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O. INTRODUCTION,

We shell be concerned with a generelization, due
to M. Frechet(1225), of the classicﬂ}fe?za‘tial cal-

A £, - .
cunlus of resl-velued—Tinctiong of a real variatle.

—

We recall 1lhst 2 real-valuec function f on R has deri-
vative m at & point a of R if and only if for each ¢)¢

+-ere erists o >0 such that

f(x) - f(a) *
| £5 - RS R (*)

m
- &

whenever g ;x—g;{S. The inequality (*) can be replaced

N\

hv the ecuivalent inequality
| £(x) - f(a)-m(x-a)| & €ix-al =smmmmeoo (**)
whenever |7 - ag<g.

Fréchet's ceneralization of the differential cal-
culus aprlies *o the mgnring of a real normecd vector
rnhace V into & real normned vector space W. Let [ bYe
cuc- & mavping. The derivative of f at & point & of V
will be defined to be a linear transformation T of V
into VW which ss8tisfies the inequality

[[£(x) - f£(a) - T(x-a)”é;fﬂlx'a“

whenever H7-8H<g- It is otvious that (***) is a



generalization of (**): and the analogy beiween(*%+)
anc¢ (**) becomes clearer when we remark that the
mavoing vy —smy is a linear mapping of R into itself.

The purvose of the present paver is to find the
Frechet derivative for a function f of a finite dimen-
sional normed vector space V into a finite cimensional
vector rpsce V and investigate its some cdefinitions
and vroverties.

Our vaper will be diviede into 2 sections. In the
first section, we irntroduce some definitions and nota-
tion which are needed in our further cansideration.

In final section, we investigate the Frechet der-

ivative for 8 function of V into W and its some

proverties.



1. PRELIMINARES.

In this section we estatlish basic terminology and
recall certain known results relevant to our discussion.
We omit the proofs of most of them, which have already
been known. The following notation will be used throu-
ghout the present paver:

R is a set of all real numbers.
{V,I I} is a n-dimensional normed vector space
over R.
(W, ||> i8 a m-dimensional normec vector space
over R.
{5 | 1=1,2,,,n} is a basis of V.
{'i' i=1,2,,,m} 1is a basis of W.
V* and W* are dual space of V and W respectively
{VI f1=1,2,,,n} 1is 8 basis of V*,
iv{| i=1,2,,,m} 15 a basis of W*,
S ia a non-empty open subset of V.

Definition(1,1) Let f be a mapping of S into W.

Then the mapping ? is said to be differentiable at a

voint a€ S 1f and only if there is a linear transfor-



mation T of V into W which satisfies the following con-
dition: for each ¢)0 there exists S)o such that

l£(x) - f(a) - T(x-a)|& ¢ | x~a| ——————(*)
for 811 x¢S which |x-a”<8.

By the above definition, we obtained following

vroverties.

Proposition(1,2) If f is differentiatle at a point

acS, then there is a unique linear trasnsformation ©Of
V anc¢ W which satsfies condition (*%*).

Thie linear trsnsformation is called the derivative
fo f at @ and is denotec ty (Df)a is bounded.

Proposition(1,3) Let ye W ancd suppose that f(x)=y

for all ¢ V. Then (Df)azo for all ae V.

Proposition(1,4) Let T be & linesr transformation

of V and W. Then (Df)a =T for all a€V_

Proposition(1,5) (Linearity)

Let f and G be mapping of S into ¥ that are differen-
tiable at @ in S &snd let «,3 in R. Then h= f + 3g is
differentistle st 2 in S anc (Dh)a ='d(Df)a+‘?(Dg)a .

Proposition(1,6) ( Chain rule )

Let f be 2 mapping of S into an open subset T of W and

-4 -



g be a mapping of T into a normed linear space U.
Suppose that f is differentiable a in S and that g is
di fferentiable at b=f(a) in T. Then gof is differentia-

tle at a and (D(gOI)a)z (Dg)tf(Df)a.
Proposition(1,7) Let L(V,W) be the set of all lin-

ear transformation of the vector space V and W,

Then L(V,W) is a vector space over R. For T< L(V,W),
define the norm [T]| of T to be the sup of all numbers
IT(7) , where x ranges over all x in with |x{ <1,

Then Iy S liThlixl .

