ix{) ) and
(i) V't x)2n O W (Ix(t) ).

If we can choose a continuous initial function
such that V(t, ¢)>0 for any 1,>0 and 4)0. Then

the zero solution of (1) is unstable.

Proof. Suppose that x=0 is stable. For €)0
and t,>0 there exists =46 (t,, € ) >0 such that | ¢

| {6 implies |x (#) <€ for any t>t,, Now we may
take the initial function ¢ with 8/2{]¢(s) |{éfor
any s€(-h, 0]. Thus

VL x) W, (Ix(8) (1) D W, (€)

is bounded above, But

Vx>V )+ n @ W ixs) ds

rt
2Vitn #) +V (o ¢) |, n(s)ds—eo

as t—oo, which is a contradiction. Hence the

proof is complete,

Example 2.2. Consider a scalar equation

X =abxt)+b® S: x(Wdy, — (3)

-h

where a,b: R, —R are continuous such that

t
10 =22~ 1565 lds-nib (v 120
and R: n(s)ds=co. Then the zero solution of 3)

is unstable.

Proof. Consider the Liapunov functional

oot
Vit x)=x*{t)- S;h SHS Ib (u-s) |x* (u) duds

Then we have

V7t x,)
=ax®x -1 S (] ibs) v @anas

t 0
x (1) du) - S b (t-5)|
t-h -h

=2x() laOx®) +50) |
x*(t)ds

+ S:lb(t) [x*(t+5) ds=2a () X* (£) + 2b (1) x (t)

St x(s)ds
t-h
0 0
0 | bt las+ 16O 1§ eitsias

t

>2a® W1 | ib-s) Ids=1b (1) [x* ®)h

Jit-h

=2a-{ 1ves)iastib® e,

which satisfies the conditions in the above

theorem. Hence the proof is complete.
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