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1. Introduction

Weaker than Continuous functions have been a subject of interest
in general topology since 1959 when Stallings, in [7), introdu—
ced the concepts of connectivity maps and almost continuous fun—
ctions, Recent investigations can be seen in (13, (2], (3], (4]
[5]). In the paper (5], the authors introduced three new types of
non — continuous functions which have a close relationship with
the separation axioms and continuous functions,

In this paper, we have some propefties of Ti — continuous fu-

nctions and some topological properties of them,



2.Ti—Continuous functions

Definition 2.1 ([5)) Let(Y.7) be a topological space and let U
be an open cover of (Y,7). The cover U is said to be a T: — open
cover of(Y,7) provided if uelU, then the interior of Y — u js
not empty,

The cover U is said to be a T; — open cover of (Y,7) provided

if weU, then there are open sets W; and W, such that W,

W]CWZ Y- u,

Definition 2,2 ([5)) Let(X,7,) and (Y,7,) be topological spaces,
A function f: (X,7,) — (Y,7:) is said to be T, — continuous (T,
— continuous) (T3 — continuous) provided if U 1S an open cover
(T: — open cover) ( T, — open cover) of (Y,7,), then there exists
an open cover V of (X,7,) such that if vEV, then there is a ue

U  such that f(v) Cu,



3. On Ti— Continuous functions and separation axioms

Theorem 3.1 If { : (X,7,) — (Y,7,) and
g . (Y, 7)) —~ (Z,73) are T; — continuous, then

gof . (X,7,) — (Z,73) is also T; — continuous,

Proof | Since g is T, — continuous, {for any open cover W of (Z,
J3), there exists an open cover v of (Y,7,) such that if v=V |
then there is a w&W such that g(v) W, — (1)

Also, f is T; — continuous, for the given open cover V of (Y,7,),
there exists an open cover U of ( X,7,) such that if u & U, then
there is a v' &V such that f(u) cvi, —— (2)

Hence, for any open cover W of (Z,75), there exists an open
cover U of ( X,7,) such that if u<=U, there is a w’' =W such
that (g8of) (u) = g(f(u))c g(v’) Ccw’ by (1) and (2},

Therefore gof : (X,7;) — (Z,73) is also T, ~ continuous,

Corollary 3.1 (1) If f:(X,7,) — (Y,72) is T; — continuous
and g: (Y,7,) —= (Z,73) is T, — continuous, then

Bof . (X,7:) — (Z2,73) is also T, — continuous,

Proof Since g is T, — continuous, for any T, — open cover W

of (Z,73), there exists an open cover V of (Y,7;) such that
if veV, then there exists a w&W such that g(v) ¢ W—(1)

Also, since f is T, — continuous, for the given open cover V of
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(Y,7,), there exists an open cover U of (X,7,) such that if
u = U, then there is a v’ £V such that f(u) VvV ——(2
Hence, for any T, — open cover W of(Z,7;), there exists an
open cover U of (X,7,) such that if u=U, there is a w &W
such that ( 8of) (u):g(f(u))c g(v') cw" by (1) and (2) ,

Therefore, gof : (X,7,) — (Z,7J3) is also T, — continuous,

Corollary 3.1 (2 1f f . (X,7;) — (Y,7,) is T; — continuous
and g. (Y,7,) — (Z,73) is T; — continuous,

then gof. (X,7,) — (Z,7;) is also T; — continuous,

Proof , Since g is T3 — continuous, for any T; — open cover W of
(Z,73), there exists an open cover V of (Y,7,) such that if
v &V, then there exists a we&W such that g(v) cW— (1)
Also, since f is T, — continuous, for the given open cover V
of (Y,7,) ., there exists an open cover U of (X,7,;) such th-
at if ue U, then there is a v/ &V such that f(u) C v.’—-(2)
Hence, for any T3 — open cover W of (Z,7;), there exists an op-
en cover U of {(X,7,) such that if ue&eU, there is a w W
such that (gof) (u) — g({f(u)) c gv') cw’ by (1

and (2).

