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1. INTRODUCTION

Recall that a topological space (X,7) is metrizable if
there is a metric for X such that the induced metric topology
coincides with /. Although metric spaces lead naturally toq
topological spaces, not all topological spaces are metrizable:
for instahce, nonnormal spaces are not metrizable (metric
spaces are normal, and normality is a itopological invariant).
This leads one to the problem of finding conditions sufficient
to ensure the metrizability of a space.

The purpose of this paper is to provide a fairly represen-
tative solution to these problems on a Moore space. Note that
a Moore space is not metrizable (there is an its example in [1]
PP. 269 - 272); however Jones (1937) has shown that every
separable normal Moore space is metrizable.

In our paper we see that every collectionwise normal Moore
space is metrizable, using the Bing's Metrization: if X is a
T.-space with a 6-discrete base then X is metrizable (proof:
(2] pP. 127 -~ 129).

Our paper is organized into three sections.

82 is a preliminary section containing some useful proper-
ties for a developable space and a Moore space.

§3 containes the main theorem: every collectionwise normal

Moore space is metrizable.

2. PRELIMINARY

In this section we collect some basic definitions and some



useful properties for a developable spaoce and a Moore space.

DEFINITION 2-1 Suppose ql, 92, - - - is a sequence of open
covers of a topological space X. We call =2 seguence {qn: nez+}
a development for X iff for each xeX, {St(x,(;h): nez+} is a
base at x, where St(x, (?}n) = U{G: XeGE 911}’ L Tl-spa.ce X is
developable iff X has a development.

There has been some recent interest in investigating an old
concepi: Moore spaces. Moore spaces are generalizgations of

metric spaces.

DEFINITION 2-2 A ’I'3-space with a development is a Moore

space.

Using the above definitions, we have the following result:

PROPOSITION 2-1 Every metrizable space is a Moore space.

Proof. Let (X,) be a space with a metric d. For e>o and
xeX, define B(x,e) = {y: d(x,y)<e}. Then B = {B(x,é): xeX, €50
is a base for .

For each ncZ', define B, = {B(x,%): xeX}. Then each Bn is
a cover of X. Hence {'Bn: nez+} is a2 sequence of covers of X.

Let U be any open set containing x€X, then there is ¢ 5o
such that B(x,e)cU.

Chrose nez’ such that :‘-1<e. Then zeSt(x,'BZn) = U{B: xeB€R Zn}
implies that there is B(y,é%)e'Bansuch that x, = EB(y,2—:'l).

Hence



d(x,z)<d(x,y) + d(y,2)< 231 + ‘2—]; = %1
and so zeB(x,-)CB(x,e)cU.
Thus St(x,‘Ba )cU, that is, {St(x,'B,): meZ *} is a base at
x3 hence, (R o DEZ }18 a development.
Furthermore, every metrizable space is a T3—space.

Therefore, (X,7) is a Moore space.

Clearly, metric spaces are Moore spaces; however, there are
examples of Moore spaces that are not metrizable. (see (1) PP,
269 - 272.)

T™wo useful types of development are defined next.

DZFINITION 2-3 If (G : nez*y is a development for X, and
? refines g for each n, then it is called a refinement
n+l n

development.

DEFINITION 2-4 If {E;n: nez'} is a development and
G,>G,> -+ -, then it is called a nested development.

Using the above definitions, we have

PROPOSITIOK 2-2 Every developable space has & nested
development.

Proof. Let X be a developable space. Then there is a
sequence {gn} of open covers such that for each xeX,
.
{st(x, 9;). neZ'} is & base at x.
For each neZ , define
91nc--n9n = {Gln L nGn: Gie 9].., i = 1, s & o ,n}.



Note that Hn is a collection of open sets for each n.
+ .
If neZ and xeX then there are Gy, : - -, G, in C}l’ ve ey 911
containing x respectively, and xeGln SR nGne Hn; hence each
b, covers X. Moreover, Hml refines Nn because for each
i 1 CH .