_groposition(T,S) Two vector spaces V and R" are

isomorphic.

Provosition(1,9) Let 3 be an isomorphism of a fin-

ite vector svace, then matrix M(?) is invertible where

M(9) 15 a matrix represented ty isomorphism .

Proposition(1,10) The matrix of a composite linear

transformation To S is the product of the matrices of
the factors:

M(PoS) = M(TIM(S)



2. MAIN THEOREM,

The nurpose of this section is to find the rré-
chet derivate for a function S into W and we investi-
gate its some properties.

Proposition(2,1) For f:S — W a function, we

érefine szwgcf. Then f is differentiable at ae¢ S if

and only if fj are differentiable at a for all j.

J
(Proof) Since wE:W-——#R is a linear transforma-

M (Df) " w.o(DI.)
oreover f a = Ew.o fj a °

tion, by oroposition(1,4) '3 is differentiable and
(D"Jf)a = 13. Sunpose f is differentiatle at a, by
nrovosition(1,€) wiof is differentisble at a for all
j. Hence fj is differentiable at a for all j and

(Df‘)a = v:c(Df)a.

Converselv, suppose that fj are di fferentiable
at a for 1< j&m. Then for £70, there exists $°C such

that .
| fjm-fj(a)-(mj>a<x-a)1|<= £)x-a|

whenever Hx-aﬂ(%.

m r
Si c =1 c = E ©
ince ?'j w; v’ %wj fj f [33 and Jﬂvj (ij).
=(Df)

a



Hence | f(x)-f(a)- ﬂ(':j (ij)a(x-a)"

S Ewer,0- T wetga)- Lowge (0tyy-a]

Jg\ J J = J j
= _ij(fj(x) £,(a)-(D1,) (x-a))]

£
< i"ivjﬂ J,(0)-15(a)=(aty) , (-0)]
< Clx-af
Therefore, f is differentiatle at a and (Df)a

S =S RYCIRN ( Q. E. D)

Proposition(2,2) Suppose £ :V —R" and T:W —R™®

are isomorphisms. Then for each function f£:V —>W,
there exists only one function g:Rn-—> R™ such that
g= fcf»(“'. Conversely for each function g : R — Rm,

there exists only one function f:V—W such that f= f«go(’

this 1s v ¢ .
e ) Tﬂ?

) E_ . =R

From the above proposition(2,2), we obtained the
following; If £ is differentiable at a, then g is dif-
—‘
ferentiable at 6(;) and (Dg)E(a)z y(Df)ae, and if g

is differentiable at b, then f is differentiable at

e{b) and (D) gl y=(DE)f -

-7 -



Definition(2,3) Let {e, | i=1,,,n} and{ui|i=1,,,m§

m
be the standard bases of R® and R resvectively and
f a map R” $nto R" where f(x)= Zu j(x), then T is

J-l
called the partial derivative of fj at a: If for esach

£>0, there exists 8)0 such that

ﬂf (s+te,) - f(a) - T(te, IS g lte.ll

J
whenever ltl@ and t is real.
Here, we write T=(Djfj)

Provosition(2,4) Suppose v=R® and W=R" and fj=wgof

(j=1,,,m) be the real valued function on non-empty open

set S of R” defined by f(x):‘./gwje fj(x)_ for all x€ S.
L)

Suppose salso that f is differentiatle at a point a& S.

Then f},f fm have first partial derivatives at a

2!!!
and the matrix which represents (Df)a is

(D1f1)a (D2f1)a ; (D £, )
(D, 1),  (Dyf5), : (D f2)
(D1fm)a (szm)a : (anm)a

(Proof) Suppose first that m=1. Let i??% =
Jg

EZZvJo(Df ) be the matrix representing (Df)a' Then
53 ,

-8 -



(D1) (%)= ;\-jo(nr) )3 4= zt 43 =]
for all x-(§1,§2. ,d:g )e " >
and  w3e(DE),(X)=(D1y) (34
Given ¢)0, there exists J»0 such that