Therefore 8of : (X,7:) — (Z,73) 1is also T3 — continuous,

Theorem 3.2 Let (Y,7,) be a T, — space, then

f: (X,7,) - (Y,7,) is T, — continuous if and only if f is
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continuous ,

Proof (=>) 1t is proved in (5],
(<) Let U be an open cover of (Y,7,),

then JUa=Y for uaeacU and {'(ua) 1is open in X since f
ac of

1s continuous,

Then V= {f'(uq)| a= o | is an open cover of (X,J,) since

Uf M(ug) = " {Jug)= 71 (Y) =X,

And if vV , then v = f‘l(uﬂ) for someﬂ,b

Hence there exists ug &= U such that f(v) = f(f“(Uﬁ)) Cug .,

Therefore f is Ty — continuous,

Corollary 3.2 (1) Let (Y,72) be a T, — space. Then
f 1 (X,71)—(Y,J3) is T, — continuous if and only if f is

cont inuous,

Proof, (=>) It is proved in (5].
(<= ) Let U be a T, — open cover of ( Y,7,)

then Jug =Y for uge U and f-1(u,) is open in X since
acof

f i1s continuous,

Then V= {f“(ua)| ac o) is an open cover of (X,7,) since

Uf "ug) = £ {Uue) = {-1(Y) =X,

And if vV, then v:f“(uﬁ) for some 8.

Hence there existg ug e U such that f(v) = £(f-! (Uﬂ))

C ug | Therefore f is T, — continuous,

—-5—



Corollary 3.2 (2) Let (Y,J,) be a T; — space, Then

f :(X,7,) - (Y,7;) is T3 — continuous 1f and only if f

1s continuous,
Proof. ( =>) It is proved in [5)
(<-) Let Ube a T; — open cover of (Y,7.),

then {J u, =Y for ug= and f !'(ug) is open in X since f

a=of

is continuous,

Then V= {{ 1 ug,) | a g} is an open cover of (X,7,) since

Uf Mug) = 170 (Yug) = F7HIY) =X,

And if veV, then v=1{71(ug) for some B .
Hence there exists uf U such that

f(v) =1 ( f"(ug)) fgoy-

Therefore f 1in T3 — continuous,

Theorem 3.8 1f f:(X,7,) — (Y,7.) is a Ty — continuous
and ACX, then the restriction,

f A (A, Ju/A) — (Y,7,) is also T, -~ continuous,

Proof., Since f is T, — continuous, for any open cover V of (Y,72),

there exists an open cover U of (X,7;) such that 1f ue U, then

there is a veV such that f(u) Cv,

since AC X, Uo= { ua NA |uqg&e U} is an open cover of A with

respect to U,

Hence for any ugNA &€ Up, uglACus, and there exists VﬂEV

such that f A (uaN A) C flug) C va. Hence for any open cover
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V oof (Y,7,)

there is an open cover Up of (A, 7, /7A)

such that if u MA= Uy , then there is a v& V such that
f(urmA)cv,

Therefore f A (A, Ty A) — (Y,7,) is also T, - contin—

uous ,

lemma 3.4 Let (X ,7;) be a topoloyical space and let U be
an open cover of (X,7,),
If Uis aT; — open cover of ( X,7;) and AC X then Up =

{Afilujue U} is also a T; — open cover of (A, 7,/ A),

Proof . Since U is a T; — open cover__of(X,];) for any u = U,
there exist open sets W, and W, in (X,7;) such that W, W,
CW, CY — u,

Then W, A, W,NA&J,,7A and

WiNACW, NACW, NAC(Y-u)nA.

But W, NA equals to the closure of W, NMA in 7, /7A and ( Y-u)
NA=A-(ufnA),

Hence for any u N AUy , there exist

WiNA,W,NA&J,/ A such that
Wi NAC clg (W,NA)c W,NACA- (unA),

Therefore Uy = {ANulue U} is also a Ty — open cover of

(A, 71/A).



Theorem 3.5 If f:(X,7,) — (Y,J:) is a T3 — continuous
and AcC X, then the restriction f /A (A, 7,/ A) - (Y,

J») 1s also T3 — continuous,

Proof . Since f is T3 — continuous, for any T; — open cover V
of (Y,7,) , there exists a T3 — open cover U of ( X,J7,) such
that if u e U, then there is a vV such that { (u} CV
since ACX, Uy = {ug/A|luesU]| is a T; — open cover of
A with respect to U by alove Lemma,

Hence for any ugp 1A& Uz, ug NACuq and there exists vg e

V such that f/A(uaﬂA)Cf(ua)CV‘g.