H (€N, 2 theTe is some Hnéfgn such that H  .CH .

Let U be an open set containing xeX. Then there is neZ

suck that S5t(x, G )CU. Since x€H = Gyn - NG CGyy -« -y Gy

1
We have

St(x. ,LG) = U{H: ereQn}
c U{G: xece%, ign!
= St(x, 91), 1‘!1.
+1
Thus St(x, g&/n)cst(x, gn)CU, and so {St(x, #n)’ nez'} is a base
at xeX.
w -
Let fui = ngi #n’ then 'ulffuzb - . and each ’Ui is & cover
of X. Since {th is 2 refinement development, for each x&X
3 ] . :
and neZ St(x, Hi)cst(x, p,fn) if n<i.
Let V be any open set containing x. Then there is nez® such
znat St(=x, L,[n)CV.
Now, for each izn

St(xr ’Ul)

u{w: xewelL
9500 Hy)
c st(x, #n)
cv,
so that {St(x, ’Un) neZ+} is a base at x.
Therefore, {’un} is & nested development for X.

o0
Note that a collection Fis ¢-discrete iff F= UF where

F, is a discrete collection.
Recall that F_is a discrete collection if {H_: H,€ :}n} is

4



nbd-finite and the H,'s are mutually disjoint.

DEFINITION 2-5 A space X is subparacompact iff every open

cover of X has a §~discrete closed refinement.
By the above concept, we have an important property.
PROPOSITION 2-3 Bvery developable space is subparacompact.

Proof. Suppose X is a space with a development {%n: nez+}.
Let O= {Oa: a€s} be an open cover of X. We assume A is well-
ordered and define

Cnya = % - st(x-0_, 9 ) = U0

for each acA and each nez'.
+ o0

Let E { n,a’ aéA} for each neZ , and E: ngl En.

(1) We show that & covers X.

For each xeX, there is the least a€A such that era. Note
that xk0, for each b<a. Since {gn} is a development, there is

+

an ne?Z’ such that St(x, gin)coa. Now, xgX-C_ so that x&St(X-0_,
9 ). Hence xeC_ _.

n n,a

(2) We show that £ refines & .

For each E€{, there is 0€C such that ECO_ since E = C
= 0, - 5t(x-0_, g%) oco.

b<a b
(3) We show that each Cn,a is closed.
Let xeC—_. Then x€eX. If beA and :[e.Ob n,a°
Hence bXa. In other words, b<{a implies xl{O On the other hand,
xtSt(X—O 9 )3 otherwise, St(x-O 9 ) must meet C n,a’ ® °0P"

tradiction.

n,a

’ 0 would meet C

€ .
If x Oa’ then xeCn,a and we are done



Suppose zkoa. Then there is Gégalsuch that xeG; hence
Gest(X-0,, gn). Since xEC_n,a, g % GnCn’aCSt(X—Oa, %‘n)ncn

and a contradiction.

52

Therefore cn,a is closed. .

(4) We show that each En = {Cn,a: aeA} is discrete.

The Cn,a's are evidently mutually disjoint.

Suppose éfn is not nbd-finite. Then there is z€X such that
any nbd O of z meets infinitely many members of En'

Let Gégﬂn and z€G. Then G must meet two members of En’ say
Cp,e @20 Cp o where bla. Since G('Cn,b!\:¢, GESt(X-0, , gn) and so
GcO, for if x&0, and x€G then xeX-O  implies xeSt(X—Ob,%kJ,
that is, GCSt(X-Ob, %al) a contradiction.

Now, G cannot meet Cn,a’ a contradiction.

Therefore each En is discrete.

By (1), (2), (3) a2nd (4), every open cover &'has a §-discrete

closed refinement, and the proof is complete.

3, METRIZATION

+s this section, /e see ihat every coliectionwise normal
Moore space is metrizable.
We bezin by observing that one important property of discrete

collections in topological spaces is given in the next lemma.
LEMMA 3-1 4 collection of subsets $f= {Ha: a€AY of a space
X is discrete iff for each x€X, there is an open U containing x

such that UnHyf for at most one element H of ff.

