A NOTE ON THE SUBSPACE OF
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[. INTRODUCTION

In Euclidean space of three dimensions the distance ds between adjacent points
whose rectangular Cartesian coordinates are (x, ¥, z) and (x+dx, ¥y +dy, z+dz) is
given by ds?=dx?+dy?+dz2

More generally, for any system of oblique curvilinear coordinates (u, v, w) we
have

ds*=a du*+b dv?+c¢ dw?+2f dvdw + 22 dwdu +2h dudyv,
where a,b,c,f,g,h are functions of the coordinates. Thus the square of the linear
element ds is given by a quadratic form in the differentials of the coordinates.

This idea was generalized and extented to space of n dimensions by Riemann,
who defined the infinitesimal distance ds between the adjacent points, whose

coordinates in any system are x’ and x+dx’, (=1, 2,--, n) by the relation

dszzgi’-dxidxj’ (j'j:l,z’...,n) ...... (1)

where the coefficients g,; are functions of the coordinates x*.

The quadratic differential form in the second member of (1) is called a Remanni-
an metric ; and a space which is characterized by such a metric is a Riemannian
space.

Throughout this paper, let V,, be a n-dimensional Riemannian space referred to
a real coordinate system x" and defined by a fundamental metric tensor hi. .

whose determinant



(1,1)  h% Det(hs) # 0
If e‘(z':L 2,--+,n) are a set of a n linearly independent unit vectors, then there is

a unique reciprocal set of n linearly independent covariant vectors éu, (1=1, 2,:-,
n), satisfying

(1,2) (—i)‘é,, = 8}, fja‘é; = &},
with the vectors ei:" and é. a nonholonomic frame of V, is defined in the following
ways ; if T, are holonomic components of a tensor its nonholonomic compo-
nents are defined by
2

RN &f e
(1,3) *Ti = Tl e'e, -

An easy inspection (1, 2) and (1, 3) shows that
1,4 Ti: = *Ti ee, -

In this paper, we will investigate properties of metric and lengths of the elements
of arc connecting two points in subspace and nonholonomic subspace of an n
-dimensional Riemannian space V,,.

In particular, we obtain that the metric for a subspace of V, is equal to the
metric for a nonholonomic subspace of *V,, and the length of elements of arc

connecting the two points is the same, whether calculated with respect to nonholo-

nomic subspace or nonholonomic space.



II. PRELIMINARY RESULTS

THEQOREM. 2.1. We have

(2,1)a T* = *Tie

i

(2,2)6 T = "T% ¢'e*

Consider a symmetric covariant tensor a whose determinant a def ((@rn ))#0
It is well-known that the quantities defined by

a,,,,djf cofactor of @,, in @
a

is a symmetric contravariant tensor satisfying
(2;2) aip ai“_ 5\'
= 8y .

Let @,, and *a;; be holonomic and nonholonomic components of the covariant

tensor, and take a coordinate system ¥’ for which we have at a point p of V,

oy' _ i _ox*
(2,3) ——Tax = €3, By‘ = (la

v

THEOREM. 2.2. We have

(2,4) “ai; *a™ = &% .



[lIl. SUBSPACE OF THE *V,

Let V, be a Riemannian space of n dimensions, referred to coordinates
x¥(a=1, 2

-, #) and having the metric g, dx? dx*

Then we have the followings

THEOREM. 3.1. The metric in the nonholonomic frame is represented by

(3,1) *aii dy' d¥' = @i, dx*dx*,

PROOF. From (1,4) and (2,3) ,
aix dxtdx* = "o, .6, dx* dv*

1]

* . .
a;j dy' dy’
DEFINITION 3.2. The space which is characterized by the nonholonomic

frame is nonholonomic space *V, with n dimension.

DEFINITION 3.3. Points of v, whose coordinates are expressible as functions

of m idependent variables x*, (a= 1,2, -, n ), (m(n)are said to constitute

a Vn immersed in V,, and V,, is said to be a subspace of V,,.

DEFINITION 3.4. *V, whose coordinate are expressible as functions of m

independent variables x°,(p=1,2, -, m), (m ( n), are subspace of *V,.

Let @es dx*dx? be the metric for subspace V,, of V, if ¥*and x* + dx*

are adjacent points of V,, whose coordinate in the x’s are



a 2 i ax‘ ~ &
x* 4 dx* we must have dx* =733 dx® (a takes the values 1, 2,-, m

and A takes the values 1, 2,---)n).

Let *@pd¥” d¥® be the metric for nonholonomic subspace *V, of *V,,if ¥*and
y?+ dyPare adjacent points of *V .., whose coordinates in the y-coordinate system
are ¥ and y'+d¥', we must have by the reciprocal relations,

y' _

(3’2)0 dyi = y® dyps
. 05
P — i

THEOREM 3.5. The metric for subspace V, of V,. is equal to the metric

for nonholonomic subspace *V,, of *V.,.
PROOF. Using (2,1)b and (2,3), we have the results as in the following way ;
(3,3) Gepdx® d%f = *3,. ese, di* di?
TE *apq dgp dyq
COROLLARY. 3.6. The metric in the *V,, is represented by holonomic covari-

ant tensor.

] . x® ox?
PROOF. Multiply both side of (3,3) by o9 o

According to (2,3), we have the following results (3,4)
*_ —a -8 _ Z a o8 e ~B
Apq dx® dx? = gap €® e® dx® dx”.
P q
*_ I ea B
Hence @ara = Gog €€ (3,4) .
The length ds of the elements of arc connecting the two points is the same,

~-5-



whether calculated with respect to V, or V,,.

(3,5) ds®= @i, dx* dx*

= aaﬁ dx* d;'e = d§2

THEOREM. 3.7. The length *ds of the elements of arc connecting the two
points is the same, whether calculated with respect to *V, or Vo

PROOF. By virture of (3,1),

(3,6) *ds? = *ai,' dy' dy’' = ga,dx? dx* ds?.

From (3,3),
*

ds? = "2pqdPPd¥ = Zapd¥*dx® = d32

By means of (3,5),

* *

(3,7) ds = ds.
COROLLARY. 3.8. The metric in the *V,, is equal to the metric in the *V, ,
PROOF. By means of (3,1) and (3,3), (3,5),

(3,8)  *aidyidy = “z,.dP AP

THEOREM. 3.9. The nonholonomic tensor of the *V, is determined by the

nonholonomic component of *V,.



PROOF. Using (3,2)a and (3,2)b, (3,8), we have

* % oy’ dyi
3.9 g =2l L
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