Hence for any T; — open cover V. of ( Y,7,) there is a Tz —
open cover Up of (A, 7,/ A) such that if uNAeUp , then
there is a vV such that f(uNA)Cv .

Therefore /A (A, J1/A) — (Y,J7.) its also T3 — contin—

uous,

Therrem 3.6 Let X =AUB, where A and B are closed in (X,
J:). Let f:(A, 7, A) — (Y,7;) and g : (B,7./B) -
(Y,7,) be T, — continuous,
1f f(x) = g(x) for every x €A NB, then { and g combine
to give a Ty — continuous function h: (X,7,) - (Y,7:)

defined by setting h(z) = f(xr) if x < A, and h(z) = g(x)

if x =B,



Proof, Let V be an open cover of (Y,7,). Then there exist
open covers Up of (A, 7,7A) and Ug of (B,7,B) such that if
up & Up ,  then there is v &V such that f (up) CV ang if
ug & Ug , then there is v/ &V such that f (ug) C v’

1f we put U={ued/| uNAeUp | U{ued,|unBe Ug},

we have that U is an open cover of (X,7,).

Since upA=u A for some u& .7, and ug = ulB for some
u&J;, we have that if ue U, u = unNX = un (A UB)
=(ufNA) U (un B) =u,Uug,

then there exists v’(=v’Uv) &V such that f(u) = f (up U
ug) = f (uq) U f(ug) C vUv’ = v”,

Hence h: (X,7;) = (Y,7.) is T, — continuous,

Corollarg 3.6 (1) Let X= AUB, where A and B are closed
in {(X,7,), Let f: (A7, A) — (Y,J,) and g:(B, 7,/B) —
(Y,7:) be T, — continuous
If fix)=gla] for every z = ANB , then f and g combine to give
a T, — continuous funotion h : (X, 71) — (Y,T,) defi—
ned by setting h (z) =g(x) if xe A, and h(z) =

g{x) if r & B,

Proof ., Let V be a T, — open cover of (Y,7.).
Then there exist open cover Uy of (A, J71/7A) and Ug of (B,

J1/B) such that if upy € Uy , then there is vV such that



flup) © v and if ug € Up , then there is v/ &V such that

f(UB)CV’.
If we put U={ues7, |[uNAcsUpl U{ueg, IuﬂBEUB},

we have that U is an open cover of { X, 7,).

Since up = uA for some ueJ,; and up = uB for some u e

have that if ueU, u=uNX =un (AUB) = (unA)

.71, we
U(U(\B) :uAU qu

v'{=v’Uv) &V such that f(u) = { (uAUuB\

then there exists

= flup) U f(ug) c vUv' = v~
Hence h ! (X,7,) — (Y,J,) is T, — continuous,

Corollary 3.6 (2) Let X= AUB , where A and B are closed in (X,
Ji), Let £:(A,7,/A) — (Y,7,) and g:{(B,7,/B) — (Y,7,) be
Ty — continuous_If f(x) = y(x) for every r= ANB, them f
and g combine to give a T; — continuous-function h:(X,7,)
— (Y,7;) defined by setting h(x) = f(x) if T A, and h(x)
= glx) if x & B,

Proof, Let V be a T; — open cover of (Y,7,). Then there exist
open cover UA of (A,7,/A) and UB of (B,7,/B) such that
if upe UA, then there is v & V- -such that f (Up) C vad
if ugp & Ug , then there is v/ €V such that f(ug) C v/,

If we put U= {uE],| u ﬂAEUA}U{uejlluﬂBeUB} we
have that U is an open cover of (X ,7;). Since uy, = uflA for
some u & 7; and ugp = uflB for some ue&J,, we have that if
uelU, u=uNX=un (AUB) =@unA) U(uﬂB)zuAU ug,
then there exists v"(=v’ U v) &V such that f(u) = f (uAU
uB) = f(uA)U f(uB)CvUv’:v”,

Hence h:! (X,7,) - (Y,7:) is T3 — continuous,

_10_



4. Some Toplogical Properties on T/ — continuous

function,

Theorem 4.1 If {:(X,7,) — (Y,7,) is Ty — continuous

and onto and ( X,7,) is Lindel8f then (Y, 72,) 1is
Lindeltf,
Proof Let U be an open cover of (Y,7,) . Since { is Ty — con—

tinuous, there is an open cover V of ( X,7,) such that i1f ve&V,

then there is a u & U such that f(v) C u,

Since (X,7,) is Lindel&f, there is a countable subcover {v,y,yv;