Proof. Choose xe€X. Then either xeﬁa or xkgﬁa for some a.



1f xeﬁ then xkbg ﬁb since ﬁ 's are mutually disjoint. Thus
xex—bg Hb Let U_X— Hb then U is open containing x so that
UnH-¢'and Ung-¢ for each bxa. If xeX—UH then X-UF is open
containing x such that (X—UH )nH = for each e

Conversely, ﬁ%ls clearly nbd-flnlte and so {ﬁa: aéA} is
nbd-finite. Suppose Hangk¢ for arb. Let x€H NH , then xeH
and xeﬁb Choose any open U containing x. Then UNH ¢¢ and
Ung#¢ and hence there is no open U containing x suck that
UAH¥¢ for at most one element H of ##; a contradiction. Thus

ﬁa s are mutually disjoint.
Now, we introduce the concept of collectionwise normality.'

DEFINITION 3-1 A topological space X is collectionwise
normal iff for each discrete collection of subsets {H_: a€A},
there are mutually disjoint open subsets {Ga: aEA} such that
HaF:Ga for each ac€h.

The next lemma clearly follows from the above definition

and lemma.

Let X be collectionwise normal. If 4} is 2
discrete collection of closed sets and 2 cover of X, then
there is a discrete collection 6}: : Hept) of open sets

with HCGH for each HeEfL.

{ay

Proof. Clearly, 9 is a cover of X and GH's are mutually
disjoint.
Let xeX, then there is H €4 such that xeH (G, . Thus
a



G . S - T - ) & :‘ »
xebgaGHb for each H.¢ & . So xeX bkathix plafp
Let U=X- U Hb' Then U is open containing x so that
bz

UnG_. ¢ and UNG
f, m,

By Lemma 3-1, ‘;-is a discrete collection.

=¢ for ezch bse.

Using the above lemma, we obtain a useful lemma.

LEMMA 3-3 If X is subparacompact and collectionwise normal

then every open cover of X has a s-discrete open refinement.

Proof. Let (& be an open cover of X. Since X is subpara-
compact, & has a 6-discrete closed refinement #¥=£§l¢4n where
§¥n={Hn,a: aEAn} is z discrete collection for each neZ . Since
X is collectionwise normal, by Lemma 3-2, there is a discrete

collection ? ={G_ _: a€r_} of open sets such that H_ CG
r- Ynye n n,a nya

for each aeAp.
Moreover, there is 0€C such that Hn Q:O for each n and
’
ezt a, since #f refines 0. Let f;;{Gn,éﬂO: aeAn}. Then Cjn
is clearly discrete

=l
Therefore, C§'=nle7n is 2 §—discrete open refinement of o.

Using the above lemma and the next propositicu, we have

the following main theorem in our paper.

PROPOSITION(BING'S METRIZATION) If X is a T3-Space with

a2 6=discrete base then X is metrizable.

MAIN THEOREM Every collectionwise normal Moore space is




metrizable.

Proof. Let X be z collectionwise normal Moore space with
a development g;l’ g;g" -+ By Proposition 2-3, X is sub-
paracompact; so by Lemma 3-3, galhas a 6-discrete open re-

. -+ o : .

finement B for each neZ . Thus B = U, B is a 6-discrete
collection of open sets.

Let U be open containing x€X. Then there is n€Z+ such that
st(x, f}n)cu.

Moreover, we can choose BETBn such that xeB. Since Tgn
refines 9. , there is GG _ such that BcG. It follows

n n
xeBCcGcSt(x, gg)cU,

so TB is a base for X.

Therefore, X has a 6-discrete base; and hence ¥ is metri-

zable by the Bing's metrization.
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In our paper, we study some useful properties for a
developable space and a Moore space.

Moreover, we see that every collectionwise normal
Moore space is metrizable, using the Bing's Metrization:
If X is a T3-space with a 6-discrete base then X is

metrizable.
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