| £(x)-£(a)-(DL) (x-8)|£ E|x-a]
for |x-aj<$ and mo (*1) gives

| £(x)-1(a)- 55(- (p£) ) (5 - %) |

=| f(x)-2(a)- fi Z o(j)l < g|x-g] p— } )
for | x-aj<§ , vhere a=(0(1,,,o(n). Let 14kin, teR
and x=(§1k,,,,§nk) where ’gjk:o(j for J # k and
T y=t, then |x-al = [t-¢ |, and so 1f |t~ |<§,
we obtain from (*2)

| £(x,)-1(8)=T, (t- o) £ € [t= & |
Consequently

(L, ,,

k=1 sti k+1 ] odn)"f(‘)(1 y ’dk-1 'dk’dk'i"‘ ’ lo(n)

t - KAy

“’l _ Z 6

[{FaN

k

for o ¢! t-o&ld". Tphie shows that f is cdifferentiable
with respect to kth variable at a, and that
(e 1), =Ty = w o (P1),. We have now proved the theorem

in the case when m = 1.



Consider now to general case. By proposition(2,1)
the resl-valued function f,,f,,,,f, are (Frechet) a1 1~
ferentiable at a and therefore, by what we have proved

above, fj is differentiable with respect to the kth

variable at a for j=1,2,,,,m and k=1,2,,,n.

It remains only to identify the matrix (ij) =

D(Dkfj) which represents (Df)a .

Since
(Df) (X) = ( Z1k§

for 8ll ¥ = ('5‘,?,_,,,?1)6 rD"
Also proposition(2,1) glves

(p1), (x) -(4‘3' *(D1,) ) (%)
- = i’":- (D, ! ),(m —meee(*)
=1

for all xe'R . Finally by (*1) anad the first part of

"!Il’

the proof we have

o (Df) (x) = 7: -Jow PaB)e —=====(*5)
for .11 X = (31152”'.§n)e R
From (*3), (*4) and (*S) we obtain

N

E TyeSe= ¥y (P9) o (¥)= 3 wio(n 1) (5
for j = 1,2,,,m amd a1l x = (%,,,5p) R
COnsequently’_'Zakz v, (D fj) for j=1,2,,,m and

k = 1,2,,,n .

{Q E, 1)

- 10 -



Definition{?,5) Two matrices M, and M, are equi-
velsnt if and only if there are invertible square ma-~
“ .
trices P and Q with Mz = Q,M1P.

Proposition(2,f) Suvpose f:V-—3W is a function.

Suvpose {:V~— R andj’iW——?Rm are isomorphism with
g:j;ofoe*. Then if is differentiable at a, (Dg),,, =
_'
f(Df)ae and two matrices M((Dg)e(a)) and M((Df)a)
are eguivalent.
(Proof) Since (Dg)e(a),ﬁo,e are linear transfor-
mation, by the proposition(1,10)

MU(DE) 5 gy) = ME@IMU(DE) IM(ED

e .
and, bv the proposition(1,8), H(ﬁ’) and M(P) are inver-
tible matrices. Hence M((Dg)e(a)) and M((Df)a) are

equivalent. (@, E, D)

Here, if
(F o v, )= % ¢ (3 >
Ol oyvyd=F ooy eme (- fyw)= gy,

then M(P) and M(¥) are icentify matrices.

Hence H((Df)a) = M((Dh)e(a)) = M((Djfi)a)

where 1$ 1< n, 1< j¢nm.

Corollary(2,7) In the above proposition(2,®), if

- 11 =



i ei, y(vj) = u, fo <
3 r1{1in, <
=Jjom,

M((bf +
),) = M((DE),) .
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ABSTRACT.
Frechet derivative on the finite dimensional Banach

Space

Kim, Beyng Jun
Department of Mathematics
Graduate School of Education

Che Ju ioi:onal Jniver-iiy

We investigate some properties of Frechet derivative
on the finite dimensional normed vector space V into the
finite dimeneional normed vector space W.

Here, proposition(2,1): if f:5 —W, define fj=v3°f,

then f ig differentiatle at @ in S if and only if f, are

J
di fferentiable at a for 1<{ j& m.

And aleo, proposition(2,4): if V = R" and W = R® ,

let szvgef is & real-valued function defined by f(x)

m

2_ f (x)eu,, then, if f is differentiable at a, f,,f.,
3= b J 1772

”’fn have firet partial derivstive at a and the matrix
which represgents is
(D1f1)a T (an1)a

(0 fm)a T (ann)a
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