, -} of V which covers ( X,7;).
If j is a positive integer ( /= 1,2,3, - ),
let u/ be an element of U such that f(v/) C u/. Since f is

onto, {u;,uz, - } covers { Y,7,) and hence, (Y, J,) is Lin—

deltf
Corollary 4.1 (1) If f:(X,7,} — (Y,7:) is T; — continu~—
ous and onto and ( X,7,) is compact, then(Y,7,) is comp—

act .
Proof ., It is proved in (5],

Lemma 4,2

(1) The continuous image of a compact set is compact,

(2) The Lindel8f property is invariant under continuous surj-



ections,
Proof, See ((6), P224 1,4 Theorem, P175 6,6 Theorem)

Corollary 4,2 (1) Let (X,7,) be a compact and (Y,7,)
is T, — space, If f; (X,7:) — (Y,7,) is

T, — continuous and onto, then(Y,7;) is compact,

Proof, Corollary 3.1 (1} shows that f is continuous

And by Lemma 4,2(1), (Y,7,) is compact,

Corollary 4,2 (2) Let (X,7,) be a Lindeléf and (Y,7,) is

T, — space

If f: (X,7,) — (Y,72) is T, — continuous and onto,

then (Y,72) is Lindeléf,

Proof , Corollary 3.1(1) shows that { is continuous,

And by Lemma 4 .2(2) , (Y,7;) is Lindel8f,

Corollary 4,2 (3) Let (X,7,) be a compact and (Y,7,) is

T3 — space

If £ :(X,7:) = (Y,7,) is Ts — continuous and onto,

then (Y,7,) is compact,

Proof , Corollary 3,1(2) shows that f is continuous and by

Lemma 4.2 (1}, (Y,7:) is compact,
Corollary 4,2 {(4) Let (X,7,) be a Lindel$f and (Y,7,) is



T3 — space .
If f: (X,71) —- (Y,7;) is T3 — continuous and onto,

then (Y ,7,;) is Lindel6f,

Proof , Corollarg 3.1 {2) shows that { is continuous and by

Lemma 4,2(2) , (Y,7,) is Lindel$f,

Theorem 4.3 It f:(X,7,) —- (Y,7,) is T, — continuous

and onto and (X ,7;) is connected,then (Y ,7,) is connected

Proof . Suppose ( Y,7,) is not connected ., Then Y= A UB

where A O B*@ , AABeJ,,.and ANB =0

Then U=1{ A,B} is an open cover of (Y,7,) and since f is T,—
continuous, there is an open cover Vof (X,7,) such that if v
€V then there is a ue U such that f (v) Cu,

Let M=U{veV and f(v) CA} and let

N=U{veV and f(v) CB} . Since f is onto, M and N are non—
empty, Since ANB =@, it follows that MNN=@, Clearly M
and N are in 7, and since V is an open cover of X, X =MUN,
But this is ilmpossible since (X,7;) is connected.

Thus (Y,7,) is connected,

Corollary 4,3 (1) If f:(X,7,) — (Y,7.) is T, — continuous

and onto and ( X,7,) is connected, then (Y,7,) is connected,

Proof |, Suppose (Y,7,) is not connected, Then Y= AUB where
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A#p, B+ g, AB=7,, and ANB= @

Then U= {A,B} is a T, — open cover of (Y,7,) and since fis
T, — continuous, there is an open cover V of (X,7;) such that if
v &V then there is a u & U such that f(v)C u

Let M= L {veVand f (v) C A} and let

N=U{v &V and f(v) B}, Since f is onto, M and N are nm
— empty, Since AIB=@ , it follows that MANN=@, Clearly M
and N are in 7, and since V is an open cover of X, X= MUN,
But this is impossible since (X,7,) is connected,

Thus (Y,7,) is connected,

Corollary 4.3 (2} If f:(X,7,) — (Y,7,) 1s T3 — continuous

and onto and (X,7,) is connected, then (Y,7,) is connected,

Proof, It is similarto the proof of corollary 4_.3(1).
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